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It is possible to relate the dispersion formula for longitudinal oscillations in an infinite, uniform, collision- 
free plasma with no magnetic field to the complex potential of a line charge distribution on the real axis of the 
pnase velocity (w=w/k) plane. If the initial velocity distribution integrated over directions orthogonal to the 
direction of propagation is fo(v) the plasma is stable if and only if 


U(u)=P 


= fei (v)do 


2 0-8 


is negative at the minima of /o(v) on the real axis, with unimportant exceptions. In particular it is shown that 
single-peaked distributions are stable, while those with very sharp (e.g., nondifferentiable) minima or with a 
zero of fo between two peaks are not. The charge analogy yields information on the wavelengths for which 
oscillations can grow and on rates of growth. Examples are giver, including the case of two identical inter- 
penetrating hot plasmas. A limited generalization to transverse oscillations is given. 


I. THE PROBLEM AND ITS SIGNIFICANCE 


E shall consider the stability of an infinite, uni- 

form plasma neglecting collisions and with no 
magnetic field by studying whether there can be growing 
linearized oscillations in it. At first we shall deal with 
longitudinal waves; our use of the terms “stable” and 
“unstable” below must be regarded as qualified by the 
phrase “with respect to longitudinal oscillations.” Self- 
excited transverse electromagnetic waves have also been 
found! and in Sec. VII our results will be extended to 
such waves, but under more restrictive assumptions. 
Many authors*~ have studied the initial value problem 
and dispersion relations for waves in such a plasma, but 
none has given necessary and sufficient conditions for 
stability. It has been shown? that there is instability in 
the presence of a beam of high-energy particles with 
small spread in velocity, which is of interest in ex- 
plaining the large electron scattering in plasmas.’ It has 
also been proposed that colliding clouds of plasma may 
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1 E. S. Weibel, Phys. Rev. Letters 2, 83 (1959). 
? D. Bohm and E. P. Gross, Phys. Kev. 75, 1851 (1949) 
+N. G. Van Kampen, Physica 21, 949 (1955). 
N. G. Van Kampen, Physica 23, 641 (1957). 
* L. Landau, J. Phys. U.S.S.R. 10, 25 (1946). 
*K. M. Case, Ann. Phys. (N. Y.) 7, 349 (1959). 
71. Langmuir, Phys. Rev. 26, 585 (1925). 


accelerate particles to high energy in a process involving 
the growth of plasma oscillations,* and that plasma 
oscillations may provide a mechanism for resistivity at 
high temperatures.® 


Il. REDUCTION TO THE ELECTROSTATICS PROBLEM 


We shall at first regard the ions as fixed, but shall 
indicate below how this restriction is easily removed. 
They will be uniformly distributed with number density 
no. The initial electron density will be mo, and the 
velocity distribution mofo(v). We shall consider line- 
arized oscillations with coordinate-velocity distribution 


I (1,9, = nofo(v)+ filv) expli(k- r—wf) ], (1) 


with real wave number k and complex frequency w. We 
shall say the plasma is unstable if there can exist waves 
for which Im(w)>0. 

Following Case* rather closely, we define »,, and v, to 
be the components of v along and perpendicular to k and 


futon)= f foloursdavs (2) 


Thus Case’s (1) =— (wo 5?/ B®) (8/8011) foo.) where w,* 


°E N. Parker, Astrophys. J. 129, 217 (1959). 
*O. Buneman, Phys. Rev. 115, 503 (1959). 
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Fic. 1. Initial velocity distributions fo(v) versus ». 


= 4arnce*/m,. Henceforth we write fo(v) for fo(v,), re- 
membering that different vectors k may yield different 
functions fo(v) so that our stability criterion should be 
applied for each k. Denote 0 fo(v)/d0= fo’ (v). 

It has been suggested that instability exists if fo(v) 
has two peaks at least one of which is quite sharp, but 
not if there is only one peak or two broad ones.? It has 
been shown there is no instability if fo(v) is Maxwellian.” 
We shall prove below that if fo(v) has only one peak, the 
plasma is indeed stable, but that the situation is more 
complicated for two peaks. Essentially, if fo is smooth 
enough (e.g., twice differentiable) the above suggestion 
is correct, but if, for example fo’ exhibits step function 
behavior, instabilities may appear which persist no 
matter how broad the peaks or how shallow the dip be- 
tween them. Referring to Fig. 1, we shall find that 
plasmas with /fo(v) like A are stable, like B and C 
unstable, and like D or E stable or unstable according to 
the depth and sharpness of the minima. We shall obtain 
a mathematically precise test for the stability of a 
rather general fo(v). 

We assume fo(v) has these properties: 


(a) fo’(v) exists and is differentiable at all but a finite 
number of points, where it has jump discon- 
tinuities. 

(b) fo(v) and fo’(v) are small at least of order 1/1 at 
infinity. 

(c) Of course fo>0. 

(d) f.* fo(v)do= S fo(v)dv=1 (normalization). 

(e) fo has a finite number of extrema. 


Primarily we have excluded cases where fo has dis- 
continuities, or where the energy density is infinite. 
Conditions (b), (c), and (e) imply that fo tends to zero 
monotonically for » sufficiently large. 

Several authors have shown that waves of the form 
(1) exist when w and & are related by 


wy * fo (v)dv 
— { ——=1, (3) 
a v— 


— 


1. B. Bernstein, Phys. Rev. 109, 10 (1958). 


where ku=w. For real phase velocity u, the solutions of 
greatest physical significance (at least in a plasma which 
was initially in thermal equilibrium) are found by taking 
the principal part of the integral.’ In the case of non- 
real u, the integral is unambiguous as the integrand is 
regular along the real axis. Since (3) is invariant under 
complex conjugation, growing and damped solutions 
occur in pairs. Damped solutions (the famous Landau 
damping®) may also be built out of a superposition of 
waves of form (1) with real values of w,’ but growing 
waves can exist only with phase velocities w= w/k which 
satisfy (3). 

It will soon appear that the discontinuity of the 
imaginary part of the integral in (3) at the real axis can 
be interpreted as the usual multivaluedness of the im- 
aginary part (stream function) of a complex potential in 
the neighborhood of charges; we shall need to know its 
value only above the real axis where it is well defined as 
we shall deal with uw henceforth in the (open) upper 
half-plane. 

It is easily shown by a modification of the derivations 
quoted in the foregoing’:* that the motion of the ions 
may be taken into account by replacing fo(v) in (3) by 
foe(v) + (m./m,) foxs(v) where foe(v) and fo;(v) are the 
initial electron and ion distribution functions averaged 
as in (2). Thus the stability of a two-component plasma 
may be treated in terms of an effective distribution 
function fo(v) for a hypothetical one-component plasma. 

Under the foregoing assumptions (a) and (b) we may 
integrate (3) by parts to obtain 


0 


-{ In(vo— 1) fo” (v)dv=W (u 


a 


B/w,t, (4) 


which defines W (u). We interpret any discontinuities in 
fo’(v) as 6 functions in fo” (v). W(u)=U(u)+iV (u) is 
the complex potential of a line charge distribution along 
the real axis of the u plane of strength 4$/fo’’(v). The 6 
functions in fo’’ correspond to true line charges (loga- 
rithmic singularities) and the remainder to a charged 
sheet. We shall take advantage of the large body of 
knowledge extant about the complex electrostatic po- 
tential by discussing our stability problem from now on 
in terms of the properties of the charge 4/0” and its 
complex potential" W. The symbol « will refer to points 
in the upper half plane and » to points on the real axis. 
The plasma is unstable if and only if we can find a point 
u such that 


U(u)>0, V(u)=0, Im(u)>0, (5) 


for then we can choose a real number & to fulfill (4). As 
U is symmetric with respect to the real axis, so are the 
"' The author has recently discovered that a different analogy, 
which seems less fruitful, between W and the electric field of a line 
charge distribution, due to}L. Walker, was described by H. A. 
Haus in the Proceedings of the Conference on Plasma Oscillations 
(Speedway Research Laboratory, Linde Company, Indianapolis, 
Indiana, June 8-10, 1959 
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lines of force (V = const) and equipotentials (U’ = const). 
We list some important properties of the charge dis- 
tribution and potential. 

(i) By integrating fo” from minus infinity to », we see 
that the total charge to the left of v is $/o’(r) and the 
total charge of the distribution is zero. 

(ii) For this distribution the total dipole moment 
vanishes but the quadrupole moment is 1. Asymp- 
totically, then, W(u)~1/u*?. Thus there is always a 
V=O0 line of force which tends to infinity, asymp- 
totically parallel to the imaginary axis. Any other V=0 
lines in the open upper half-plane which tend to infinity 
would have to be asymptotically parallel to the real 
axis. It can be shown (with some effort) that there are 
no such lines; but if there were, U would be decreasing 
toward infinity on them and from the discussion in 
Sec. ITI it will be clear that they would have no effect on 
our conclusions. From the asymptotic form we see that 
there are two U =0 lines in the upper half-plane which 
tend to infinity at angles +45° with the imaginary axis. 
For large |u|, U is negative between them and positive 
between them and the real axis. 


.o--T~ 
. a 
A 


/ 
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REAL AXIS 








Fic. 2. Net of V =0 lines in the complex « plane, for a case where 
fo(v) has two symmetrical peaks. 


(iii) Just above a point » on the real axis V is nearly 
x fo'(v) whenever the latter exists, since this is just half 
the flux from the charge } fo’(v) to the left of v."* When 
fo’ has a jump discontinuity at », say from value a to 
value 8, a succession of flux lines radiates from the 
discontinuity (a line charge) with V values ranging from 
ra to 8. Thus a V =0 line meets the real axis at » if and 
only if fo’ changes sign there. This is just the condition 
that fo have on extremum at v. If fo’=0 at a point » but 
fo’ #0 there, we see by looking at the variation of V 
just above the real axis near v that a single V=O line 
meets the real axis there; again fo has an extremum at 1 
If fo” is also zero at », or if fo’ is zero in a whole neigh- 
borhood of », several V =O lines may meet the real axis 
there. Points or intervals where fo’= fo” =0 and fy’ is of 
opposite sign on either side will be called “horizontal 


places of inflection” of fo. Since these, along with 


"This can also be seen from [1/(e—u 
+-iwb(v—u). 


ie) ]=P[1/(o—u)] 
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extrema where fo” =0, introduce qualifications into 
some of our arguments, it will be assumed at first that 
they do not occur, but we shall give the extension of our 
method for them later. The particularly simple case 
where fo is zero or an absolute maximum and fo’ =0 will 
be treated explicitly in Sec. III. 

We have found that lines V=0 meet the real axis at 
places where fo’ changes sign (extrema of fo) but should 
consider one other possibility: If fo=0, say, for v>A,a 
V=0 line runs along the real axis from A to ~. Is it 
possible for other V =0 lines to meet the real axis in this 
region? If so, there would be a neutral point (dW/du 
= 9U/dv=0) there, but differentiating the formula 


” fo (p)dp 
_ p-o 


with respect to » and integrating by parts (for a point » 
where fo= fo’= fo” =0) we obtain 


au f fo(p)dp 
oo . (p—v)* 
which is of constant sign by (c) from A to infinity. Thus 


no V=0 lines can meet the real axis entirely outside the 
region where /o*0. 


lil. THE STABILITY THEOREM 


In view of (5) above, the lines of flux on which V =0 
are particularly important, as the plasma is stable if and 
only if <0 everywhere on them. Since there are no 
charges in the open upper half-plane all such lines must 
terminate on the rea! axis or tend to infinity; we have 
shown that precisely one tends to +i, but U <0 on it 
near infinity [ (ii) above }. Since UV varies monotonically 
along lines of force except at neutral points, we can 
imagine each V =O line to be marked with an arrow in 
the direction of the electric field, i.e., the direction of 
decreasing L’, illustrated in Figs. 2 and 3. Our problem 
of checking the sign of U at each point on the net of 
V =0 lines can now be reduced to the following simple 
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FiG. 3. Net of V =0 lines in the complex u plane for a case where 
fo(v) has five maxima 
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procedure: By the foregoing assumption (e) and prop- 
erty (iii), the lines V=0O meet the real axis at a finite 
number of points, 1%, 2, «+-t, where fo’ changes sign. 
Starting at a point 0, we can follow a V=0 line into the 
upper half-plane, and by taking the line immediately to 
our right away from any neutral point we encounter, 
return to the real axis at some point v; (with the one 
exception that we may end on the line tending to i~). 
Since the arrows on lines at a neutral point are directed 
alternately toward and away from it, U’ varies mono- 
tonically during such a traversal and hence has its 
extrema on the ends of the lines, being larger at the end 
where the electric field points away from the axis. Since 
the normal component of the electric field at the real 
axis is rfo’’(v) we see the points on those V=O lines 
which are traversed during the above process where U 
is the largest, are the minima of fo on the real axis. From 
the asymptotic form for W the arrow on the line tending 
to i is toward the origin, so U’ <0 on it up to the first 
neutral point. By a well-known theorem of potential 
theory, the V=0 lines cannot enclose any region of the 
open upper half-plane; therefore we traverse the entire 
net of V=0 lines if we repeat the above process for all 
i, 1<i<n. This proves the theorem: The plasma is 
stable if and only if <0 at each minimum of fo. (We 
have temporarily assumed no places where fo’ = fo" =0.) 

In practice, the potential U’ at a point » on the real 
axis is calculated from 


U (ev) 


2 


* fo (p)dp * fo (p)dp 
Re lim f = Pf . 
0 J_. p—v—ite p-v 


The principal value sign is not needed if fo’(v) =0. If 
fo’ is discontinuous at v a line charge is located there and 
U—-+ at »v according to the sign of the jump 
discontinuity in fo’. If v is a nondifferentiable minimum 
[ Fig. 1(B) | the sign is “+” and the plasma is unstable, 
but a non-differentiable maximum gives the opposite 
sign and introduces no instability. (See Sec. VII, 
however.) 

When 


obtain 


fo'(v)=0 we may integrate (6) by parts to 

® fol p)— fo(v) 

U(v) dp [when fo'(v)=0]. (7) 
(p —{ 2 


e x 


Thus if fo() is zero at one of its minima [Fig. 1(C) ] the 
plasma is unstable. At places where fo’= fo’ =0, several 
V =O lines or none may meet the real axis. At a hori- 
zontal place of inflection the sign of V just above the 
real axis is the same on either side, so an even number of 
V=O0 lines meet the axis there. Then if there are any 
such lines, there is at least one on which U increases 
away from the real axis. Following this line (in the sense 
of the procedure outlined in the foregoing for traversing 
lines) we shall arrive at another point on the real axis 
where U is surely higher; and hence we need not check 
the sign of U at the horizontal place of inflection. 


NOERDLINGER 


If fo” of a place where 
¢ = fo’ =0 (making it a minimum), at least one V =0 
line must meet the real axis there, as just above the real 
axis V changes sign. Furthermore by considering the 
normal component of the electric field right above the 
real axis, we see that there must be at least one such line 
on which U increases toward the real axis. Hence we 
must check the sign of / 
If fo’ = fo” an isolated point, we simply 
evaluate U there by means of (6) or (7) but if this holds 
in a whole interval, 


is positive on each side 


where such lines meet the axis. 
0) only at 


the situation becomes more com- 
plicated. By studying what patterns of lines of force are 
possible, one can show that, if dl’/dv has no zero in the 
interval, we should check the end where U is largest, but 
otherwise at the zero of dU’/dv. Similarly at an isolated 
maximum point of fo there must be at least one V=0 
line meeting the real axis on which U increases away 
from the axis, and we need not check the sign of U 
there. At a maximum, however, where fo’=0 through- 
out a whole interval, we must check the sign of U at any 
neutral point (dl//dv=0 
cussion, reference was made to finding the zeros of 
dU /dv in an interval wher 
cedure for most 
maximum or is zero there, Eq. (7 


therein. In the above dis- 
0, a cumbersome pro- 
functions fo(v). If fo is an absolute 
shows U is negative 
or positive throughout the interval, respectively. 

From the preceding arguments it is clear that a single- 
peaked distribution is stable: the one extremum is an 
absolute maximum where either 0 and (7) applies 
or fo’ is discontinuous and the first form of the stability 
theorem shows the plasma is stable. 


IV. THE “MINIMUM CONDITION” 


We have seen above that when fy’ 
interval a V =0 line meets the real axis at any extremum 
of U in the interval (neutral point). Thus if U>0 at 
such an extremum, the plasma is unstable. This conse- 
quence of an extremum in U was first noticed by F. D. 
Kahn" in a graphical analysis of the stability of per- 
fectly cold counterstreaming protons embedded in a 
cold electron gas. He then carried over the result to hot 
counterstreaming electrons and ions where it does not 
apply as the condition V =0 is violated at the extrema 
of U. The method of Kahn, based on the minimum of 
U, does not seem readily generalizable to other cases as 
it is the depth and sharpness of the minima of fo, not 
the existence of extrema of l 
instability. 


0 throughout an 


which are significant for 


V. RATES OF GROWTH. LIMITING WAVELENGTHS 
FOR GROWING WAVES. EXPANSION OF THE 
DISPERSION RELATION 


We that to each growing wave there 
corresponds a point « in the upper half of the complex 


phase velocity plane where (5 


have seen 


holds. From the previous 


3F, D. Kahn, Revs. Modern Phys. 30, 1069 (1958 
‘F. D. Kahn, Astrophys. J. 129, 468 (1959 
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discussion of the V = 0 lines and the variation of U along 
them it is clear that these points comprise portions of the 

=) lines which are connected to the real axis at those 
of the points v1; where U(v,)>0. Assume that fo’ 0 at 
each of these points: so that a single V=0 meets the rea! 
axis at each of them and the normal component of the 
electric field is nonzero. Consider a point, say #, where 
fo is a minimum and U>0. The electric field points 
away from the real axis at #, and if we follow the V=0 
line away from @ we shall eventually come to a point @ 
where W=0, or shall return to the real axis at some 
point v,; (using the right-hand turn rule at neutral 
points). In the first case we see from (4) that unstable 
solutions occur for values of k fulfilling 0<k< Rix 
where 


Rnax = w pf U (6) }! (8) 


and in the second for w,[ U(v,;) }!#<k<w,[ U (#6) }#. The 
latter situation seems unlikely in most cases of physical 
importance. Let u=u,+ iu, and w=w,+iw:. Then for 
the rate of growth of a wave we find 


we = kudg=w pital U (us) }. (9) 


Thus » is zero at d and #; in most cases it will have only 
one maximum in between. This is surely the case when 
ai and @ are close together, as when the distribution 
differs but little from a stable one. 

From (8) we see that if U is bounded near 6 growing 
waves will occur only for wavelengths A longer than 
Amin=24/Rmax- If, however, fo’ is discontinuous at 6, 
producing a logarithmic singularity in U’ there, (8) is no 
restriction at all and we expect growing waves of 
arbitrarily short wavelength. One might distrust this 
result since the derivation of (3) is valid only for 
sufficiently long wavelengths, when collective motion 
dominates individual particle effects.'® If fo(v) is nearly 
Maxwellian (3) is valid for A\>Ap= (KT/4ange*)!, but 
if not we can probably use the cutoff distance Ap’ 
obtained by evaluating Ap for a Maxwellian plasma 
with the same particle and energy densities as the one in 
question. Since an instability usually persists at long 
wavelengths (& — 0) our conclusions on instability will 
not be affected in most cases by the introduction of a 
minimum wavelength. 

Qualitatively, we can see from (8) and (9) that the 
sharper the minimum in fo(v) and the steeper its sides 
the larger the maximum values of k and w» will be for 
growing waves, as U (i) will be greater. 

We know there are no instabilities for |u| sufficiently 
large since W ~~ 1/# asymptotically. On the other hand, 
U has at worst logarithmic singularities, which are all on 
the real axis. Therefore the right-hand side of (9) is 
bounded, and infinite rates of growth do not occur. 

Since the V=O lines are lines of flux the electric field 
E=— (dW /du)* is tangential to them. Having found a 
point # on the real axis where a V=O line meets it and 
U'>0, we could in principle trace the instabilities into 


4D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952). 
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the upper half-plane by integrating the equation 


du (— / dw 
ds =) du ‘ 


where s is arc length, or simply 


du sdW* 

a): 

dp du 
where p is a parameter. This would yield a parametric 
form of the w—k relation for nonreal w. If we know @ and 
® are close together, this can be done approximately by 
expanding W in a series about 6, if fo is sufficiently 
smooth there. Using the derivatives of W defined by 


d*W 
= lim (- -) ; 
. — du” umv+ ie 


we get a Taylor series which gives W in the upper half- 
plane and an analytic continuation of it below the real 
axis. For points near 0, we write 


a"W+| 


du" 


k?/w 2 = W (u) = W (6)+ (u—b)(dWt/du)s 
x LU (6) +- (44+ 14 —D) 


X[(0U/d0)e+i(AV/d0)—]. (10) 


Taking real and imaginary parts of (10) we find 


avy} 
v= bison] U-usl vUI*/(—)| ’ (11) 
Ov 


where all quantities (except m2) are to be evaluated at 6. 
For the maximum value of w; between 5 and @ we get 


u'] : 
unt 


This is valid if U(#) is small but fails if (@V/d0), 
= fo''(6)=0. This formula cannot yield the Landau 
damping® which is intimately connected with a super- 
position solution of the initial value problem using only 
waves with real phase velocity. It shows that at the 
threshold of instability, when U(6)=0, the rates of 
growth increase slowly (like U!) as U increases. 


24 (0V/d») 


(12) 
val wu? 


W? max ~ Wp 


VL EXAMPLES 
A. Colliding Plasmas 


Suppose two plasmas which were initially at the same 
temperature and density collide. It is reasonable to 
assume that each has had time beforehand to reach 
thermal equilibrium but that collisions may be neg- 
lected for a short time during interpenetration. We may 
then study the growth of plasma oscillations in the 
region of interpenetration by using the effective distri- 
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bution function (see Sec. LI) 
fo(v)=4(m,./2rKT)§{exp(—m./2KT) 
+exp[—m,(v—v;)*/2KT ]}} 
+4(m,./m,)(m/2eKT)exp(—mwv/2KT) 
+exp[ —m.(v—v;)?/2KT]}}. (13) 


The direction for k most likely to yield growing waves is 
along v;. Integrating, then, over v, to find fo(v) and 
differentiating with respect to 2, we obtain 


fo’ (v) = —4(m./2xKT)*LS(v)+S(v—2;) ], 
where 
S(v)= (om,./KT) exp(—m/2KT) 
+ (m./m,)*(om,/ KT) exp(—mv* 


We compute U from (6) at the extremum 
fo(v) by the method of Kahn," who gives 


f: & exp(—4#)dé 
— f—7 


(2) — exp(— in) f exp (sap | 


= (2r)*h(n), (14) 


where h(nV2) is tabulated in Unséld.'* This gives 


U (6) = — (m./KT)(A(4n) +hQGn(m/m,'*)), (15) 


where n=0,(m./KT)'. The only zero of (15) is at 
n= 2.64 where the second (ion) term is negligible. This 
supports the view that the electrons come to equilibrium 
rapidly (say in a few electron plasma periods) followed 
more slowly by the ions.*"* For 2,;<2.64(KT/m,)* the 
plasma is stable and collisions are the principal ther- 
malizing process. The transition to the unstable case 
v,>2.64(KT/m,)' where plasma oscillations are im- 
portant is smooth, however, for the quantity U(#) in 
(12) increases smoothly with increasing 1, implying 
very small rates of growth at the threshold of instability. 


B. Counterstreaming Electrons and Ions 


Our method can be used to calculate the value of 
relative velocity between ions and electrons at which 
instability appears in a hot plasma [using twice the 
second and third terms of (13) ]. The results agree with 
those obtained by Jackson’? and by Buneman® using 
different analyses: the plasma is unstable if the electron 
translational kinetic energy in the center of mass frame 
exceeds 0.87KT, i.e., if the relative velocity 2; exceeds 
1.35 times the electron thermal speed (K7/m,)!. 


A. Unsild, Physik der Sternatmosphiren (Julius Springer, 
Berlin, 1938), p. 163 

‘TJ. D. Jackson, “Plasma Oscillations,”” Report No. GM-TR- 
0165-00535, Physical Research Laboratory, Space Technology 
Laboratories, December, 1958 (unpublished). 
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Jackson gives a plot of kusx VS %1. We note that as the 
relative velocity is increased beyond the threshold of 
instability, the growing waves occur first at very long 
wavelengths, as U(#) is small. This suggests that it may 
be difficult to Buneman’s initial conditions 
where the relative velocity greatly exceeds the thermal 
velocity, so that the hydromagnetic approximation may 
be used to get the wavelength L of the most rapidly 
amplified waves, but there are as yet no waves larger 
than thermal fluctuations.’ 


achieve 


VII. TRANSVERSE WAVES 


Weibel! has given a dispersion relation for linearized 
transverse plane waves in an infinite, uniform, plasma 
assuming the ions are fixed. We shall adapt our previous 
analysis to his formula in the case of no initial magnetic 
field. Using Weibel’s notation v’=v7+9,? and the 
assumption fo(v)='(v9,v,), we may write his equation 
(4), the dispersion relation for waves propagating parallel 
to the z axis as 


a . OF kup OF 
Be—et=o,e f D97d 0% f in| ~ - | (16) 
0 . on kv,—w Ov, 


a v" 


where we have changed numerical factors and the sign 
of w to agree with our units, normalization, and sign 
convention. Denoting 2f 0” t°F (0,0,)dv by ¢(v,) and 
using the normalization condition §Fdv=1 on the first 
term, we find 


2 »!lea\de 
@ (V/at 
/wo = (: +f )/ u’—c) whereu=w/k 
2 U—t 


=(1+U0+i0)/(w 


=R(u)+iS(u)=T(u), (17) 
which defines W=U+iV and R+iS=T. The plasma is 
unstable with respect to these transverse waves if there 
are points in the upper half-plane where R>O, S=0. 
(The integral is along the real axis.) Clearly W is 
analytic in the upper half-plane and for physically 
reasonable functions F(v9,0,) goes to zero as u—> ©, 
Thus T is analytic in the upper half-plane and T~1/#* 
as |u|—>«. Since T is analytic in the upper half-plane, 
most of our discussion of the network of V=0 lines and 
the variation of U along them carries over to R and S. 
The charge distribution now has two point dipole 
sources, at u=-+tc. The plasma is unstable if R>0 at 
any point where an S=0 line meets the real axis, but 
again we need check only those where the “electric field” 
E=—(d7/du)* points into the upper half-plane. The 
S=0 lines tending to infinity are of no importance, as 
before. The points where S=0 lines meet the real axis 
are V=0 [i.e. ¢’(v) changes sign] and 
possibly the points >= +c. If either of the point dipoles 
at +c points toward the upper half-plane, an S=0 line 
with R-—+ + near the dipole will emanate upwards 


those where 
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from it, implying instability. For other orientations no 
S=0 lines with E directed into the upper half-plane 
emanate from the dipoles. The phase of the numerator 
in (17) determines the dipole orientations. Since u+-c>0 
at u=c and u—c<0 at u=—c, the dipoles both point 
directly away from the origin if W(-c) is real. Since the 
derivation of (16) involved a nonrelativistic form of the 
Boltzmann equation, we should assume most particle 
velocities are much less than c; then ¢’(v) and W(x) are 
both small for | »| =c. Then the condition for no unstable 
roots near u=-tc is that lim..oV (c+ie)= ¢’ (c)<0 and 
similarly ¢’(—c)>0. From the definition of ¢ we see 
that if these conditions did not hold, the number 
density would have to be an increasing function of | »,| 
for |v,| =c, a case which should be excluded in a non- 
relativistic treatment. From the resemblance of the role 
of ¢’ to that of fo’ in the previous discussion, we see 
that, so long as the extrema of ¢ are all for |»| <c, E is 
into the upper half-plane at the maxima of ¢. In particu- 
lar, at nondifferentiable maxima U + — # soR— + 
and the plasma is unstable. 
For the distribution function 


( ) 1 ve v7 
fe = ai 2uc? —} 


of Weibel! we find (2)*¢’() = (—vug?/u,") exp(—v*/2u,?). 
There is one zero of g’ at v=0, where 27 = (uo/u;)?—1. 
Thus the plasma is unstable if up>;, recovering the 
result of Fried'* who used Nyquist’s criterion. We can- 
not conclude that for u9< 1; the plasma is stable, as we 
have taken only waves propagating along the z axis. 
Using (13) and (14) we can readily find that colliding 
plasmas are stable with respect to transverse oscillations 
propagating in the direction of relative motion, no 
matter how large the relative velocity.” Remembering, 
however, that “o>; in Weibel’s case corresponds to 
greater particle kinetic energy parallel to the wave front 
than perpendicular to it, we might suspect that trans- 
verse waves moving perpendicular to the relative 
velocity vector of counterstreaming particles would 
grow. 

Since (17) is not invariant under a Galilean trans- 
formation u— u+Au, »v—2+Au, as was (3), such a 


*B. D. Fried, Report No. TN-59-0000-00235, Physical Re- 
search Laboratory, Space Technology Laboratories, February, 
1959 (unpublished). 

* It can be shown that the trick for including ion motion which 
was given in Sec. II is valid here too. 
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transformation can change the properties of waves 
found from it. If there are few particles near |»| =c and 
no irregularities in g(v) there, the dipole singularities 
dominate and there will be no growing waves with uc. 
For example, in the one case computed above, Re(s) 
was zero for all growing waves. If we are sure that 
u|<<c, performing a Galilean transformation on (17) 
will change @T by terms only of order wAu/c*, a small 
discrepancy which is the price of combining the non- 
relativistic Boltzmann equation with electrodynamics. 


VIII. CONCLUSION 


The problems discussed in this paper have centered on 
the determination of whether a function W(s) which is 
analytic in the upper half-plane and whose imaginary 
part is known along the real axis is real and positive 
anywhere in the upper half-plane. While Nyquist’s 
criterion may be used when the function is regular along 
the real axis and tends to zero at infinity, our new 
method works for a wider variety of functions and also 
offers intuitive understanding of the problem by 
phrasing it in terms of charges and fields. The labor can 
be much less than in the Nyquist method, especially 
when the Nyquist diagram divides the W plane into 
many parts, as we need only to find the sign of the real 
part of W at a few points. This saving of labor is 
particularly great when Re(W) is not easily computed 
all along the real axis of the « plane. 

We have found that discontinuities in fo’(v) and zeros 
in fo(v) may produce instability, which suggests a re- 
evaluation of the theory’ that trapping of particles 
moving near the phase velocity of the wave is the cause 
of instability. In particular, for a case like Fig. 1(C), 
there are no particles moving at the phase velocity of a 
slowly growing wave. In fact, for a symmetric velocity 
distribution fo with two peaks and an extended region 
where fo=0 between them, there are no particles 
anywhere near the wave phase velocity for a whole 
family of growing waves. (A V=O line meets the real 
axis at the origin as there is a neutral point there.) 

While the strange velocity distributions described 
here may not occur in nature, they are still meaningful, 
and any physical interpretation or understanding of 
plasma stability should encompass these types of 
plasma. 
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The transport of particles through a scattering medium is studied 
Placzek and Wick is used to handle sums over states of excitation of the 
elastic,” and “‘quasi-elastic 
of the Placzek-Wick series. The inelastic scatterings are described by an esser 
equation and the elastic scatterings by assigning a refractive index to the medium. The 


46 


which occur are classified as “‘inelastic, 


A generalization of a technique due to 
medium. The collision processes 
’ and correspond to different orderings 
tially classical transport 
“quasi-elastic” 


scattering involves the excitation of low-lying states of the scattering system. The coherent interference 


of waves scattered from nearby scatterers is important in this case and depends 
medium. In this paper the general theory is developed in terms of a systematic sex 
of which the first gives just the classical form of transport theory 


upon the structure of the 
1ence of approximations, 
The correction terms then appear as 


quantum-mechanical corrections to the classical transport problem. 


I. INTRODUCTION 


W* consider the transport of particles through a 
medium of scatterers under conditions such that 
a quantum mechanical treatment is required. It is 
assumed that the density of scattered particles is 
sufficiently low that their mutual interactions may be 
neglected. Thus we need consider only the interaction 
of the scattered particles with the medium. We shall 
simplify the problem by assuming that the energy of 
the scattered particles is large compared to the binding 
energy of the scatlering particles (hereafter, referred to 
as ‘“‘scatterers’’) within the medium. Also, the scattering 
mean-free-path within the medium is supposed large 
compared to the de Broglie wavelength of the scattered 
partic les. 

Under these conditions the discussion of multiple 
interactions proves to be relatively simple if the proper- 
ties of the medium are understood. In this connection, 
sums excitation of the medium are 
handled by a generalization of the technique of Placzek! 
and Wick.” 


Because the 


over states of 


‘orbits” of the scattered particles are 
described by waves, it is necessary to distinguish waves 
which interfere with each other (that is, are coherent) 
from do not (are incoherent). For this 
purpose we classify the scattering as of three kinds: 
First, inelastic (and incoherent) scattering is described 


those which 


by a “classical” transport equation. Elastic scattering 
is described by assigning a refractive index to the 
medium (more generally, an optical model potential). 
Finally, we call scattering “quasi-elastic” if only states 
of the medium having very low energy are excited. 
Each of these types of scattering will be discussed 
qualitatively by means of simple models in this section 
the general theory being given in later sections. 
mind the 
scattering of fast particles by atomic nuclei. Then the 


As a particular example, we have in 


inelastic scattering will be found to lead to a generaliza- 


1G. Placzek, Phys 
2G. C 


Rev. 86, 377 (1952) 
Wick, Phys. Rev. 94, 1228 (1954 


tion of the Goldberger transport theory.’ The optical 
model has been used frequently for describing elastic 
scattering. Our detailed handling of quasi-elastic 
scattering will be given in Part I] 


A. Scattering Medium 

The medium in which the 

consists of N identical 

to the “‘scatlering 
guish them from the 

called just “particles.” 


particles are scattered 
4 (We shall refer 
‘scatterers” to distin- 
catered particles, which will be 

Che eigenstates of the medium 
are described by a set ““y” of quantum numbers. The 
eigenenergies will be written as W, and the correspond- 
ing eigenfunctions as g,.° Before scattering has occurred, 
we shall suppose the 
+y=0.° We assume A 


scatterers 


ariicies as 


medium to be in its lowest state 
to be a large number and that the 
scattering medium occupies a volume VU large compared 
to the range of the force between partic le and scatterer. 

If Z.(a ie -++N 


the ath scatterer, then 


P(Le fis II d°Zs (1) 


is the probability of finding particle a at Z,. [If the 
scatterers have spins, a sum over spin states is implied 


re pre sents the posit ion vector of 


in Eq. (1). In the interest of keeping our notation simple 
we shall not explicitly ] The 


write suct 
= 
density of scatterers is 


spin sums. 
p(t (la) 


It will be 
medium,’ where 


assumed within the 


7M. L 1269 (1948 


systems containing several 


Goldberger, Ph Rev. 74 

‘Our results are easily extended t 

kinds of scatterers 
‘K. M. Watson, P! 


developed here will be followed in our 


105, 1388 (1957). The notation 
present discussion 

* Actually, there is 
theory if we consider y= 
average over a statistica 

7 Strictly speaking, for o 
assume only that p~™constant 


the development of our 
jitrary state and eventually 

t States == ().”’ 
applications it is necessary to 
ver distances large compared with 
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Indeed, when p=constant within the medium, 
P(r)=1/0, (2) 


for r within U. Otherwise P(r)=0. 
The joint probability of finding scatterer a at Z, and 
scatterer 8 at Ze is 


P(Duts)= { |g Il 


ua B= 


d*Z,. (3) 


This may be re-written in terms of the “pair correlation” 
function G(x) as 


P(Z,,23)= P(Z,)P( Zs)(1+G(Z.— Zs) | 
~(1/V*)[14+G(Ze—Zs)]. (4) 


(This last form is, of course, valid only when Z, and Zs 
both lie within 0.) It will be assumed that G(x) is of 
order unity only for «< R,., where R, is referred to as 
the “range of correlation.” It is important for our 
purposes to assume that 


RKV. (5) 


This means that our medium is “liquid-like,” rather 
than crystalline. 

If we use the second form of Eq. (4) and Eq. (5), the 
condition that § P(Z,-Z,)d*Z\d*Z.=1 implies that 


femar-o. (6) 


This means, for instance, that a tendency for two 
particles to cluster at short distances must be com- 
pensated by a decreased probability of finding the 
two particles at Jarge distances from each other. 
Condition (6) may be formally met by writing 
G(r)=Gs(r)+G_(r), 

where Gs is the “short-range” (~R.) part and G, the 
“long-range”’ part of G. If we set 


G = fsa GLv= feu, 


then Eq. (6) implies that 

G.=—-G/v. 
It will often suffice to write 

Gi=—GP(r). (9) 
Higher order probability functions may be defined in 
an analogous manner. We mention only 
P(D,,: ; -Zy)= | gol? 

= (1/0%)(14+ multiple correlation 
functions). (10 


the interparticle spacing in the medium and large compared with 


the wavelength of the scattered particles. 
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(An average over possible spins is implied here, we 
recall.) The last form above is valid, of course, only if 
all the Z’s lie within U. We assume that the range of the 
“multiple correlation functions” is not greater than 
©(R.), so they factor into G’s when only pairs of 
particles are close together. 

When one of the “particles” is scattered by a partic- 
ular “scatterer,” the medium will in general be excited. 
We suppose the spacing of available excited states in 
such a collision to be ~AW y and that 


AW w< €0, 


(A) 


where é€o is the initial energy of the scattered particles. 
Assumption (A) will be cailed the “loose binding” 
assumption. It will be interpreted as implying that ¢o 
is large compared to the energy required to “knock” a 
scatterer from the medium. 


B. The Scattering Cross Section 


The scattered particles are described by plane wave 
functions 


> = $ret x (11) 


Here k is the momentum vector* and » is the orientation 
of the spin (if the particles have a spin). The initial 
momentum (within the medium) before scattering is 
assumed to be ko. We shali also write m for the mass of 
the particles and M for the mass of the scatterers. 

The scattering is assumed to take place by a sequence 
of encounters of a particle with single scatterers. For 
the qualitative arguments of this section we shall 
suppose m<<M and that the scattering amplitude for a 
scattering through the angle @ is f(cos@). 

Then for a single scattering encounter at Z, with the 
ath scatterer, the scattered wave has the familiar form 


Veo(a) = (e***%a/R,) f(a hoWine(Ze)- (12) 


R,=x-—Z.,, 
1, = (R./R.). (13) 


Also, Wine(Za) is the incident wave at the position of 
scatterer a. Except for an inconsequential phase factor 
this is 


Here 


V ine= exp(iko- Z,.) X (amplitude factor). (14) 


In writing Eq. (12) in its asymptotic form, we have 
assumed 


koR.>1. (B) 


This forms our second fundamental assumption : namely 
that the wave travels far enough before a subsequent 
scattering that condition (B) is satisfied. 

The phases of Eq. (12) have a simple interpretation. 
The phase of the incident wave just at scattering is 
given by exp(iko: Z,). On travelling on to the point x, 
the change in phase is given by exp(ikoR,). When z is 


* We shall ordinarily use units such that 4=1. 
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sufficiently large that x>>Z,, Eq. (12) takes the form 
Weo(a) = (e**9*/x) fa, 
fa expl —i(k—ko)-Z, |f 


with k= kot. The dependence on Z, of the scattering 
amplitude /, is given by a simple phase factor. 
The total cross section for scattering from “a” is now 


ini fant si 


The average distance which the particle will travel 
before a subsequent scattering is 


'. (16) 


(15) 


A= (po,) 


When kA>1, we may consider that our assumption 
(B) is satisfied. 

The uncertainty in energy Ae of the scattered particle, 
if its speed is v, is 


Ae~h/(d/2), (17) 


when it has travelled a distance \. An alternative form 
for assumption (B) is then 


Ae, 


(18) 


where é€o is the kinetic energy of the scattered particle. 
We have assumed that the medium is “loosely 
bound.” A much stronger condition would be 


Ae>AW, (19) 
where AW is the excitation energy given to the medium 
in the course of a scattering encounter. We shall not 
assume (19) to be necessarily true, although it is 
frequently satisfied (consider, for instance, the scatter- 
ing of visible light by the molecules of a gas). 

When the inequality (19) is satisfied, scattered 
wavelets may interfere coherently with each other 
even if they would eventually be associated with 
different states of excitation of the medium. This is of 
course a direct consequence of the indeterminacy 
principle. In Part II we shall develop a detailed theory 
for this case. 

For our final transport equation of Sec. IIT it will be 
helpful to assume that 

R<&. (C) 
(We recall that R, is the “range of correlation.’”’) This 
means that the medium may be considered as locally 
undisturbed (by previous scatterings) at the position 
of a given scattering before that scattering has taken 
place. 


C. A Simple Example 


Before treating the general problem, we consider a 
simple example illustrating the interference of scattered 
wavelets. Although well known, this serves as an 
introduction to related phenomena associated with the 
transport problem. 


M. WATSON 

The scattering medium is now considered small 
enough that the scattered particle is unlikely to scatter 
more than once. Then if m<M, Eq. (15) gives for the 
total scattered wave 


NV pikoz 


LD Veo(a ide 


a~1 x 


Ak = koX— ko. 


Vee idk -Z,) f], 


exp 


(20) 


The scattering amplitude for excitation of the medium 
to the state y is thus 


F,= (gy, Se exp(—iAdk-Z.) fgo). (21) 


When f is independent of spin (or when the spin 
dependent part of f averages out in evaluating the 
matrix element), then f factors out of the integrals in 
Eq. (21). In this case the ratio of excitation probabilities 
for different 7 is independent of f and thus the type 
of particle causing the transition. This result, which is 
not true in general, will be discussed in detail in Part II. 

If the excitation energy of the medium can 
neglected (a condition which will be given quantitative 
consideration in later sections), the differential scatter- 
ing cross section is 


be 


ou (6) => |F,|? 
7 


(go, {N 


exp — ik: (Ze— Zp) ]) 0). 


Using Eq. (4 


, this may be written as 


OM a. + in Tae; 


where 


f\?eC (8). 


Here (@ is the scattering angle 


c(0 fezre exp(—iAk-Z), 


(26) 


C(@ fe re tk -tq3y 


The quantity ;, represents the incoherent sum of the 
individual cross sections. For the general case to be 
treated in Sec. III, ;, must be treated by a transport 
equation. The elastic scattering is given by ¢,(8). In 
the generai theory this is described by the optical model.§ 
The quantity og. will be referred to as the quasi-elastic 
cross section® when it is suitably generalized in Part IT. 

One may well object that o,. as just defined is not 
necessarily positive. will be remedied 
in Part II when a more complete discussion is given. 


This difficulty 


* T. K. Fowler (to be published), has recently given a discussion 
of the quasi-elastic scattering from atomic nuclei. 
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We observe, however, that when og is sufficiently 
large in magnitude to be of importance, it will usually, 
be positive. First, 

G(r) >—1, (27) 
as is evident from Eq. (4). A large |G| then means 
that G>O (or that the scatterers tend to “cluster” 
together). 

C(@) may be simplified if we make use of Eqs. (7), 
(8), and (9). Define 
(28) 


Gcs(o)= f Galr)e™ ‘d*y, 


so Co?(0)=1. With Eqs. (7) and (9), we obtain 


C(0@)~-GC(@)[1—c(@) ]. (29) 


Here we have assumed that c(9)—+0 much more 
rapidly with increasing @ than does Co*(@). Indeed, we 
expect c(@) to become small for 


> 1/koRo, (30) 


where Ro~¥WU is the radius of the medium. C o?(@) 
will be expected to become small for 


6>1/koRe. (31) 


For the case that | f|* is independent of 6 we have 
plotted in Fig. 1 the expected form of the cross sections 
(24). 

Il. GENERAL THEORY 


The detailed discussion of the transport of particles 
through the scattering medium will be based on the 
multiple scattering equations developed in reference 5. 
There it was shown that the exact solution of the 
Schrédinger equation for the scattering of a particle 
by a scattering medium is given by 


1N 
V(x) Ria 2 Pota¥a(x), 
a=! 


1 
WV, (x) =P¢(x)+- > Pots¥a(x) 
d ra 


c(x) = ete ‘*2,= Pcko- 


Here ¢c represents the incident wave, once it has 
entered the scattering medium. The wave number hy is 
related to the wave number go of the particle before 
it entered the medium by the refractive index n™”: 

o= NQo. (33a) 


Alternatively, ko and go are related in terms of the 
optical model potential v¢: 


kt+ 2mvc= qo’. (33b) 


%S. Fernhach, R. Serber, and T. B. Taylor, Phys. Rev. 75, 
1352 (1949). 
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Fic. 1. A sche- 
matic plot of the 
“elastic,”  ‘“‘inelas- 
tic,” and ‘“quasi- 
elastic” scattering, as 
given by Eqs. (24), 


etc. 





In writing ¢c in the form (32) we have neglected reflec- 
tion and refraction at the boundary of the medium— 
these effects not being of importance for our argument. 

The quantities ¢, are “two-body” scattering operators 
for the scattering of the given particle by the ath 
scatterer in the medium. They are taken as momentum- 
conserving matrices: 


te= (k,Q,|¢| k’,Q.’)6(k+Q,—k’—Q,’). 


Here Q, is the momentum of the ath scatterer. The fq 
may also depend on the spin (if any) of particle or 
scatterer. In the interest of simplicity (that is, to avoid 
the complication of handling polarized beams), we 
shall assume either that the (,’s are spin independent or 
that polarization effects average out due to azimuthal 
symmetries in the distribution function of the scattered 
particles. Thus spin labels need not be kept on our 
wave functions and scattering operators. In spite of 
this simplifying assumption, our methods are directly 
applicable to situations involving polarization in the 
scattering. (More detailed discussions of the t-operators 
have been given previously.’-!'." 

The “energy denominators” d in Eqs. (32) are (» is 
a positive, infinitesimal number, as usual in scattering 
theory) 


(34) 


d= eg t+ in—e(k) + (We—W)), 
e(k) = k*/2m-+-v¢(k), 


€o= go"/ 2m. 


(35) 


The optical model potential v¢ has been introduced in 
connection with Eq. (33b). The zeros of d give just the 
wave numbers & of the scattered wave. In particular, 
for W,.= Wo, 


€(ko) = €o, 


which is equivalent to Eq. (33b). [For relativistic 
particles, we replace k?/2m by c(k*+m*c*), etc., in 
Eqs. (35). } 

Finally, the symbol “P»” in Eqs. (32) represents a 
counting operator which forbids repetition of states 
“‘y”” of the medium during the course of successive 
scatterings. This means, first of all, that the initial 
state “0” must never re-occur. It also implies that every 
scattering must be inelastic, or lead to a change in the 
state of the medium (since elastic scatterings have 


1G. R. Chew and M. L. ~~ Phys. Rev. 87, 778 (1952). 
"= K. M. Watson, Phys. Rev. 89, 575 (1953); N. C. Francis 
and K. M. Watson, Phys. Rev. 91, 291 (1953). 
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already been taken into account in t¢). Aside from these 
two rather simple effects, we may in general ignore Po 
when Assumption C is valid. 

Let us now recall that we proposed to decompose the 
scattering into and 
contributions. Because of the properties of Po, as just 
described, the elastic part of V is just Bc. We do not 
intend to consider the elastic scatterings in more detail 


elastic, inelastic, quasi-elastic 


here, since this has been done previously.'* $.10 The 
distribution between inelastic and quasi-elastic scatter- 
ing will be based on two different schemes for evaluating 
the “propagators” 1/d. The inelastic scattering will be 
discussed first, since this seems conceptually simpler. 

Referring to Eqs. (32) it that first 
problem is to simplify the expression 


appears our 


I= Po(1/d)tg¥z. (36) 


This is just the wave scattered from scatterer ‘‘8” 
The wave Vs, may be expanded as 


; ei x 
Wala > Ly fow Wa(k’ y’ 
r’ (2x)! 


We also introduce a partial Fourier expansion of the 
medium wave function g, 


d*~’ 
wf 
(2x)! 


(a, is a function of all Z’s except Zs of course). Then 


dha’ 
I pf 2 (es, 
(2r)* 7.7 


(37) 


exp(iQ’ - Zs)a,/(Q’). (38) 


d®*kd*Qe*-* exp(iQ- Ze | 
x 
J ¢ —W, 


6(k+Q—k’—Q’) 
e(k)+(W ) 
x k,Q l k’,Q’ a, OQ’ Ws k'y’), (39) 
This may be simplified by writing 


¥ a,-(Q’ Walk’ y’)=va(k’)a0(Q), (40) 


where ¥s(k’) is now an operator acting on the co- 

ordinates (Z,,---Zy). Equation (40) just states that 

+ = 0 was the initial state of the medium. It will turn out, 

however, that ¥s(k’) behaves very much as if it wére a 

diagonal operator in a coordinate-space representation. 
Now Eq. (39) becomes 


d*k'd'Q’ 
I Po f f 
2x)’ eo t+in— e(k)+(Woe— Hy 


i(k—k’)- Zs) (k! ¢) k’,Q’) 
X exp iQ’ -Zs)Wa(k’ a Q’). 


d®ke™** 


xXexp 


(41) 
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In accordance with the discussion following assump- 
tion C, 


(exp(iQ- Zs), Ye(k’) |=0, (42) 


since we assume the medium Zs to be un- 


disturbed by previous scatterings , we set 


few iQ’ - Zs) (k,Q) t) k’.O’)ay(O’ 


ki tk’ 


| l Vzes 


Here Q’ is interpreted as in t, so t operates on 
go. (We “symbol” Q’ in ¢ in 
Eq. (43), but do not imply that Q’ is omitted.) Because 
the scatterer binding energy has been assumed small, a 
valid first approximation consists of setting Q’=0 in ¢. 
This treats the scatterer as if initially as rest. If Q’ is 
kept in /, then we must eventually average the scattering 


suppress ad the 


have 


cross section over the distribution of QO-values (as will 
be seen later). 

To complete the evaluation of I, we shall « <pand aq-' 
in a manner reminiscent of 
and Placzek': 


é expansions of Wick? 


where W is an 
yet to be 
for d °. 


d k’ 1*k 
T P f J ‘ * r 
de)iJ 


“average excitation energy” which is 


evaluated. Then, using the expansion (44) 


Here we have wri 


which is the momentum transf d to the 


Now, because Hy « 


scatterer. 


1/2M) V zs", 
(Ay—W)?* exp(iQo-Z5 


V+H, 47a) 


(if the scatterer 8 is not bound by ex 


hange forces . 
either / or Wz. 
[Hy,t), 


°.8 


Hy does not in general commut¢ 


To simplify our discussion we s neglect 
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even though such terms may be kept and involve no 
essential difficulty for our presentation.'*? We obviously 
may not, however, neglect [H.W], since Ws operating 
on go describes the excitation of the medium due to 
previous scatterings. We have assumed that the 
scattering mean free path is sufficiently great that 
energy is very nearly conserved between collisions. Thus, 
we anticipate that 


H N (Wego k~ i ‘ex Voge], 


where W,, is an “average” energy of the medium and 
is just Wo+ “the excitation associated with previous 
scatterings.” On comparing Eqs. (45), (47a), and (48a), 
we see that it is most reasonable to set 


W = (O?/2M)+W a. 


(48a) 


(48b) 
Now Eq. (47a) becomes 
(Hy—W)* exp(iQ,- Zs) 


, “ A Qu: Vzzs 
—expiQ:%)(Hy—M at ) 
Mi 


Qo: Vzs 
*K--+f Hy—-Weat ) (47b) 
Mi 


Using the expansion (38) for go, we have 


1 
exp(iQo-Zs)Wa(k’)g: 
C 
HO expli(Qo+Q)-Zs] 
(2x)! dy 


= 1 /Qv-0'\" 
«(4 EG) 
m=1 do” M 
1 


— exp(—iQ’: Zs) (Hw — Wex) exp(iQ’ - Zs) 


i) 


1 
+ Qu Bs)+--- )¥a(k’)00(Q). (49) 


ado 


Here B, is the gradient of the binding potential of “3” 
divided by M. It is defined by 


(Hw, Qo: Vza/M i J=iQo- By. 


For discussing the imelastic scattering it is very 
convenient to partially re-sum the series (49) using 


i 4 2 £Q-Q’\" 1 

“i+. C8) hace 

b dol mti\ dM dy—Qy-Q’/M 
so 


b=[eot+ (Q/2/2M)+W o— Wea +in— e(k)—0?/2M, (51) 


(50) 


™ The effect of these commutators has been considered by 
Fowler (reference 9). 
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with 


Q . Qy + Q’. (52) 


The series in Eq. (49) may evidently be summed 
formally in such a way that all propagators do are 
replaced by 6~'. 

Finally, 


dk'd*0! ¢ d*kd*Q e* * exp(iQ- Zs) 
I Pf f ba 


(2x)' b 


Ded (k+-Q—k’—Q’) (kt k Wp(k’)ae(Q’), (53) 


where 
Dg= 14+ (1/b) exp(—iQ’-Zs)(Hnw— Wea) 
Xexp(iQ’-Z,)+ (1/6?) (#Qo- Bs)+ (54) 

The quantity (Ds—1) represents purely quantum 

mechanical binding corrections to the scattering from 

scatterer “8.”’ We shall choose W,, so as to make the 

first correction term in Eq. (54) vanish to lowest order 

in our final equations. 


A. Evaluation of J, 


We first set Dg= 1 to obtain the zeroth approximation 


d*k'd*’ dP 
To Pof J- exp(iP- C+-ig- rg) 


(2x)* 
« (k! t) kk e(k’)ae(Q’). 
k=(u/M)P+o, P=k’+Q’, 
Q= (u/m*)P—o, u M(m*, (M+m*) ], 
tg=x—Zz, C=(MZs4+m*x)(M+m*)—. 
The “effective mass” m* is defined by 


1/2m* = de(k)/d(k?). 


(55) 
Here 


(56) 


(57) 


The “particle velocity” » is defined by (for convenience, 
we assume that the imaginary part of m* and » are 
small) 
de dedk® k 
:-—=— —_=—, (58) 
dk dk? dk m* 


By Assumption B, the significant contribution to 
the p-integral in Eq. (55) comes from values which make 


b~0. 
Near this value, we find, indeed (after a little algebra) 
b= (po —p*)/2u+in+OL (p?— po?) ], 


where po is the root of the equation b(p9)=0. The 
significance of m* is seen here—it suffices to give b 
the simple (angle-independent) form (59). 

The evaluation of J» is now trivial. To appreciate the 
result, we refer to Fig. 2, which shows the scattering. 
The initial position of the scatterer is Z,’. It recoils to 


(59) 
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position Zz when the particle reaches x. We shall see 
in detail how this diagram follows from the evaluation 
of Io. 

On evaluating the p-integral for pors>1, we must set 
(60) 


0 pots, fy Tg/%p 


elsewhere in the integrand. This evidently implies 
that we set [see Fig. 2 and the discussion following 
Eq. (66) where Z,’ is defined ] 

k koRe Ra, R, 


_ Z,. (61) 


Now integrating over p gives 

d*k' dQ’ = ' 

Io= Pof exp(iP- C)Lexp(ipors)/re | 
(2a)* 


R, 
| (2n)'a( te ek’) Jvotk)20(0. (62) 
Rs 


We next evaluate the Q’ integral in Eq. (62). To 
evaluate this integral, we set Q’=(1/i)Vzg* [see Eq. 
(66) ] everywhere except in oscillating exponentials 
and in a9(Q’). Because we have assumed small binding 
energy in the medium the effect of this dependence on 
Vzg* is expected to be small. (It may eventually be 
taken into account by averaging over the spectrum of 
Q’ values.) Since 


P k’+ Q’, 


we obtain exp(iQ’-C) as an exponential factor. From 
the definition (51) of } it is evident that po also depends 
on Q’ since po satisfies b(po)=0. We therefore write 


po= pst dp, (63) 


where 6(p3)=0 when Q’=0. We obtain (to first order 


in Q’) 


5p= — (Q’-k’) (ps)~'Lu/ (M+m*) }. (64) 


[Equation (64) involves a little algebra, but is straight- 
forward. | Thus 


Iy= Pof 
(2x) 
Ry 
x|- ( 2n)'u( te 
| Rs 


<Xexpi{Q’-[C- k’ (rg Pa) \ ps, (M+ m*) Jar (Q’) (65) 
ears 


Pf - exp (ik’- C)— 


(29)! rs 


Rs 
| - anrn( - AK) Wy k’) go( e- -Ze- -+), 
Rs 


kd 
exp(ik’- C)[exp(ipgsrs)/r¢ | 


‘1K’ oath 


d*k’ 
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/* 
J i 
i: 


Fic. 2, The kinematics of a single scattering are shown along 
with the notation used in the text. The “particle’’ is scattered at 
position Zj by the Sth scatterer. When the particle has reached 
the point X, the scatterer has recoiled to the position Zs. The 
center of mass of the two particles is at C 


Here 


k’ T3/ pa) VM +m* 


m* Ys py 
M+m* ps/ M+m* 


m™ 1g bl 
M+m* ps/ M+-m* 


defined by Eq 


(66) 


Zs Ze r 


(66a) 


The coordinate Z,° 
Fig. 2. To see this, we introduce thx 


(66) is just that in 
“‘time”’ r since the 


collision oct urred 


(67) 
The last term in (66a) is thus 


r[k’/(M+m*) |=C—Z,’, 


which is just the velocity of the center of mass multiplied 
by r. Also, 
m* 


VM +m* Z,—C, 


the diagram [ xX C 


— fe 


as is evident from 
(M+ m*) }. 

Therefore, in Eq 
go as translated to its ‘ to which 
scatterer “‘B’’ has re The recoil vector Zs— Z,° is 
just that given by classical Higher order 
terms in dp Eq. (64 a dispersion in the 
scatterer’s position resulting from the spread of Q’ 
values in g," ( aspect of the indeter- 
minacy principle, which of course must appear in our 
problem), Also, the Q’ dependence of ¢ becomes a 
dependence on (1/i)Vzg* in Eq 
above. 

To further simplify Eq write o3= pefs, 
so the argument of the exponents becomes 


k’ C+ 03° Ts 
ksRst+Q- (Z,—Z°) +k’ -Z,?, 


= rgn/ 
65) the coordinate Zs appears in 
displaced position” 
oiled 
kinematics 
give 


isee 


this is just on 


(65), as mentioned 


65), we 


k’-C+ pats 
(68) 
where now 

Q=k’ 


ks(Rg/Rs). (69) 


Thus Q is just the momentum imparted to scatterer 


i 
4 In Sec. IV these corrections will be treated in more detail. 
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8 when its binding is negligible. Now 
d*k’ 
Ip= ef —— exp[ik’-Z°] exp[iQ- (Zs—Z,°) ] 
(2)! 
exp(tkgRg’) Rs Rs 
x——— - (on)'u(—)(# - iin’) | 
Rs ‘8 Rs 
XWo(k’)go(--+Zs?---). 
To obtain our final form for Jo, we expand 
N N 
valk’)=eel(k’)+ DL vol(k = LD ve(k’). 
»(*B8)=i v—)( 6) 
Here we abbreviate 
¢e(k’) =Ys0(k’). 


The quantity Yg, is interpreted as the wave scattered 
from Z,° to Zs°. The wave number of this wave is &, 
and its direction is 


Ng, = (Z— Z,°) A Zf— Z,°| A 


By our Assumption B, pp,(k’) must be nonvanishing 
only for k’~k,n,,."° Consequently the &’ integral in 
Eq. (70) may be evaluated to give 


(71a) 
(72) 


e''sks 


q= > Ps pe exp[iQ- (Zs— Z;’) ] 


vd) ( 48) ia 


; Rs 
x — (2r)*y— kg—|t hn, ) 
Ts Rs 


XWar(ZP)go(---ZP---). (73) 
Here 


War ( Zs’) = (2) ifaw expLik’- Zs? Wa-(k’), (74) 


which represents the amplitude of waves at Zs° which 
have been scattered from Z,°. 

To obtain the scattered intensity, we shall eventually 
have to integrate over all coordinates Z,(a=1, 2, ---N). 
The form of Eq. (73) suggests that the Z,° are more 
convenient variables that the Z,.. Thus we extend the 
definition of Z.° by defining 


Z{= 7p, (75) 


if no scattering has occurred from scatterer “a.” If a 
scattering has occurred, then Eq. (66) defines Z,°. 
This terminology requires some care in its application, 
since for each possible sequence of scatterings we have 
a different set of variables Z. (Because the number of 
scatterers has been assumed large, we can neglect the 


This is explicitly demonstrated in connection with Eq. (64) 
of reference (5). It has been implicitly demonstrated in the 
process of obtaining the outgoing wave in Eq. (70). 
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possibility that two scatterings may occur from the 
same scatterer.) 

If a scattering has occurred from 8, the transforma- 
tion of volume element from Zs to Z,’ is, using Eq. (66a), 


dZ,;=Jd°ZP 


m* 3 k, m =i 
J ( -) [1+— tbe . 
m ps M 
Here “vy” is the scatterer from which the previous 
scattering has occurred (v=0O refers to the incident 
wave, we recall). 

It is convenient to introduce »/J into Io, so as to 
avoid the complication of tracing the historical sequence 
of scatterings when we transform from the Z’s to the 
Zs. Thus, we define a “scattering amplitude” f: 


Rs Raf Re 
(( te “hts ) — (29)*u (+ hs, WV. (77) 
Rs Ts Rs 


This is further simplified by noting that the ratio 
Rs/rs depends only on the scattering angle and energy. 
The particle speed » is given by Eq. (58), whereas the 
relative velocity of particle and scatterer (after the 
collision) is 


(76) 


ve=v(Rs/Rz)—Q, M. (78) 
Then 
Rs/rg=vr/var=0/dp, 


(79) 


where r is the time which has elapsed since the collision 
[see Eq. (67) ]. Finally, then 


Rs v Rs 
J (4, hw) =— (2r)'w—( he = t| bn WI, (77a) 
Rs UR R 


8 


and 
N eters 


Ip=Po fs 


r—0 (6) Rg 


expLiQ - (Zs— Z,°) ] 


R 
1A bn Wo eli -+Zy®). (80) 
8 


The expression (80) is now in the form which we shall 
use. Rg is the distance that the wave has travelled 
since its last scattering. The velocity of the scattered 
wave is », while vg is the incident velocity. Had no 
previous scattering occurred, then only the term with 
v=0 survives in Eq. (80) and the differential scattering 
cross section is 


09> (v/vp)| f\? 
) L(m*/u)(v/on) 
=| (2x) %ul ( me —). (81) 
1+ (h,/ps)(u/Mp- Ae 


The factor | (2%)*t!? will be recognized as the center-of- 
mass differential cross section. The second factor will 
be recognized as the usual coefficient for transforming 
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from the center of mass to the laboratory coordinate 
system. 

A more convenient “cross section” for our applica- 
tions is 
f(Rstag, k,tng)|* 


f( kata, ko) | 2 


a(aB,Bp) 


a (aB,B0) (82) 


In a formal sense these are still operators, since they 
depend upon Q’=(1/i)Vzg*. It is evident, however, 
that when we calculate scattered intensities (as will 
be done in Sec. III), the significant consequence of 
this is that our cross sections must be averaged over 
the spectrum of Q’ values. This result is intuitively 
self-evident. 

When ®D;, is not set equal to unity in Eq. (53), the 
“propagator” 


(1/Rg) exp(iksRs) exp[iQ- (Zs— Z,°) ] 


is replaced by a generalized propagator F,,(Rs). Then 
Eq. (53) still takes the form (80), modified as 


N 
I Po a 
va (*f)) 


Fay ( Rs) {(Ra( R, ‘Rs), k,ngy) 


XWpr( Zs") go(Z.°---Zw°). (83) 


The evaluation of 4s, involves a computation of the 
terms in Dy. [ Eqs. (53) and (54).] We shall return to 
this in Sec. IV. 


B. The Coupled Scattering Equations 


We return to the second of Eqs. (32) for the Va(x). 
In accordance with Eq. (71) we set 


. 
Va(x)=[de(x)+ SY as(x) ]g(Z,°---Zy). (84) 


Bl xta)—1 


This expression and Eq. (83) for J [J is defined by 
Eq. (36) ] are now substituted into the second Eq. (32) 
and x is set equa! to Z,°. The wave function go “factors” 
out to give the coupled equations 


Vas (Ze®) = Pol Ego( Ras) f(8,80)c( Zs?) 


v 


> Fs, Ras ) f (a8, Bp Wa, | Zs’) ]. 


o(#8)—1 


(85) 


Here we have introduced the notation 
f(aB,8p)= f(Raftap, ftp), 
Ru» Z.°— Z,°. 


When the scattering is spin-dependent, Eq. (85) is 
easily modified by keeping initial and final spin labels 
on the f and spin labels on ¢c¢ and the yg,, etc. and 
finally summing over spin states. 

The equations (85) provide a complete 
solution to our problem. Because JN is a large number, 
their genera] solution is not feasible. For this reason, 


(86) 
(87) 


“algebraic” 
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we shall develop a transport equation from these in 
the next section. 


C. The Quasi-Elastic Scattering 


We have just obtained expressions for the scattered 
wave when the scattering is inelastic. By “inelastic” we 
have meant that the scatterer recoils approximately 
as if it were not initially bound in the medium. This 
defined the order of the sequence of terms in Eqs. (53) 
and (54) for J. 

When the scatterer does not recoil with an energy 
large compared with this binding energy, the propagator 
b~ is not appropriate for starting a series of approxima- 
tions. In this case we still use Eq. (44) but evaluate it 


differently 
eo—(W-— W 9). 


do= €o +in—e(k), 9" 


(88) 


Now we take W as the average energy of the medium 
before the scattering of interest has occurred. Thus do 
is the appropriate energy denominator for scattering 
which is elastic (with respect 


to the medium) and gives 
a reasonable starting point for studying quasi-elastic 
scattering. 

In this case our first approximation is 


e** exp(iQ-Z, 
€o +in—e(k) 


dk’ dQ’ 
d*kd*O 


x5(k+Q—k’—Q’)(k,Q) 1) kk’ Oe ( kay (Q’) 
exp(tkgRg) 


(89) 


be Ze)ee(Zr° «++ Zn 
Rs 


0 and 


fo = 2x *m*(R( Rz Rs 


Here kg is the root of do(k 


l k,nz,), (90) 


and Z,° 
from “ 


absorbed the recoil momentum and thus the scatterer 
behaves as if infinitely heavy.'® 


has occurred or not 
B.”’ This results since in this case the medium has 


-Z, whether a scattering 


Ill. THE TRANSPORT EQUATION 


To obtain a transport equation from Eq. (85), we 
must square it to find the density of scattered particles. 
At the same time 
the scatterers 


we must average over positions of 


The density of scattered particles at x is | 


(32) ] 


see Eq. 


’ 


Instead of |W} ?, we t more convenient to use 


We recognize that intermediate situations may 
which two or more scatterers reco gether 
equivalent mass of the scatterer would be an 
the mass M. 


arise, in 
In this case the 
integral multiple of 





QUANTUM 


instead 


\Wa(Za)|?. 


This is permissible since the number of scatterers is 
considered to be large. 

When we square Eq. (85), it is evident that “cross 
terms” occur, representing interference of waves 
scattered from different scatterers. These terms are 
purely quantum-mechanical and do not occur in a 
classical theory. They are nonvanishing, however, only 
because of local “structure” in the scattering medium 
and are thus expected to involve the correlation function 
G [as in Eqs. (22)—(26)]. In anticipation of this we 
define a “mixed density” m by the equation 


N 
i Yao Ze?) goge'Vars*(Ze®) TI (vaa’ 8,8')d°Z," 
v=} 


= n(aa’ 88’) P(Z.°,Ze")G( Ze — Ze”) 


XP(Z,°)P(Zs"). (91) 


(As usual, a sum over possible scatterer spins is implied 
here.) On multiplying Eq. (85) by its adjoint, we shall 
obviously obtain a set of coupled equations for the 
n (car 88). 

The notation (a,a’), etc., is used in Eq. (91) to suggest 
that points Z,° and Z,-° are neighboring positions, as 
are also Z,° and Zs”. On the otherhand, Z,° and Z 
are not, being separated on the average by a distance 
much larger than the correlation range Rc (Assumption 
C). The justification for these remarks will be given 
below. 

It will be convenient to supplement the definition of 
G by writing 

G(Ze— Zs) | p= 1, 
P(Z.°, Za") \ ena’ = P(Z,°), 
P( Z?)P (Ze) | png = P(Zs’), etc. 
We also define, in analogy to Eq. (91) 
nc (BB" = [dc(Zs)o* c(Za” ) 1 
nc(8)=nc(BB). (91a) 


At this point it will be useful to establish a convention 
for replacing sums over particles by integrations over 
particle positions, and vice versa. By our assumption 
C [and the assumption that the correlation range 
RcK*/V |, we are free to write 


felt Ir eze 
(ne) 


= P(Z,°,Z,”) X factors independent of (Z,°,Z,”). 


Here the notation J],’ means that an arbitrary number 
of variables (but small compared to N) is omitted from 
the integration. This equation is true, of course, only 
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for most positions Z,° and Z,°—but by assumption C 
is adequate for our applications. 

Then we may write, where L(Z,°, Z,°, Zai®, «++ Zai’) 
is some function of the variables indicated, and kKKN, 


Ld 


: feaez, Dai: ++ Lat) go|? 


- 
x II (v¥ay,:- -al)d*Z,° 


aad | 


~ wf Z,°, 2 © Za: a di Z.i°) | go| 2 


- 
< I] (van,- - -a))d*Z,° 


vm 


= 3 v fx Z,°,24°,Le.: ‘Zai)| go? 


N 
KY (vu ar: +-ay)d*Z,". (93) 


rol 


The first equality above is a direct consequence of the 
equivalence of the N scatterers. The second equality 
provides a definition for evaluating the sum over 
particles when this is not accompanied by an integral. 
For the logical development of the transport equation 
found below, the second equality in Eq. (93) need 
never have been introduced. For intuitive clarity it 
seems very useful, however, to interchange sums over 
particles and integrations over particle coordinates in 
this manner. 
The particle density at Z,° is 


n(Z°) five 2 TI dz, (94) 


w( a) 


(see Eq. (84) ]. In evaluating this and similar expres- 
sions, we must pay careful attention to the Z's, 
since these variables depend upon the past history of the 
scattering and are thus not uniquely defined. This 
means that all cross terms will apparently vanish when 
we substitute the expansion (84). To see this, we 
introduce the correlation function 


1 N 
(Li de) f IT d*Z,gu*(Zit,Za,-+-Zu)ge 
X (Z,,Z2,Z'---Zy), 


where we suppose a scattering to have occurred from 
particles “1” and “2”. 

Now, when the scattered particle has travelled 
sufficiently far, |Z°—Z,| and |Z/—Z,| become 
arbitrarily large. This means that $(Z,°, Za,)=0, since 
then the overlap of the wave functions will vanish. 
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In view of this, Eq. (94) [and using Eq. (93) ] is 


n( Z.°) = n¢ (a)+ z ¥ n (cee up")G(Z,°,Z,°) 
pin’) pw’ 


+> n(aajpp) (95) 
— 


nco(a)+>- 
uv 


n(ac, pp). 


Equation (95) appears to tell us that after sufficient 
time there is no interference of waves scattered from 
different scatterers. This, of course, is not in general 
true—indeed, the error in our conclusions rests in our 
approximate treatment of the Placzek-Wick'? series 
in Eq. (55). We shall see, however, that the interference 
terms are small under the conditions of our problem 
and that the evaluation of Sec. II-C is appropriate for 
obtaining these 

We shall then obtain the first order interference by a 
more careful reevaluation of Eq. (95). It is evident that 
waves from two different will 
interfere only if the system is left in the same final state 
after either scattering—which is likely to happen only 
for very low states of excitation. This suggests that for 
the interference terms we should use the evaluation 
(89). Since then Zs°= Zz, (all 8) interference of scattered 
waves can occur. 

The medium will very likely be left in a low-lying 
state if Q, the momentum transferred to the scatterer, 
is not much larger than the width of the spectrum of 
Q’ values in a9(Q’). For scattering of sufficiently small 
angles this condition can always be met. 

On re-evaluating Eq. (95), which involves forming 
the square of Eq. (84), we now obtain 


scattered scatterers 


nm. (a)+ > n (cc pup’ )G ( Z,°- Z,,°) 


er 


n(Z.°) 
n(a)+>. fila). (96) 
oe 


Here we use the convention (92) and the evaluation 
(83) for the terms with u=u’ in the double sum. For 
uu’, Eq. (89) is used for the evaluation of the scattered 
amplitude. Thus Z,°=Z, and Z,°=Z, in G above. 
The density #(a,u) is defined by Eq. (96). 

One may well ask why it is just the correlated term 
(1/0")G(Z,°—Z,.°) is kept in Eq. (96) rather than 
(see Eq. (4)) the full probability P(Z,°, Z,.°). The 
reason for this is that the Po operator instructs us to 
discard elastic scatterings. From Eqs. (24) and (25) 
we see that the term P(Z,°)P(Z,.°) in P(Z,°, Z,-) leads 
to elastic scattering and has already been included in 
the optical model potential.® 

The transport equation is now very simply obtained. 
We multiply Eq. (85) by its complex conjugate and 
use the definitions (91) and (91a). [For the interference 
terms, we use Eq. (96)]. Finally, the relations (93) 
permit us to replace the integrations over Z,° and Z,.° 
by a factor of VU? in the last term on the right in Eq. (97) 
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below; but this factor of Z? makes up for the missing 
integrals over Z,° and Z,° to give just »(88,up’) 


CP(ZP)P(Z9)P(Ze?, Za) 


(vy aa’ BB’ )d*Z,° 


x f vase gogo'Wa'p" (Za) TI, 


G' ZS 
G( Ze 
X ong (a8 ,80)nc (8B" 


+ + G(Z,! 


Lied 


-Z,° nN 
Zs" [ Es Ras 


a 
am JDO 


70° (Rag 


~ 1) Ep, (Rap) Es," (Ra's 
X ogg (a8 Bu)n(BB’ pop’) |. 
Here we have made the approximation of setting 
f (Rg Marg, Ry May) = f (Rettas, k,mg,) 
Es’, = Epp, 


etc., in all quantities except oscillating exponentials. 


This is generally justified, as will be seen, since distances 
such as (Zs— Zs 
Ry 


are of importance only if less than 


Also, we have introduc ed see Eqs R2 and (90) } 


; 


ga’ (a8 Ou Tap, bp) for 8=8 


ope (a8 Bp) fo(a8 Bp) for Bx’. (98%) 
This is in accordance with our discussion accompanying 
Eq. (96). Physically, this means that our cross section 
is that appropriate for an unbound scatterer for the 
incoherent terms and is that appropriate to an infinitely 
heavy scatterer for the interference terms. 
To further simplify Eq. (97), we observe that 
exp(tkgRag 
X< (nonoscillatory terms.) 
Ras ; 


Thus, we set 


Es,( Ras) Es, (Ra's: | Eg 
~ | Es,(Ras)\? 


2 xp[ tke(Ras— Ra g’) | 


ik. (Ya—Ys)], (99) 


Ras) 
exp| 
where 
kas 
Va™ Ze’ 
ym, 
Now Eq 7) becomes 


G(Z—Zs 


Rsfas, 
, a 
Ze. 


(100) 


exp 





QUANTUM 


This equation may be “solved” with the Ansatz 
exp(— ikas- Ya) (a,8) 


= = G(ZP— Zs°)n (aa’ £8" } (1 )2) 
8’ 


[compare Eq. (96) ]. Using Eq. (102), Eq. (101) may 
be written as 


fi(a,8)= | Ego(Rag)|*0.(a8,80)n.(B) 
+3, | Es.(Ras)|*01(a8, Su) (Bn). 


We have here introduced the abbreviations [the 
convention of Eq. (93) is used to set G(Z— Z,") = 1]. 


o1(a8,80) = ) > G(Zf— Z,°) exp(ikag: ye) 
ry 


X [c(8,8’)/ne(B) Josg: (eB,80) 


(103) 


p 
-|1+ ~ fay» G( ys) exp(ikas: Ys) 


(104 
xmnc(B.8')/ne(®) fo (aB,8,0) 


c(a8,8u) =0(aB,Bu)\ 1+ (p/T) f dy G/y) 


XexpLi(kas—kg,)-y ]} 
T= | f\*/| fol*. 
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[The cross section ¢; is essentially that appearing in | 


Eq. (22) ]. The occurrence of T_, in Eqs. (104) expresses 
the fact that the kinematics is different for the quasi- 
elastic than for the inelastic collisions. Also, the energy 
of the particles scattered quasi-elastically is not equal 
to that of inelastically scattered particles. Thus, even 
though Eq. (103) is formally correct, one may have 
to label separately the quas-elastic scatterings.” In 
most cases, however, we do not anticipate this complica- 
tion, since the quasi-elastic scattering is expected to be 
important for small angle scatterings—and here the 
kinematics are the same for the two “types” of 
scattering. 

Equation (103) is our final transport equation. 
Recalling that 


| E|*~[1/(Res)*] exp[— (1/) Rap ], 


the structure of this equation is rather obvious. It 
represents an inhomogeneous equation for the fi (a,8), 
since n¢{8) is considered as known (it is just the initial 
beam intensity). 

Depending upon the information which one desires, 
there are a variety of special forms for (103). 
example, we may define 


befila;e)= > 


Blin be) 


For 


ii(a,f) (106) 


17 We shall give a more detailed treatment of quasi-elastic 
scattering in Part IT. 
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as the density of particles at a having energy between 
« and e+ée. The sum in Eq. (106) is carried out over 
only those scatterers “8” which scatter particles into 
the correct energy range. 

Again, 


bed fi (a; €, k) = —~gfi(a,B) (107) 


represents the density of particles at a having energy 
¢ and momentum parallel to k (within the solid angle 
dQ,). The sum over “8” runs over those scatterings 
which satisfy these conditions. 

When the scattered particles are sufficiently light 
that their energy loss on scattering may be neglected, 
a very simple transport theory is obtained. We then 
define 


n( Z.° k)= ne( Z.°)5 (Qe —Qs) +e fi(a,8) (1/5Q,) 
(108) 
= no(Z.°)5(Q,—Qyo) 4 p | Ras*dRap fi(a,f). 


Here the }, is carried out so that (Z,°— Z,") lies within 
59, of the direction of k. 

On summing both sides of Eq. (103) over 8, subject 
to the above condition, we finally find 


n(x,k) = No(xX (2X, — yo) + p { rar f dy 


* | Ex (R)|*o6(hk’)n(x’k’). (109) 
For simplicity we have replaced Z,° by x, etc., and 
have set 


R=x’[x=—R(k/k). (110) 


Equation (109) thus gives us the number of particles 
in a unit volume at x travelling within unit solid angle 
of the direction k. The incident density n¢e(x) contains 
only particles travelling in the direction ko. Were we 
to take 

| E(R)|\*= (1/R%)e- OM, 


Eq. (109) could have been written down intuitively 
(using Eq. (22)). 

As a final comment covering Eqs. (103), we recall 
that ¢.(a8,8u) in a strict sense depends upon the 
momentum Q’ of particle 8 before it was struck. We 
raust suppose then that the o, actually used in Eq. (103) 
represents an average over (’-values. It is also true 
that |Z,,|? is an average over the medium wave 
function. The manner in which these averages are 
evaluated will depend on the particular problem at 
hand. 


IV. FURTHER DISCUSSION OF THE 
TRANSPORT EQUATION 


First, we should like to describe in more detail the 
evaluation of the “propagator” Es, of Eq. (83). This 
is defined implicitly on comparing Eqs. (53) and (83). 
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In lowest order 


Es, = (e**#"6/ Rg) expliQ- (Zs— Z,’) |, (111) 


as evaluated in Sec. II. The corrections to Eq. (111) 
arise from two sources. First, the exact root of b(p)=0 
is not given by Eq. (64). Second, the correction terms 
to Dy (Eq. 54) do not in general vanish. 

The corrections may be treated in a straightforward 
and systematic way. The expansion (54) is explicit 
and the terms of the series may be evaluated as expecta- 
tion values over the state gyo. Also, the root b(p9)=0 
may be expanded as 

po= pp tdptdpet - «- 


‘( i” > 1 pm* Q” 
= — +- _ 
2\M+m* pa® 2M(M+m*) ps 


etc. Here dp is given by Eq. (64). To the next order, 
Eq. (65) gets a factor 


exp (iRgdp2)—™(1+1Rgdp2). 


» (112) 


(113) 


After a little reduction, we are led to 


| Fog, | °~(1/Ry*)e~*™(0| 1+iRs,5p2]| 7). 


(114) 
Here we have set 


i(Ry— kg*) = —1/X,. (115) 


If the distribution of Q’ is spherically symmetric, then 
the commutator in Eq. (114) goes to zero as Rs becomes 
large. Thus to this order | £\? is not modified. 

It is important to observe that ||? is in general 
much simpler than £ itself. This follows, since 

E=(1/R) expLik(y)R] 

for excitation of a state ““y” of the medium. When we 
form |£|?*, the oscillating phase factor drops out. 


We can see in detail how this occurs for the correction 
(113). Hence we have to evaluate such quantities as 


(a0(Q”’), exp —ipo(Q”’)R } exp[ipo(Q’)R Jao(Q’)) 


Now, Q”~Q’+ Ak, where Ak is the uncertainty in the 


M. WATSON 

momentum of the scattered particle. But Ak~h’/R, so 

there is not.an effect which increases with R. 
Returning to Eq. (54) for Dg, we recall that W,, is 

to make the expectation value of the 

first correction term vanish. Also, the leading term in 

the Placzek-Wick « occur for us. 


This term was 
m*\[ (1/2M)(O’ 
(: ( y | ). 
M € 
v/vr) in Eq. (81). This factor does not 


which is just ¢ 

appear in our cross section o| Eq. (82) |, however. 
The next Placzek-Wick term does occur. It arises from 
the 1Q,- Bs term in Eq. (54). One is led to 


1 Rs 1 sM+m*\? 
| Ea, |** en( di: ( ) 
R;? r, 96 Vf 
m* Y VzaPs Y 
x( ) bod (117) 
M? : 


Here Ps is the binding potential of particle “s” in 
the medium. 

The evaluation the 
seems straightforward in principle 
reduced to expectation 
ground State 
€o becomes large compared to the binding interaction 
of the scatterers. Actual evaluation of ||? is rather 
tedious; however, some further discussion of this will 
be given in Part II where some simplifying approxima- 
tions are demonstrated. 

When the particles scattered are indistinguishable 
from those in the scattering medium, our formalism 
requires little modification.'* The scattering matrices ¢ 
must of course be properly symmetrized. If the scatter- 
ing medium is a degenerate Fermi gas, then one must 
exclude states for the recoil particle 
Pauli principle. 


to be chosen 


doe S not 


xpansion 


(116) 


to |E|? 
(in that they are 
respect the 
0). They also become rapidly small as 


of correction terms 


values with to 


which violate the 


18 A detailed study 


( ase has been made by G. Takeda 
and K. M. Watson, Phy 


97, 1336 (1955) 
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Random-Walk Interpretation and Generalization of Linear Boltzmann 
Equations, Particularly for Neutron Transport 


E. Guru anv E. [nonv 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 
(Received December 21, 1959) 


The connection between linear recurrence relations which define generalized random walks and the related 
linear Boltzmann equations is clarified. The probability distribution /,(s) for “‘the state s”’ reached by a 
“random walker” after m steps satisfies the recurrence relation /,,,(t)= / f,(s)P(s,ds, where the non- 
negative P(s,) is the probability for a transition from s to ¢. The Boltzmann distribution is given by 
f(s) =Zn.0" fn(s). In general, /,(s) contains more information that f(s). Moreover, f,(s) is the nth term 
in the iteration series solution of the Boltzmann equation and therefore can also be obtained from the solu- 


tion of an associated Boltzmann equation which contains an additional parameter 


As an example, the 


well-known integral Boltzmann equation for neutron transport in a nonmuitiplying infinite medium is de- 
rived from a P(s,4) which involves a transition in a seven-dimensional phase-time space. Brownian motion 
and Rayleigh’s problem (related to neutron therrnalization) may be treated similarly. 


HE purpose of this note is to show the exact 
relation between linear Boltzmann _integro- 
differential equations and recurrence relations which 
define random walks. Although many special problems 
of multiple scattering were treated in the past by using 
recurrence relations,’ the general connection of the two 
methods does not seem to have been established. 

A random walk consists of a succession of ‘‘elementary 
events” which change the state of the system and are 
statistically independent of each other. For random 
walk in the narrow sense of the word, the elementary 
events are the successive, uncorrelated steps. For 
multiple scattering of particles, the elementary event 
may be taken, in general, as a collision and subsequent 
traversal of a free path. It changes the state of the 
system from the one in which it was before a collision 
to the state in which it is before the next one.? In the 
random-walk problem we ask in general for the proba- 
bility distribution /,(s) of the “distance” s reached by 
a “random walker” after m steps. On the other hand, 
for the multiple scattering of particles, the Boltzmann 
theory gives us a distribution function f(s), regardless 
of the number of steps taken to reach s. More precisely 


t 


nm 
{Boltzmann = lim > fe (s). (1) 


nO ka 


Thus, using the Bolizmann theory, we lose some infor- 
mation. A more general theory which also yields the 
fx(s) can be formulated by generalizing the random- 
walk theory. 

Consider as the simplest case a one-dimensional 
continuous random walk in an interval (a,b). Denoting 


* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 

' See, e.g., W. Bothe, Z. Physik 59, 161 (1929); S. Goudsmit 
and J. L. Saunderson, Phys. Rev. 59, 773 (1939), and 53, 36 
(1940). C. C. Grosjean, dissertation, Columbia University, 1951, 
(unpublished), and Physica 19, 29 (1953). E. P. Wigner, Phys 
Rev. 94, 17 (1954). 

? This precise formulation of the problem is taken over, almost 
verbatim, from Wigner’s paper quoted in reference 1. 


by P(t—s) the probability that a step changes the state 
s into a unit interval at ¢ and which is assumed to 
depend only on ‘—s, we have the usual recurrence 
relation 


6 


fasrll) f fn(s)P(i—s)ds, (2) 


fo(s) and P(t—s) are given. Naturally, P(t—s) is 
non-negative; it is the continuous counterpart of a 
non-negative matrix used in discrete random processes. 
From Eq. (2), by summing over m and using the 
definition /({)= > >s-0” f(4) we obtain the Fredholm- 
type integral equation, 
b 


f(t) fuld+ f f(s)P(t—s)ds. (3) 


a 


This equation corresponds to the Boltzmann equation 
for this simple case. Can f,(t) be obtained from f(t)? 
Clearly not in general! However, if instead of (3) one 
can solve the corresponding integral equation with an 
additional parameter \, 


b 
JPA) fuld)+n f fir(s)P(t—s)ds, (4) 


then /,(¢) will be obtained from /,(#) by the relation 
fi ()= (1/k!)[d* f,(0)/dd* 0. (5) 


In the general case { may designate a point in a 
many-dimensional phase space (which may also include 
the time) and P(s,t) may have any form although it 
remains nonnegative. We postulate the general re- 
currence relation 


fnsill J fPU as, (6) 


where the integration is carried out over the whole 
many-dimensional domain which can be reached by the 
particles. 
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For neutron transport in a nonmultiplying infinite 
medium, the variable s represents a point in a seven- 
dimensional space s+ (r,t,£,Q); where Q is a unit 
vector in the direction of velocity, E is the energy and 
r,t are space-time variables. Taking as elementary 
event the collision plus subsequent free traversal, which 
changes the state of the particle from (/’,Q’,r’/’) 
before a collision to (£,Q,r,/) before the next collision, 
one can write P(s,/) in general as 
P(r’, U, E’, Q’— r,t, E, Q) 
r—r 
> FE, Q)e Fite 6 


W here 


o(E;r+pQ)dp; 


a,(t’; E’, Q’— E,Q) is the probability at r of a 
scattering from E’,Q’ to £,Q per unit interval at £,Q 
and o, is the total cross section which may include 
absorption. As usual in the neutron transport theory, 
the cross sections are assumed to be independent of time. 
f,(r,t,2,Q) is the number of neutrons per “unit in- 
terval” at (r,t,£,Q) after n events. Substituting (7) in 
(6), summing over m and expressing fo(s) by a source 
S(r,t,£,Q), we after over the 
§ functions: 


obtain integration 


x 


f(r,t,E,Q) | ds Javan jo sQ,i—s/v, E’, Q’) 


<o,(r—sQ; E’, Q’— E, Q) 


+ S(r—sQ, i—s/v, E, Q) 


Xexpl—7r(E£;1r,r—sQ)], (8) 


which is the integral form of the time-dependent 
Boltzmann equation for neutron transport in a non- 


AND E. 


INONT 


multiplying infinite medium.’ Here again, /;,(r,t,Z,Q) 
cannot be obtained in general directly from f(r,t,£,Q), 
but only from an f, whicl solution of the 
t In the special case of 
parameter <¢ 


Vill be ne 
equation correspon 
constant cross sections, using the o./Tr 
f itself can be writ */, and thus yields 
f, directly.) We n that the solution of the 
Boltzmann equatio ion involves using pre- 
; Le., the mth term in 
the iteration series satisfies the Eq. (6). By repeated 


x 


cisely the recurren 


application of the recurrence relation, one can express 
fn(s) formally a 
The problem of the r 
a single integral does not to have been considered 
in its full generality so far, although it is well known 
that in 
complish this purpose 
will determine the 
respect. 
Besides 
between 


an n-fold « ution. 
1 of this convolution to 


seem 


integral transforms ac- 
Obviously, the form of P(s,t) 
of any transform in this 


many special cases 


usefulnes 


connection 
Boltzmann 


neutron transport, the above 


recurrence relations and linear 


equations applies also among other cases to Brownian 
motion, Rayleigh’s problem (which is related to neutron 
thermalization), and many other problems, discussed, 
for instance, in Uhl 


Sta- 
4 : S| > ‘ + 
tistical mechanics a inceton 


Che Schrédinger 
equation dos For here 
P(s,t)=V(s)G(s,I function for free space, 
V(s): potential) is mof nonnegative in general. For a 
comparison of “Schrédingerian motion” and “Brownian 
motion” we refer to a paper in preparation by one of 
us (E. G.) particularly the ‘“Einstein-Smolu- 
chowski process”’ will be replaced by the “Uhlenbeck- 
Ornstein process” and with 
Feynman’s space-time form of quantum mechanics. 


k’s Higgins lectures on 
1954 


this category. 


where 


connection established 


ACKNOWLEDGMENTS 


We would like to thank E. P. Wigner for interesting 
) would also like to 
a long time ago first got 
which at 


discussions and one of us (E. G 
thank G. E. 
him interested in mul 
time seemed to him to be a rather dull problem! 


Uhlenbeck wh« 


scattering, that 


3See, e.g., A M. W berg and E. P 
Theory of Neutron Chain Reactors (The 
Press, Chicago, 1958), Chap. IX 


Wigner, The Physical 


University of Chicago 





PHYSICAL REVIEW VOLUME 


118, NUMBER 4 MAY 15, 1960 


Vapor Pressures of He’ —He‘ Mixtures* 
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Vapor pressures, P,, of He?—He* mixtures ranging in liquid mole fraction, X, from 0.1 to 0.9 have been 
measured between 0.6° and 2.4°K versus the vapor pressure, P;*, of liquid He*. Except for sharp breaks 
in the vicinity of the lambda and stratification temperatures of some of the mixtures, P,/P# is found to 
vary slowly and smoothly with X and with temperature. Contrary to much of the work of other authors, 


there are no breaks at the He* lambda temperature 


A comprehensive smoothed table of P,/P;° is derived. Using this as a reference it is possible, for the 
first time, to intercompare all of the previously existing data on P,. The data of some authors are in excellent 
agreement with our table but other data are in serious quantitative disagreement near 1.2°K and much 
previous data are in qualitative disagreement at the He* lambda temperature 


INTRODUCTION 
\ J APOR pressures of He’—He‘ mixtures have been 


reported by a number of workers. The most 
extensive series of measurements are those of Esel’son 
and Berezniak.' These workers and Sommers’ discuss 
most of the early literature data. 

An important practical use of such measurements is 
the correlation and smoothing of data into tables of 
vapor pressure, P,, as a function of both X, the liquid 
mole fraction of He*, and temperature, 7. Using such 
tables, the unknown composition of a liquid mixture 
may be determined from a measurement of its vapor 
pressure and temperature. For example, Sommers 
gives a smoothed table of logP, for X between 0.00 and 
0.13 and T between 1.2 and 2.2°K. In the present 
work vapor pressures were measured for nine liquid 
concentrations ranging in steps of 0.1 from Y¥=0.1 to 
0.9. The temperature ranged from 0.6 to 2.4°K and 
was determined from P,°, the vapor pressure of pure 
He’. The ratio, R= 1000P,,/P;, is found to be a slowly 
varying function of T and has been used to tabulate 
and graphically represent and analyze our data. A 
smoothed table of R as a function of X and T is pre- 
sented and compared with results of other workers. 

A second possible result of such measurements is the 
determination of the stratification temperature, T,(X) 
at which a liquid He*’—He* mixture first begins to 
separate into two layers having different compositions.’ 
Since the phases are in thermodynamic equilibrium, 
their vapor pressures are necessarily identical. Wein- 
stock, Osborne, and Abraham‘ applied this principle of 
coincidence of vapor pressures in an unsuccessful first 
attempt to demonstrate stratification, failing only 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission 
1B. N. Esel’son and N. G. Berezniak, J. Exptl. Theoret. Phys 


(U.S.S.R.) 30, 628-639 
3, 568-579 (1956)]. 

2H. S. Sommers, Jr., Phys. Rev. 88, 113-127 (1952). 

2G. K. Walters and W. M. Fairbank, Phys. Rev. 103, 262 
(1956). 

*B. Weinstock, D. W. Osborne, and B. M. Abraham, Phys. 
Rev. 77, 400-401 (1950); Tables of data, by private comrauni 
cation. 


1956) (translation: Soviet Phys. JETP 


263 


because the theoretical prediction’ on which they based 
their experiment gave a much too high value of T7,. 
Using a He’ bath to reach considerably lower tempera- 
tures, we demonstrate here the validity of the method 
and find it possible to determine 7, with moderate 
precision except near the consolute temperature, where 
the precision is very poor. A more precise determination 
of T,(X) has been made by first sound measurements.*:’ 

A third result of careful measurements of P, is the 
determination of the temperature, 7,(X), at which a 
He*— He‘ mixture becomes superfluid by observing the 
temperature at which dP,/dT is discontinuous.** 
References to theoretical papers on the lambda transi- 
tion in mixtures are given by Esel’son, Kaganov, and 
Lifshitz” and by de Boer and Gorter." In the present 
paper the determinations of 7,(X) from vapor pressure 
measurements are compared with and are shown to be 
in good agreement with most of the recent measure- 
ments of 7,(X) by other methods.*:7*-4 

By the use of vacuum-jacketed pressure-sensing tubes 
and He® vapor pressure thermometry it is felt that 
these measurements have minimized errors in X due to 
fractionation and errors in T due to He* film reflux. 
The existence of such errors in previous measurements 
is made clear by a careful analysis of data appearing in 
the literature. For example, several sets of mixture 
data have shown breaks or irregularities in the slope of 


* J. de Boer, Phys. Rev. 76, 852-853 (1949). 

* T. R. Roberts and S. G. Sydoriak (to be published). 

7S. G. Sydoriak and T. R. Roberts, Suppl. Physica 24, $135 
(1958). 

*D. W. Osborne, B. M. Abraham, and B. Weinstock, Pro- 
ceedings of the International Conference on the Physics of Very 
Low Temperatures, Massachusetts Institute of Technology, 
Cambridge, Massachusetts, September 6-10, 1949 (unpublished). 

* B. N. Esel’son, N. G. Berezniak, and M. I. Kaganov, Doklady 
Akad. Nauk S.S.S.R. 111, 568-570 (1956) (translation: Soviet 
Phys.—Doklady 1, 683-685 (1957)]. 

 B. N. Esel’son, M. I. Kaganov, and I. M. Lifshitz, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 936-944 (1957) [translation: 
Soviet Phys.—JETP 6, 719-726 (1958)]. 

t J. de Boer and C. J. Gorter, Physica 16, 225-238 (1950). 

“2S. D. Elliott, Jr., and Henry A. Fairbank, Proceedings of the 
Fifth Internati Conference on Low-Temperature Physics and 
Chemistry, Madison, Wisconsin, 1957, edited 7 FS R. Dillinger 

Che University of Wisconsin Press, Madison, 1958), pp. 180-183. 

4H. A. Fairbank, Suppl. Nuovo cimento 9, 325-333 (1958). 
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P, versus T at the Het lambda temperature.'"*—"* No 
such effect is apparent in our own or certain other 
measurements.‘'? Possible experimental causes of these 
inconsistencies are considered in the comparison of the 
various sets of data. 

A fifth result of these measurements will be the 
subject of a separate paper. Wansink"* has calculated 
vapor composition and various thermodynamic func- 
tions from vapor pressure and density data for liquid 
concentrations up to 7% He’. Similar calculations are 
being performed for the entire range of compositions 
measured in the present experiments. 

Finally, we may point to the fact that measurements 
of P, have been of use®” in the evaluation of the 
various solution theories. As more extensive measure- 
ments of P, become available and are analyzed the 
more recent theories of Chester™ and of Prigogine®~?’ 
will be subject to similar tests of applicability. 


EXPERIMENTAL 


Some details of the experimental apparatus have been 
described elsewhere.”*.** We shall elaborate here only 
on those details which we believe pertinent to the 
accuracy of measurements of temperature and vapor 
pressure. Figure 1 is a schematic diagram of the interior 
of the Dewar. The chambers and tubes below the 


Dewar lid in the figure are surrounded by a vacuum. 
Thermal equilibrium is aided by putting the liquid He’ 


coolant, the He* vapor pressure thermometer, and the 
mixture liquid, into a massive copper block having 
fs-inch thick walls separating the three liquids from 
each other and from the vacuum space. 

Not shown at the top and bottom of the mixture cell 
are horizontal quartz crystals” used in these experi- 


“ H. A. Fairbank, C. A. Reynolds, C. T. Lane, B. B. McInteer* 
L. T. Aldrich, and A. O. Nier, Phys. Rev. 74, 345-346 (1948) 

J. G. Daunt and T. P. Tseng, Proceedings of the Conference 
de Physique des Basses Temperatures, Paris, 1955 (Centre National 
de la Recherche Scientifique, and UNESCO, Paris, 1955), p. 22. 

1 A. K. Sreedhar and J. G. Daunt, see reference 12, p. 168. 

A. K. Sreedhar and J. G. Daunt, Phys. Rev. 117, 891 (1960). 

81D. H. N. Wansink, Physica 23, 140-153 (1957). 

% J. G. Daunt, see reference 12, pp. 151-155. 

™G. V. Chester, Phys. Rev. 100, 446-462 (1955). 

*G. V. Chester, Proceedings of the Symposium on Solid and 
Liquid Helium Three, August, 1957, The Ohio State University 
(unpublished), pp. 168-172 

*@ 1. Prigogine and J. Philippot, Physica 19, 235-240 (1953). 

* 1. Prigogine, Suppl. Phil. Mag. 3, 131-148 (1954) 

“TI. Prigogine, Advances in Physics, edited by N. F. 
(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 734 

* 1. Prigogine and J. Jeener, Physica 20, 516-520 (1954). 

7. Prigogine, R. Bingen, and A. Bellemans, Physica 20, 
633-654 (1954) 

71. Prigogine, R. Bingen, and J. Jeener, Physica 20, 383-394 
(1954) 

*%T. R. Roberts and S. G. 
170-175. 

* H. L. Laquer, S. G. Sydoriak, and T. R. Roberts, Phys. Rev 
113, 417-421 (1959 

*™S. G. Sydoriak and T 
212-218 

"5S. G. Sydoriak and T. R. Roberts, Phys. Rev. 106, 175-182 
(1957). 
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Fic. 1. He* Dewar. A copper block, a, is hollowed out to leave 
ys-inch thick walls between a 15 cm* annular well for liquid He’, 
b; a 1.9 cm cell for mixture liquid, c; and a 0.1 cm’? He*® vapor 
pressure bulb, d. The is suspended in a separate vacuum 
space surrounded by copper, e, maintained 1.1°K by liquid 
He‘, f, in an eccentric annulus of 5 liters capacity. A g-inch 
diameter constriction, i, minimizes film flow. The He* pumping 
line has a diameter of 1 inch at j and increases in steps (not 
shown) to 6 inch diameter enr to a 10 horsepower fore pump 
in the basement beneath the laboratory. The pumping and 
pressure-sensing tubes for He’, g, &, and m, have inside diameters 
of 2.7, 6.1, and 24.9 mm, respectivel order that calculated 
pumping and thermomolecular pressure gradients be negligible 
in the lowest section and roughly in the middle and 
upper sections of each line. Each section is about 30 cm long 
A liquid nitrogen pot (n keeps radiation shield, m, at 
75°K. The main vacuum jacket (not shown) is sealed to the 
Dewar lid, p, by means of O rings. Section A of the mixture 
pressure-sensing tube experiments. In 


block 


the same 
rt shown 
1.4-mm i.d. in all 


series A experiments tubes / and o were the same, 2.7-mm i.d. 
In series B runs / and o were 6.1- and 24.9-mm i.d., respectively. 


was 


ments as a liquid level indicator. When the liquid level 
reached the upper crystal it became possible to transmit 
sound between the crystals. Except for X =0.200 data, 
pressure measurements were carried out only under 
these conditions, which corresponded to the cell being 
at least 84% full. The minimum liquid volume for 
sound signals was 1.6 cm’. 

For a number of reasons to be discussed later two 
sets of graduated pressure sensing tubes were used. 
Below the liquid He‘ heat sink both 


consisting of 0.145-cm i.d. tubing 


sets were the same, 
Above this level set 
A had an inside diameter of 0.270 cm all the way to 
room temperature while set B was enlarged to 0.608-cm 
id. up to the liquid nitrogen level and to 2.490-cm i.d. 
above this level. Each of the three sections was approxi- 
mately 30 cm long. The He’ pressure-sensing tubing 
was identical in size with the set B mixture-sensing 
tubes. 





VAPOR PRESSURE 


Vapor Pressure Measurement Detaiis 


The use of He’ instead of He* vapor pressure ther- 
mometry eliminates the possibility of a pressure 
gradient due to return flow of a vaporized He II film 
to the mother liquid. Also, due to the much higher 
vapor pressures of He* and the large diameters of the 
pressure-sensing tubes the calculated™ thermomolecular 
pressure ratio, Pr/Ps00’x is nowhere less than 0.995 in 
the range of our measurements. The Weber-Schmidt 
thermomolecular pressure ratio equation has been found 
to fit within an accuracy of a fraction of a percent for 
experimental values as low as 0.500."" Had Het 
thermometry been used Pyoia/Pwarm Would have fallen 
below 0.5 at 0.8°K. 

In the mixture pressure measurements, when using 
the set A, small bore tubes, Peoia/ Pwarm Was never less 
than 0.911, well above the experimenially proven range 
of the Weber-Schmidt equation. In further justification 
of the calculation of Peoia/Pwarm, it was found that 
good agreement was obtained when using the large 
bore, set B, tubes. 

Manometers and McLeod gauges used were similar 
to those described elsewhere,” except that the mixture 
oil manometer was of smaller bore, 7 mm, in order to 
reduce the noxious volume of the mixture system. The 
oil manometers were frequently calibrated against 
mercury, at about 90 mm Hg, and were in turn used 
to check the McLeod gauge calibration at 3 mm Hg 
(43-mm oil). Detailed calibration of the McLeod gauges 
was carried out down to 0.100 mm Hg, using a traveling 
microscope clamped to the case of the oil manometer 
to obtain an accuracy of 0.002 mm Hg. Readings of 
the manometers during the actual vapor pressure 
measurements were done using a level slide-rule hairline 
in front of the manometer and a mirrored scale behind. 
With this system independent scale readings of the 
same pressure by two observers usually agreed to 
within 0.1 mm which was two or three times less than 
the scatter of the data from run to run. 


Errors Due to Film Reflux Etcetera 


A pressure gradient associated with reflux of an 
evaporating mobile film is not a likely source of error 
in our experiments because the high concentration of 
He* in the vapor phase effectively prevents rapid 
diffusion toward the liquid surface of He* vaporized 
from the film.” 

Actually a much more likely cause of serious error in 
pressure measurements involving He‘ or He*’— Het* mix- 
tures is seldom mentioned in the literature. We refer 
to the likelihood of an appreciable temperature differ- 
ence between the liquid and the walls of its container, 
due to heat entering the liquid via condensation at its 


= T. R. Roberts and S. G. Sydoriak, Phys. Rev. 102, 304-308 
(1956). 

*®S. Weber, W. H. Keesom, and G. Schmidt, Leiden Comm 
No. 246a (1936). 
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surface. For example, consider a cylindrical He‘ vapor 
pressure bulb of diameter, D, and height, 4, connected 
to a vacuum jacketed pressure sensing tube of the same 
diameter. At 1°K, the total heat flux due to conden- 
sation of the refluxing film will be 0.7D milliwatt or 
greater, depending on the surface over which the film 
flows.*** ‘This heat must flow across a boundary 
separating the liquid from the rest of the apparatus, 
the area of the boundary being rDh if we neglect the 
area of the bottom of the bulb. The temperature drop 
across the liquid-solid boundary will therefore be** 


AT =(Q/0.0222AT*= (0.010/h) degrees, 


if A is in centimeters. 

The results of this calculation were mentioned some 
time ago.*” The above details are included here for the 
purpose of calling renewed attention to the importance 
of providing an adequately large refrigerated wall 
surface in a He* vapor pressure bulb. 

The above calculation is also pertinent to the 
discussion of our measurements of P,. For reasons not 
yet completely understood there was an appreciable 
heat influx to our mixture liquid beginning at pressures 
of the order of 3 mm Hg and increasing rapidly with 
decreasing pressure.” For a 40% He® liquid mixture 
this anomalous heat leak had risen to 0.076 milliwatt 
by 0.7° and 0.093 milliwatt by 0.6°K. Taking 8 cm? 
for the surface area of the sides and bottom of the 
mixture cell we estimate the temperature of this 
mixture to have been in excess of the He* thermometer 
by 0.0008° and 0.0014°K when at 0.7°K and 0.6°K, 
respectively. For X¥ >0.4 the effect was less. For ¥ <0.4 
the anomalous heat leak was not measured. 


Liquid Concentration 


From time to time the ratio X¥/(1—X) of He* to He* 
molar concentration of each of the nine stored mixtures 
was measured on a Nier-Consolidated mass spectrom- 
eter, to an accuracy of +1%. The accuracy of the 
measurement of X therefore varied linearly from 
+0.9% at X¥=0.1 to +0.1% at X=0.9. 

Fractionation of a liquid He*’— He* mixture can cause 
its concentration to differ considerably from the known 
average concentration of the input gas. As an example, 
we note in the data of reference 1 that for X=0.10 
the vapor concentration, X,, will be 0.34 at 2.4°K and 
will rise to 0.80 at 1.4°K. If, as is usually the case, 
only the average concentration of the input gas is 
known, then X will be known exactly only if the mass 
and composition of the vapor in the system are known. 
To minimize the uncertainty in liquid concentration 
due to fractionation, we have chosen a Dewar design 


*T. Gregory Dash and Henry A. Boorse, Phys. Rev. 82, 
851-856 (1951). 

* H. Van Dijk and M. Durieux, Physica 24, 1-19 (1958). 

“H. A. Fairbank and J. Wilks, Proc. Roy. Soc. (London) 
A231, 545-555 (1955). 

* William E. Keller, Phys. Rev. 98, 1571-1575 (1955). 
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and operating procedure such that formation of He* 
rich vapor is kept to a minimum. As a check on the 
efficacy of these measures we have repeated many of 
the measurements with a much larger pressure-sensing 
tube and with differing volumes of vapor in the cell 
itself. 

Evaporation of the mixture is prevented by following 
the procedure of starting a run by filling the cell at a 
high temperature and going, usually monotonically, to 
lower temperatures during the run. If a check point 
at a significantly higher temperature is needed the cell 
is emptied completely, the gas collected in the storage 
can is mixed thoroughly by pumping it at 8 liters/min 
for about half an hour out one port of a 12-liter storage 
can and into another port, and a new run is then started. 

The procedure of progressively reducing temperature 
will not necessarily be sufficient to prevent appreciable 
vaporization of mixture liquid in an ordinary immersion- 
type Dewar. Some apparatus used elsewhere for mixture 
vapor pressure measurements has consisted of un- 
jacketed pressure-sensing tubes immersed in liquid Het. 
With such a Dewar the high efflux of vapor accompany- 
ing a reduction in temperature will cool the entire 
pressure sensing tube and may conceivably result in a 
transient increase in m,, the mass of vapor present in 
the tubing. Ultimately a new and lower equilibrium 
value of m, will exist because of the reduced pressure, 
but there will be an increase in the He* concentration 
of a large portion of the vapor mass every time the 
bath temperature is changed. 

A second and possibly more serious cause of difficulty 
in measurements done with such an immersion-type 
He* Dewar is the increase in vapor volume which will 
xccur when in the He II region when the temperature 
is reduced. At progressively lower temperatures the 
film will rise to that higher level on the outside of the 
pressure sensing tubing at which the increased conduc- 
tion heat leak just balances the increase in film flow 
available for vaporization. Hence a net increase in m, 
and resultant decrease in X may occur despite the 
decreased pressure. We shall see later that measure- 
ments done elsewhere with unjacketed mixture pressure- 
sensing tubes show peculiarities near the He* lambda 
temperature which can be interpreted as above in terms 
of the effect of the He IT film on m, and hence on the 
He’ concentration in the liquid. 

These difficulties cannot arise in the Dewar of Fig. 1 
because the mixture pressure-sensing line is in a 
vacuum, it is surrounded by a constant temperature 
vacuum jacket and it ‘makes thermal contact only with 
heat sinks held at fixed temperatures greater than the 
highest cell temperature during a run. 

By the above described design and proc edure, mixing 
of high He’ content vapor and low He’ content input 
gas is limited to that which can occur by the slow 
process of diffusion. There will be a tendency to 
counteract even this slow mixing process because of the 
condensation of vapor near the liquid surface which 
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precedes each arrival at a new, lower pressure, data 
point. Direct ¢ xp rimental evidence for the effectiveness 
of these measures for avoiding errors in X will be given 
in the discussion of results 
RESULTS 

Results of the given in Table I 
along with the deviation of each data point from a 
smoothed table (Table II) whose origin will be de- 
scribed later. In 20 of the runs the set A (small bore 
sensing tubes were used. In later runs mixture pressures 
were transmitted to the gauges via the set B tubes. 

Despite the order of magnitude enlargement of tubing 
is seen that there 
is no systematic change in the fit of the data to the 
smoothed table. As further evidence for the avoidance 
of errors in X due to fractionation we call attention to 
the runs for X=0.200, in which the fraction of cell 
volume occupied by vapor was 16%, 18%, and 23%, 
respectively, in the three runs. We note that there is 
no systematic shift in the of deviations, even 
for the higher pressures, where fractionation is most 
likely to have an effect on the liquid concentration. 

Graphical represe ntation of that portion of the data 
above T, is given in Fig. 2 as a plot of P./P;° versus T. 
This is seen to be a most satisfactory way of presenting 


measurements are 


cross sections after the first 20 runs it 


column 


such data because the ratio P,/P;° changes so slowly 
with temperature ; e.g., for several mixtures we observed 
a 200-fold change in P, but for no mixture was there 
more than a twofold change in P,/P;°. Using this as 
an ordinate all of the dat 
sensitivity on a singl 


a can be displayed with high 


ngure 


For purposes of smoothing 
the data this is of considerable advantage over the use 
of several figures covering different ranges of pressure. 

The lambda line, R {(T) 
line in Fig. 2 
for 7, results consistent with second sound velocity 
measurements,” 
velox ity and attenuation 
80% He’, 7T)’s wer 
conductivity measurement 
interpolating our dat: 
‘oe 

Where the lambda line 
through the data we 
in slope. The dis ont 


is plotted as a dashed 
In constructing this line we have used 
sound 
70 and 


and measurements of first 
/ mixtures of 
taken ir tentative thermal 

were obtained by 
on R j to the 


temperature 


he solid lines drawn 
less abrupt change 
ide more apparent by 
P,/P3 
ibrupt changes in slope 
t for ¥>0.5 the change 


plotting deviations from , as in 
Fig. 3. We note that there 
at 7, for low values of X but t 
in slope is not so striking 

As described by de Boer and Gorter* the 
the lambda point in the specifi 
constant AC p, 
change in slope of the 
we also know P; and P,, 
and He‘. Preliminary va 


Irom 


change at 
heat of the liquid at 
can be calculated from the 
at T) provided 
the partial pressures of He’ 
ies of AC p have already been 


pressure, 
vapor pressure 


#* J. de Boer and C. J. Gorter, 


Physica 18, 565-568 (1952). 





TABLE I. AR is the observed value of R minus that calculated using Columns (a), 


VAPOR 


PRESSURE 


of reference 31. Subheadings give the He’ mole fraction, X 
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(b), and (c) of Table II, where R is 1000 times 
the ratio of mixture vapor pressure, P,, to pure He* vapor pressure, P. The temperature, Tg, is derived from P,’, using the scale 
Asterisks denote readings taken in the region of stravification, for which 
Column (a) of Tabie Ii is used to calculate AR. Between runs the cell is completely emptied. The beginning of a new run is designated 
by symbol “A” for runs made with the set A, small bore, pressure sensing tubes and by 


“B” for runs with the set B, large bore, tubes. 


One quarter of the entries represent a single measurement of P, and P, and three quarters are the average of two such readings taken 
several minutes apart in time and within a few millidegrees in temperature. 
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107.02 
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47.30 
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35.04 
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18.17 
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5.84 
4.23 
3.40 
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4.66 
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46.86 
44.94 
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41.76 
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367.4 
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232.4 
196.4 
13.42 
8.42 
4.37 
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336.2 
288.6 
248.4 
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205.6 
198.5 
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82.66 
67.58 
56.74 
4444 
51.34 
40.87 
37.18 
33.94 
30.62 
25.20 
27.97 « 
19.49 
15.46 
11.54 
8.31 
5.76 
3.40 
1.878 
1.298 
0.935 
0.672 
42.65 B 
40.91 
40.00 
39.15 
38.28 
37.40 
35.90 
35.33 
33.99 
37.30 
41.94 B 
41.55 
40.76 
39.84 
40.64 
39.90 
38.92 
38.08 
37.42 
36.76 
35.91 
34.62 
37.00 
28.15 
20.05 
10.80 
19.87 
9.32 
4.67 
3.54 
1.819 
0.992 
0.730 
9.633 
0.548 
0.464 
0.384 
0.313 
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calculated from our earlier results.2* A recalculation is 
under way which will make use of the more complete 
vapor pressure data depicted in Fig. 3 and which will 
avoid the use of existing experimental vapor composi- 
tion data,'* whose accuracy is not sufficiently high for 
this purpose. 

At its stratification temperature, 7,, a mixture will 
separate into two conjugate phases of low and high He? 
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TABLE II. Smoothed values of R= 1000Px/P;’, at stratification teraperatures [Column (a) ], at lambda temperatures ges (b)], 


and at 0.1°K temperature intervals [Columns (c)], for values of X, the He’ mole fraction. Parentheses enclose values o' 


Ts below the 


range of our measurements and the somewhat uncertain interpolations near the consolute temperature. In Columns (c) asterisks separate 
He II and He I phases and the letter “S”’ designates the region of stratification. Question marks denote our unpublished and provisional 
values of 7, obtained from heat flow experiments which have not yet been checked against the possibility that the superfluidity of 
the conjugate of a stratified mixture was inadvertently being detected. For purposes of extrapolation of Columns (c) it should be re- 


membered that for each value of X the curve of R versus 7 terminates at 


s. When interpolating near 7, one should also note that 


the slope changes abruptly at 7, except for X =0, for which there is an inflection at 7) 


(0.00) 
(0.08) 
(0.16) 
(0.22) 
(0.27) 


31) 
35) 
38) 
(0.42) 
(0.45) 


0.477 
0.507 
0.5% 
0.563 
0.588 


2 825 
754 f 832 
0.724 840 


0.695 

82 0.667 
84 06% 
0.86 0.604 
0.88 0.570 


0.723? 849 
0.695? 860 
0.654? 871 
0.620? Ba4 
0.5807 898 


0.90 
0.92 
0.94 
0.96 
0.98 


0.531 
io 48) 928 
(0.43) 043 
(0.36) 961 
(0.26) 980 


0.542? 912 


that the various mixtures do indeed appear to be 
approaching the same values of P,/P,° as they approach 
the region of stratification. For the mixtures of low He* 
concentration the rate of approach is sufficiently abrupt 
to serve as a fair determination of the value of 7,. 
However, for mixtures whose concentration is close to 
that of the consolute the approach is exceedingly 
gradual; e.g., the ratio P,9./P.~0.5 is less than 1.020 
and yet significantly greater than 1.000 for a quarter 
of a degree. 

Figure 4 shows that portion of the data taken in the 
region of stratification, using values of 7, obtained 
from our sound velocity determinations.* We find as 
expected, that within the scatter of the measurements 


. Values of R at the following temperatures 


62° 32” 64° Le if” 1” te 24° 32° 323° 


174* 190 
199* 211 


31 43 56 71 87 104 122 
91 98 117 1290 #142 156 
150 150 161 170 179 189 221° 232 
205 201 204 209 214 221 241 252 
259 250 245 245 247 249 263 «4272 


39 «62296 281 279 #277 «#277 285 293 
354 337 J 315 309 303 SOI OS 313 
992 «371 $45 334 327 323 ! $24 331 
426 403 371 30 63500 «6M I 342 «(348 
456 432 $81 369 360 359 365 


384 
400 
416 
433 
448 


464 


482 456 t 401 387 375° 378 
505 480 420 403 389° 393 
528 500 435 418 403* 410 
548 519 452 431° 418 427 
565 536 465 443* 435 443 


459 
476 
492 
507 
523 


581 551 477 454* 451 
596 565 485° 470 467 
oom 578 496" 486 483 
620 589 506 S01 «2499 
630 599 520 516 S15 


539 
554 
570 
585 
601 


606 536 530 530 
614 550 54S 546 
620 7 565 S61 562 
626* S78 576 578 
630* 7 592 593 
634 607 6OR 616 
O44 621 623 
654 6% 638 

651 653 

666 667 


$82 682 
oo7 7 
7ii 713 
727 +728 
742 «743 


756 «4757 
772 
787 
802 
818 


832 833 
848 848 
864 «6864 
879 4879 
896 «2896 
912 912 

929 «929 

946 946 

964 964 
981 981 982 


all the points fall on the same curve. This is very 
nearly a straight line whose equation is: 


P,/P£=1.214-—0.502T, for 0.58<7T,<0.82°K. 


A smoothed table of P,./P, was constructed as 
follows: the solid curves of Fig. 2 were read off every 
0.1°K and these values of P,/P, were replotted versus 
X. Smooth curves were drawn (Fig. 5) through these 
points, except where abrupt changes in slope occurred 
at X,, and the curves were read off every 0.02 in X. 
As a final smoothing, a curve for each value of X was 
plotted versus 7. Columns (c) in Table II were obtained 
from these curves. For convenience we tabulate R 
=1000P,/P,. Curves of R versus T terminate at the 
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Fic. 2. Present results of vapor pressure measurements on nine 
He*— He‘ mixtures of He* mole fraction, X, are shown as a plot 
of the ratio of mixture vapor pressure, Px, to measured He’* vapor 
pressure, P;°. The lambda line is shown in dashes. Measurements 
below the stratification temperature are omitted from this figure. 


stratification temperature. As a mixture is cooled below 
T’, the pressure ratio, R,, will be given by Column (a 
in Table II. Abrupt changes in dR/dT may also occur 
at the lambda temperature. Values of 7, and R, are 
given in Column (b) of Table II. 

lable II was used to obtain the deviations column of 
lable I, AR= Roy. — Reate. The overall fit of the table 
to the data is satisfac tory. For the 301 data points in 
the range of the table the average AR is +0.11. A 


rasce IIl. Our data on each mixture are compared to Table I 
with regard to the fit (average deviation from the table) and 
scatter (average deviation disregarding the sign of the deviation). 
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expressed as a percentage scatter with respect to the 
average value of R: 100 5->| AR|/S~R=0.31%. This is 
about equal to the sum of the precisions of the two 
vapor pressure measurements entering into a determi- 
nation of R. 

In Table III we show the over-all fit, scatter, and 
percent scatter for each group of concentrations. The 
data for X¥=0.1 is seea to be the poorest, both as to 
fit and as to percentage scatter. 

Table IV shows the over-all fit, scatter, and percent 
scatter for 0.1°K intervals of temperature above 7, 
The scatter is seen to increase at low temperatures, in 
the region where McLeod gauges are being used to 
measure both P, and P,;°. The poor fit and large scatter 
at the highest temperatures are probably due to 
allowing insufficient time for equilibration after charg- 
ing the cell. 

In Table V we have separately grouped the obser- 
vations made in the region of stratification, for which 
Reaic is taken from Column (a) of Table II. The fit and 
scatter are seen to be comparable to those obtained 
above for the nonstratification region, in which Columns 
(c) of Table IT were used. 


TABLE V. The fit and scatter of all data points taken 
in the region of stratification. 


Scatter Percent scatter 


0.20 
0.22 
0.29 


T (°K) Observations Fit 


40.5 
40.5 
+0.7 


0.840.058 11 
0.7 14 
0.6 14 


1.6 
1.9 
2.6 


Table II should be useful for determining a liquid 
concentration im situ from a measurement of vapor 
pressure and temperature. Use of a He* vapor pressure 
thermometer would, of course, be most convenient for 
this purpose, since P,/ Pf is given by the measurement 
directly. Since the T, scale™ was used in deriving 
Table II it would, in principle, be best to use this scale 
in deriving a temperature from a measured P,’. How- 
ever, at 1.8° dR/dT is so small that the error due to 
using the T, or some comparable future He’ scale 
would be nil: The maximum effect on R would be only 
half the least count of the table. At lower temperatures 
dR/dT is higher. Thus at 1°K the error would be equa! 
to the least count if the 7; scale were used. 

If a He* vapor pressure thermometer is used it will 
be necessary to derive P,;’ from the measured P,’. To 
do this rigorously the appropriate inter-related He* and 
He’ temperature scales should be used. Since the 7, 
He’ scale is based directly on the Tss¢ He‘ scale,” the 
latter should be used to convert P,’ to a temperatur: 
and the Tg He’ scale should then be used to obtain P; 
These operations can be described by the formula: 


aa oe P?— Tye=T ez P?. 


* William E. Keller, Nature 178, 883-887 (1956). 
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Fic. 4. Results of measurements in the region of stratification. 
The symbols a, A, 0, @, O, and @ designate concentrations 
Xav=0.3, 0.4, 0.5, 0.6, 0.7, and 0.8 of the input mixture, respec- 
tively. The fact that the points are all on the same curve is a 
demonstration of the occurrence of stratification. Tc is the 
consolute temperature. 


For the convenience of users of Table II who may 
not have a copy of the Ts scale, we present in Table 
VI a compilation of P?/P;’ derived by the above 
formula. A 7’g scale in millidegree steps is available 
from the authors on request. 


COMPARISON WITH RESULTS OF 
OTHER WORKERS 


The results of other workers can be compared to our 
own by reference to Table II. We are seen, Fig. 6, to 
be in good agreement, below 1.4°K, with the results of 
Weinstock, Osborne, and Abraham‘ on 20.3 and 25.5 
mole percent He® mixtures. In this temperature region 
our calculated curve passes through their data points 
nicely. At temperatures above 1.4°K our curve begins 
to deviate, until it is up to 4.5% above their data. 
This is appreciably greater than the spread in their data, 
which is only about 2%. It is interesting to note, 
however, that their data show pronounced breaks in 


LO 





04 06 08 10 
x 


0.2 
Fic. 5. The ratio of mixture ap He’ vapor pressures as a 


function of the He’ mole fraction of the mixture. Dashed lines are 
in the region of stratification. 
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AND 


TaBLe VI. The ratio 1000P¢/P,’, for converting a measured He‘ vapor pressure to a He* vapor pressure at the same temperature 


rhe pressures were taken from comparable inter-related temperature scales: the 55£ scal 


+-0.00 0.01 0.02 0.03 
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143.4 
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157.6 
174.6 
190.3 
205.0 


161.1 
177.9 
193.2 


“Uo 


slope at points which are in excellent agreement with 
our lambda line. This would tend to suggest that the 
discrepancy is not in the vapor pressures but in the 
He’® concentration. The trend of the discrepancy is 
occurrence of fractionation in the 
experiments under discussion, since this would have 
little effect on X at low temperatures, where m, is 
small, but would have a progressively increasing effect 
at increasing temperatures. On the basis of this expla- 
nation the indication is that at 7, fractionation had 
reduced the liquid concentration by about 1.5% in the 
experiments depicted in Fig. 6. 


consistent with 


In Fig. 7 the circled data points show the data of 
Sommers? to be in somewhat better agreement with 
Table II but deviating in the opposite direction from 
the data of the previous figure. The squares show 
unpublished data of Kerr,” taken in conjunction with 
his density determinations. In general, his high- 
temperature points are on or above our table while 
his low-temperature points fall below. Agreement with 


Fic. 6. Results of Weinstock, Osborne, and Abraham, reference 
4, on two mixtures of high He’ content. Vertical bars connect the 
data points to curves calculated from Table II. Since He‘ ther 
mometry it was necessary in making the calculation to 
use appropriately inter-related He‘ and He* vapor pressure scales 
to convert from the measured P,° to P; 


was used 


“FE. C. Kerr, tables of data by private communication; for 
experimental details see reference 12, pp. 158-163; Phys. Rev 
96, 551-554 (1954); J. Chem. Phys. 26, 511-514 (1957). 


0.04 


5.48 
10.14 


16.70 
25.24 
35.72 


48.01 


196.2 


for Pf and the E scale for P;’. 
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166.2 
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our table is least satisfactory for high He* concentra- 
tions but no consistent dependence of the discrepancy 
on X is evident. Triangles show the data of Peshkov 
and Kachinskii® on a to be in excellent 


agreement with ours 


93.6%, mixture 


data of Esel’son and 
E-B. In the interest 
for X¥ =0.008, 0.030, 
his research provides the most 
extensive existing series of measurements on He*— Het* 


Figure 8 shows most of the 
Berezniak,' hereafter designated 
of clarity we have omitted data 
0.226, and 0.563. Sinc« 


mixtures, a detailed discussion of them will be given. 

of the measurement of pressure 
order of 0.5%. It is apparent from an 
hough for some of their 


The stated accuracy 
was of the 
examination of Fig. 8 that alt 
mixtures the scatter of the points with respect to the 
them is 
for other concentrations 
not infrequent. 
1an errors cne might reason- 


best smooth curve one draw through 


comparable to +0.5' 


discrepancies of several percent are 
This is so much greater 
ably expect in a pressure measurement that it appears 
move likely that the liquid 
constant throughout the measurements on a mixture 


concentration is not a 
of given average X. It is interesting to note, in this 
concentration there 
iquid (OF in R 


lowe re d 


connection, that for nearly every 
when 


He* 


) is indi ated by 


is an abrupt apparent drop in A 


the bath through the 


lambda temperature. In the figure 7, 


temperature 1S 


a vertical dashed line. The observed effect is qualita- 


tively what one would expect for an unjacketed pressure 


sensing tube immersed in liquid He‘, as outlined above: 


When surrounded by a mobile film the tube can have 
a greatly increased noxious volume, resulting in 


increased fractionation and therefore in a reduction in 
the He*® concentration in juid. For mixtures in 

1 VY. P. Peshkov and V. N. Kact J. Exptl. Theoret. Phys 
U.S.S.R.) 31, 720-721 (1956) [ translation: Soviet Phys—JETP 
4, 607-609 (1957 
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the vicinity of X=0.1, R drops about 2%. This is 
equivalent to a decrease of about 6% in the value of X. 

We have so far restricted the discussion to the scatter 
in the E-B data. As to a comparison of absolute magni- 
tude, it can be said that most of the two groups of 
data are in good agreement, within the combined 
uncertainty in the determinations of X. They state 
their concentrations were known within 1.5-4% of the 
measured values. We estimate the uncertainty in our 
X’s to vary linearly from +0.9% of X at our lowest XY 
to +0.1% at our highest X. If we exclude the low- 
temperature end (7-<1.6°K) of the E-B high-concen- 
tration data (X >0.734), then all their remaining data 
is found to be in agreement with ours to within 5% of 
X and the existing discrepancies can be attributed 
almost entirely to stated uncertainties in X. 

As to the above, excluded portion of their data, it is 
probably in error. It disagrees by over 10% in pressure 
(or in concentration) with all the existing data of 
similar X of three independent researches: ours, the 
measurements of Kerr,” and those of Peshkov.“ 
Furthermore, there is an apparent internal inconsistency 
between the E-B data on X=0.734 and 0.527, which 


1.0 














TK) 


Fic. 7. The early results of Sommers, O, reference 2; recent 
results of Peshkov, A, reference 41; and unpublished measure 
ments of Kerr, 0, reference 40. He* vapor pressure thermometers 
and He* baths were used in all of these experiments. 
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Fic. 8. Results of Esel’son and Berezniak, reference 1. The 
vertical dashed line is at the lambda temperature of the He* bath 
in which the experiment was conducted. Note the apparent 
discontinuity in Px occurring near this temperature for most of 
the mixtures. Similar effects have been observed elsewhere, 
references 14-16, but were eliminated when the pressure-sensing 
tubes were completely vacuum jacketed, reference 17. 


appear to be about to meet or cross at 1.4°K. In this 
connection it may be worth noting that the authors 
used a different technique for X > 0.734, in that the cell 
was only half filled. For lower concentrations the cell 
was nearly full. 

In conclusion, it is worthy of note that smooth curves 
through the E-B data would apparently “break” very 
close to our lambda line. As discussed previously in the 
discussion of Fig. 6, this indicates the discrepancies 
between their results and ours in the vicinities of the A 
points do not lie in the measurement of pressure or 
temperature but rather to the assignments of liquid 
concentration 

We are unable to include, in figures similar to the 
preceding ones, the early results of Daunt et al.,'*"* 
because they were not tabulated. A brief discussion 
will suffice. The differential pressure was measured 
between liquid He* and mixture bulbs, using unjacketed 
pressure-sensing tubes. Particular attention was di- 
rected in one of these papers'* to discontinuities in slope 
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Taste VII. Deviations of the smoothed table of Sreedhar and 
Daunt* from our Table I], in units of R=1000P,/P/. The 
conversion T4— P?— Ty2=T2— P?#, was employed. The 
entries are in the sense AR = Rareedhar and Dauat — RTabie 11- 
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* See reference 17 


occurring at 2.17°K for all the solutions studied, and 
indeed, these were even more pronounced, by factors 
of 2 to 3, than the discontinuities we find in the E-B 
data on comparable concentrations. The authors stated 
that it was not clear whether this was a property of the 
solution itself or of the pure liquid Het. 

There is a third possibility which should be con- 
sidered. As explained above, the effect could be a 
capricious one due to fractionation occurring when the 
pressure sensing tube is cooled by a He II film. This 
explanation is indirectly substantiated by the fact that 
recent results of Sreedhar and Daunt'’ show no such 
anomalies, de spite the fact that again the differential 
pressure between liquid He‘ and mixture bulbs was 
being measured. Significantly, in these measurements 
the tubing was completely vacuum jacketed, so that 
no He II-induced fractionation could have occurred. 

The recent results of Sreedhar and Daunt"’ do not 
include a table of the actual data. However, the authors 
found that their measurements are in good agreement 
with our Table II, and their smoothed tables do indeed 
show excellent agreement. The deviations of their table 


AND 


ROBERTS 


from ours is shown in Table VIL. No large systematic 
deviations are evident. For each mixture the overall 
fit is quite good and the over-all fit of all the entries is 
remarkably good: The average AR is 0.8, which is only 
0.27% of the average value of R. The agreement 
between their smoothed table and ours is thus quite 
similar to the agreement of our data with our Table II. 
There is therefore no need for a revision of Table IT in 
the light of the recent results of Sreedhar and Daunt. 

‘his is particularly gratifying in view of the extensive 
graphic interpolations we made in the region of low 
concentrations. 

The above comparisons with data of other workers is 
complete, to the best of our knowledge, except for some 
of the early isolated pieces of data on concentrations 
of the order of 1° ; He’. 

In summary, it appears that almost all of the existing 
literature data are in agreement our 
lambda vapor pressure table, Column (b) of Table IT. 
All of Columns (c) in Table II below 1.2°K remains to 
Above temperature the data of 
Peshkov and Kachinskii provide adequate confirma- 
tion for X~0.9 and the recent data of Sreedhar and 
Daunt provides adequate confirmation for X<0.12. 
For other portions of Columns (c) (Table I existing 
data are generally too uncertain as to X to provide a 
confirmation of the table. 


excellent with 


be confirmed this 
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Thermal Conductivity of Isotopic Mixtures of Solid Helium* 
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The thermal conductivity of solid He* containing zero, 0.56, 1.38, and 2.8 He*® has been measured as a 
function of temperature from 1.1 to 2.1°K. For pure He‘, the results are in satisfactory agreement with 
those of Webb, Wilkinson, and Wilks. The addition of 1.38% He’, at a sample density p=0.208 g cm™* 
caused a decrease in thermal conductivity by a factor of 5 at 1.1°K. The additional thermal resistance 
caused by adding He* was substantially independent of temperature, rather than proportional to tem- 
perature, as would be expected from isotropically distributed point scatterers. Agreement with Klemens’ 
theory in magnitude and temperature dependence can be obtained by assuming the He’ to be arranged on 
lines in the solid. Possible mechanisms to explain these results are discussed. 





I, INTRODUCTION 


N a dielectric solid, heat is transported entirely by 
quantized lattice waves, or phonons. Thermal re- 

sistance arises from any irregularities in the crystal 
which scatter the phonons, The thermal resistance of a 
perfectly regular, unbounded lattice would be zero, 
were it not for the “umklapp” processes described by 
Peierls,' in which phonons interacting through the 
anharmonicity of the interatomic forces in real crystals 
are scattered from the lattice in a process similar to 
Bragg reflection; this scattering introduces a thermal 
resistance which Peierls showed to be given, at low 
temperatures, by Wy= AT’ exp(—6/6T), where T is 
the absolute temperature, # the Debye temperature, d is 
approximately 2, v is a constant of order unity, and A is 
a constant characteristic of the material. 

It was not until the measurements of Berman?’ and 
of Berman, Simon, and Wilks’ in 1951 that the expo- 
nential dependence was observed. At present the 
exponential variation has been found in sapphire,’ 
quartz,? lithium fluoride,‘ and solid helium,® but not in 
other dielectric crystals such as Ge,*” Si,® KCl,* etc. 
It has been suggested recently by several authors**:” 
that in the crystals where this expected rapid change of 
thermal conductivity with temperature has not been 
found, the irregularities in the crystal lattice produced 
by the naturally-occurring distribution of isotopes may 
scatter phonons sufficiently to mask the effect of 
“umklapp” processes. Experimental support for this 
hypothesis has been reported by Geballe and Hull," 
who have found that the thermal resistance of an 


* Supported by the Office of Naval Research. 

1R. Peierls, Ann. Physik 3, 1055 (1929). 

*R. Berman, Proc. Roy. Soc. (London) A208, 90 (1951). 

*R. Berman, F. E. Simon, and J. Wilks, Nature 168, 277 
(1951). 

*R. Berman, E. L. Foster, and J. M. Ziman, Proc. Roy. Soc. 
(London) A237, 344 (1956). 

5 F. J. Webb, K. R. Wilkinson, and J. Wilks, Proc. Roy. Soc. 
(London) A214, 546 (1952). 

* H. M. Rosenberg, Proc. Phys. Soc. (London) A67, 837 (1954) 

7G. K. White and S. B. Woods, Can. J. Phys. 33, 58 (1955). 

*G. A. Slack, Phys. Rev. 105, 832 (1957). 

*I. Pomeranchuck, J. Phys., U.S.S.R. 6, 237 

® G. A. Slack, Phys. Rev. 105, 829 (1957). 

" T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958) 
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isotopically-enriched specimen of germanium (96% 
Ge”) is substantially lower than that of a specimen of 
natural germanium. This thermal resistance of the Ge™ 
specimen did not, however, show the exponential tem- 
perature dependence predicted for a pure crystal by 
Peierls’ theory. 

Solid helium was chosen as a highly suitable dielectric 
in which to investigate this isotope effect for several 
reasons: (a) specimens of any isotopic concentration 
including pure He* and pure He‘ can be prepared, 
(b) helium can easily be prepared in great chemical 
purity, (c) the temperature dependence of the thermal 
conductivity characteristic of “umklapp” processes had 
previously been found® in pure He‘. 


Il. APPARATUS 


The apparatus used in these measurements is shown 
schematically in Fig. 1. The cylindrical sample S, 
0.57-cm diameter by 1.2 cm long, was contained in a 
stainless-steel tube 7, with walls 0.77 mm thick, the 
ends of which were closed by copper blocks silver- 
soldered to T. Copper fins were silver-soldered to tube T 
about 0.3 cm apart. Carbon resistor thermometers 
A, B, C, D, and E (Allen-Bradley 0.1 watt, 57 ohm) 
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Fic. 1. Schematic drawing of the apparatus. 
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were soldered to the upper copper block, to each fin 
along the tube, and to the lower copper block respec- 
tively, permitting the measurement of the temperature 
at each of these five points. Resistances were measured 
on a dc Wheatstone bridge; the thermometers were 
calibrated against the vapor pressure of the helium bath. 
Power was supplied electrically to a heater coil wound 
upon the copper block closing the lower end of the 
sample tube. This power flowed through the sample 
and sample tube and out into the liquid helium bath, 
the temperature of which could be maintained at any 
desired temperature between 1.1 and 4.2°K by a 
simple bath pressure controller described elsewhere.'* 
The sample tube assembly was enclosed in a vacuum 
can C, which was evacuated through the pumping 
line P. All electrical leads and the fill line were brought 
up to room temperature through the pumping line P. 
The electrical leads were thermally locked to a copper 
block extending into the helium bath, using epoxy 
resin. The sample was introduced through a 0.005-in. 
diameter cupro-nickel fill line L. The pressure necessary 
to solidify the helium (from 25 to 150 atmospheres) was 
obtained from a cylinder of nitrogen gas; the nitrogen 
was separated from the helium sample by a stainless- 
steel high-pressure Toepler pump containing mercury, 
as shown schematically in Fig. 1. Pressures were 


measured on a precision Bourdon gauge” G, and 
corrected for the difference in pressure due to the 


mercury in the high-pressure Toepler. The isotopic 
mixtures were prepared in a glass gas-handling system 
(not shown) by mixing appropriate amounts of pure 
He’ and He‘, and the concentrations determined from 
the measured values of the volume, pressure and tem- 
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Fic. 2. The thermal conductivity of pure solid Het as a function 
of temperature. The present results (solid circles) are compared 
with the measurements of Webb, Wilkinson, and Wilks (refer 
ence 5) Curve A is for a helium density of 0.194 
g/cm’; curve B, a density of 0.208 g/cm’ 
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#2 E. J. Walker, Rev. Sci. Instr. 30, 834 (1959) 
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concentrations so 
determined were in satisfactory agreement with values 
determined mass-spectrometrically 


perature of each component. The 


Ill. EXPERIMENTAL PROCEDURE 


The sample of solid helium was prepared in a manner 
similar to that described by Webb, Wilkinson, and 
Wilks.’ With the mercury lowered in the right-hand 
column of the high-pressure Toepler (Fig. 1) the 
requisite amount of helium gas was admitted through 
valve V to the upper Toepler volume. The sample 
volume S was filled with liquid by condensation through 
fill line ZL. Valve V was closed and by admitting high 
pressure gas to the left hand column of the Toepler 
the pressure of the sample was adjusted to the desired 
value. The bath temperature was then adjusted to be 
about 0.05°K above the melting point" for the sample 
pressure. After waiting ten minutes to insure reaching 
thermal and pressure equilibrium, the bath temperature 
was rapidly lowered, causing solidification to take place 
in the fill line, thus blocking it so that the sample 
solidified at constant volume. Several investigators'*-!* 
have reported that this method produces one or a very 
few large crystals of solid helium. Measurements were 
taken at the starting pressures, densities, and concen- 
trations shown in Table I. The data at zero He*® con- 
centration were taken to permit comparison with the 
results of Webb, Wilkinson, and Wilks on pure Het. 

The thermal conductivity « of the sample was calcu- 
lated from the equation O—Q,=Q,=xAAT/Ax, where Q 
is the total heat flow, Q; is the heat flow through the 
sample tube, calculated from measurements made in a 
preliminary run on the empty tube, Q, is the heat flow 
through the sample, A is the sample cross-sectional 
area, and AT is the temperature difference between 
adjacent thermometers Ax apart. In no case did Q, 
exceed 10% of Q, and it was usually less than 2% of Q. 
AT varied between 10 and 100 millidegrees. 


IV. EXPERIMENTAL RESULTS 
Figure 2 gives the 


pure Het 


results of our measurements on 


solid circles) together with smoothed data 


Conditions under which measurements were made. 


Taste I 


id Het Atomic 


percent He’ 


Pressure, Det 
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56.2 0.00 


96.0 0.00 
0.56 
1.38 
2.80 


0.56 
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of Webb, Wilkinson, and Wilks® (open circles) at com- 
parable pressures. It is seen that the two sets of meas- 
urements are in substantial agreement. The rapid 
variation of thermal conductivity with temperature is 
evident; these data, when replotted as log(x) vs 1/T 
yield good straight lines in the temperature range 
covered (approximately 0/13 to 6/24) in agreement 
with the prediction of Peierls for umklapp resistivity. 
On this type of plot a slight systematic deviation be- 
tween our results and those of Webb, Wilkinson, and 
Wilks is evident as a small difference in slope. 

Figure 3 shows the dependence of thermal resistivity 
upon temperature for four values of He’ concentration, 
at a fixed starting pressure of 96 atmospheres (p= 0.208 
g/cm’). Smoothed values of these data are given in 
Table II. 

Figure 4 compares the thermal resistivity of an 
0.56% He’-He* solid mixture at a starting pressure of 
96 atmospheres (p= 0.208 g/cm*) with that of the same 
mixture at a starting pressure of 131 atmospheres 
(p= 0.218 g/cm’). 


Vv. DISCUSSION 


(a) Theory Using the Additive Resistance 
Approximation 


To a first approximation, the resistivities due to 
individual scattering processes are additive, i.e., 


W=W.4WitWe-+-:-, (1) 


where W is the total resistivity, W, is the intrinsic 
resistivity due to umklapp scattering, and W, is the 
resistivity due to the ith scattering process. In the 
temperature range studied, boundary scattering is in- 
appreciable. As a first step in interpreting the data, we 
assume that Eq. (1) holds, with only one scattering 
process, W,, in addition to W,, and that W, is the 
same as the resistivity W» of pure solid He‘ at the same 
starting pressure (i.e., it is assumed that the smail 
amount of He’® added does not change the Debye @ of 
the lattice). Curves 1, 2, and 3 in Fig. 5 show values of 
(W —W,,)/n for the three concentrations nm used, calcu- 
lated from the data in Table II, as a function of tem- 


Taste II. Thermal resistivity of mixtures of solid He’ and Het 
at density p=0.208 g cm™*. Values in watts™' cm °K. Subscripts 
on W refer to He* concentrations in atomic percent. 
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Fic. 3. The thermal resistivity of solid helium as a function of 
temperature for several He’ concentrations at a density of 0.208 
g/cm*. Curve A, pure Het; curve B, 0.56% He’; curve C, 1.38% 
He’; curve D, 2.80% He’. 


perature. It is seen that the increase in resistivity caused 
by the addition of He’ is roughly independent of tem- 
perature. If the He® atoms were behaving as isotropi- 
cally distributed point scatterers, according to the 
theory of Klemens'’:'* they should produce an increase 
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Fic. 4. The thermal resistivity of a He-He* solid mixture 
containing 0.569% He’ as a function of temperature for two 
different starting pressures 
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Fic. 5. The isotope contribution to the thermal resistance of 
solid helium divided by the atomic fraction of He’* present as a 
function of temperature. In curves 1, 2, and 3, W—W,/m calcu- 
lated from the experimental results is plotted for n=0.56, 1.38, 
and 2.80% He’, respectively. The upper and lower dashed curves 
are obtained from Klemens’ theory for line and point scattering, 
respectively. 


in resistivity given, for small m, by 


Wp 10'x*a'bn AM \? 

7 0.90hv? \ M 
where W > is the point scattering resistance (watts~! °K 
cm), @* is the volume per unit cell, m the point defect 
concentration (atomic fraction), 4M is the difference 
between the mass M of a normal unit cell and that of 
a unit cell containing an impurity atom, » is the velocity 
of sound, and b is the number of atoms per unit cell 
(2 for He*). Evaluating this for the case of small con- 
centrations of He’ in solid He*, and using »=3.2 10* 
cm sec™!, a= 6.38 10-* cm’, (AM/M)?= 4, we find 


W p/n=32.5T. (3) 


A plot of Eq. (3) is shown on Fig. 5; it is seen that the 
increase in resistivity caused by adding He’* disagrees 
both in magnitude and in temperature dependence with 
that predicted by Eq. (3) for isotropically distributed 
point scatterers. 

The above results lead one to look for an imperfection 
which produces a resistance independent of tempera- 
ture. Klemens” points out that long cylinders whose 
diameters are small compared with the phonon wave- 
lengths involved will produce a thermal resistance 
independent of temperature. (This can be seen from 
the kinetic-theory formula «= }Col; at low tempera- 
tures, C « 7*, »=constant, and a classical calculation of 


* P. G. Klemens, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 1. 
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scattering from a thin cylinder shows /«w*. But the 
dominant phonon wavelength is given approximately 
by hw=kT, so lx T-*, and « is thus independent of 
temperature.) 

If the assumption is made that the He’, instead of 
being distributed isotropically, is arranged in the Het 
matrix in lines oriented at random, it can be shown, 
using the formula given by Klemens for the relaxation 
time due to a linear mass inhomogeneity of this type 
[Eq. (65), reference 18], and his general formula for 
thermal conductivity in a crystal [Eq. (67), refer- 
ence 17 }, that 


Wr 0.55X39*a*)&X ~(—) 


n 2kvB M 
where 


L e*x4dx ” xe*dx 
B f — b f -- 
0 (e*—1)? , e*—1)? 


and AM is the change in mass of a unit cell due to the 
presence of a line of impurity atoms. 

It is seen that Eq. (4) gives a temperature-inde- 
pendent isotope resistivity, in agreement with our 
experimental results. Furthermore, the order of magni- 
tude of the resistance predicted agrees with experiment. 
Close agreement the experimental results is 
obtained if one assumes all the He*® to be arranged in 
lines oriented at random and (AM/M)=}. (This 
assumes two He’ atoms per unit cell in the line.) At a 
density of 0.208 g cm, Eq. (4) then reduces to 


1.3578, 


with 


W ,/n=2.70X 10° watts~! cm °K. (5) 


A comparison of the experimental results with the pre- 
diction of Eq. (5) is given in Fig. 5. It should be 
emphasized that this close agreement in magnitude is 
the result of making favorable assumptions regarding 
the orientation of the lines and the number of atoms 
included in a line per unit cell. If the lines were oriented 
normal to the heat flow, instead of at random, the 
predicted thermal resistivity would be larger by 1/0.55; 
if the lines included only one scattering atom per unit 
cell, the predicted thermal resistivity would be smaller 
by a factor of 4. 


Taste III. Values of /,(R;) 


R, T,(R;) 


0.01 0.010348 
0.05 0.050623 
0.10 0.098600 
0.50 0.40993 
1.00 0.68229 
2.00 1.03199 
3.00 25180 
5.00 51786 
7.50 70511 
10.00 82024 
50.00 2.19159 
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Fic. 6. A plot of Eq. (8). See text. 


Comparing Eqs. (3) and (5), it is seen that W,/W>p 
=83/T; thus the agglomeration of He’ into lines in- 
creases the isotope resistance by almost two orders of 
magnitude at 1°K. 


(b) More Exact Theory of Klemens 


As pointed out by Klemens,” Slack,*:” and others, 
the additive resistance approximation, Eq. (1), is 
rather inaccurate when more than one term on the 
right is large. The total resistivity Wz. due to line 
scattering and umklapp scattering is obtained by adding 
reciprocal mean free paths, 


V/leu=1/l+1/l,, (6) 


and then substituting in the formula 
1/W iu=e1e™4 f [(a/aT)E(k,T)Vin(b)o(k)dk. (7) 


The result is, for the case of iine and umklapp scattering, 
using Klemens’ cutoff approximation,” 


Ri 
KLu= Aled 03172 ——+1(R) | 
1+R 


1 


where 
A=4rK'T*/v*i’, 
K=Boltzmann constant; 4= Planck constant, 
hv 
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1 ste"dx " xe*dx 
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=0.3172+ 1.0407 = 1.3578, 
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é @ xe*dx 
eed ae 
(e*—1)? i (e7—1)? 
= 0.31724-2.3169 = 2.6341, 


ad x*e*dx 
1(R)= f —— ——, 
1 (1+2/R;)(e*—1)? 


U =constant. 


Following Slack,* we may calculate W,./(Wit+W.,); 
the result is 


B(1+R)) 


=- . _—__—— . (8) 
[1+ (B/C)RsJ[0.3172+ (14+1/Ri)Ii(Ri)) 


The integral 7,(R,) was evaluated on an IBM-650 
computer; the results are given in Table III. A plot of 
W 1./(Wi+W,)—1 as a function of W./W_z is given 
in Fig. 6. The maximum correction occurs around 
W./W.=1.02 and amounts to 7.6%, as against 28% 
for the case of point plus umklapp scattering calculated 
by Slack. This is reasonable, as the frequency de- 
pendence of /;, 1, «w™*, is closer to that of umklapp 
scattering, |,«w~*, than is that of point scattering, 
lpaw, 

For purposes of comparing experimental data with 
theory, one requires the quantity (Wz.—W.)/Wz as 
a function of the experimentally observable quantity 
W../W 1; the calculation is similar to that leading to 
Eq. (8), and the result is given graphically in Fig. 7. 
This graph can be looked upon as giving the relative 
enhancement of line scattering due to the presence of 
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Fic. 7. Auxiliary graph for calculating Wz from the experi- 
mentally-determinable quantities Wz, and W,. 
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Fic. 8. The isotope contribution to the thermal resistance for 
three different He* concentrations as a function of temperature, 
at a density of 0.208 g/cm*. Curves a are obtained from the 
experimental data by using the additive resistance approximation 
(Wi=W—Wz). Curves b give Wz as corrected using Fig. 7. 


umklapp scattering. If one assumes that the umklapp 
resistance W,, is unaffected by the (small) quantity of 
He*® added, then W, is equal to Wo, the resistance of 
pure solid He*, and W,.=W is the resistance of the 
mixture of solid Het and He*. Curves (a) in Fig. 8 are 
the same data as curves 1-3, Fig. 5, replotted on a 


linear scale, i.e., curves (a) give W ..—Wo as a function 
of T for the three He*® concentrations measured. 
Curves (b), Fig. 8, gives Wz, corrected using Fig. 7. 
Although curves (b) show some decrease at higher 
temperatures, the general trend of the data is not 
changed substantially by applying Klemens’ more 
exact theory ; thus the conclusion that the added isotope 
resistance is approximately independent of tempera- 
ture still holds. It should be mentioned that near 1°K, 
Wr, makes the major contribution to the thermal 
resistance, while at 2°K, W, contributes the major 
part. Thus the precision of Wz is lower at the higher 
temperatures. In this connection it is worth noting that 
the differences between individual curves in Fig. 8 are 
more nearly independent of temperature than are the 
curves themselves. This type of behavior would be 
expected if W ; were indeed independent of temperature 
and W, were slightly in error at the higher tempera- 
tures, since an error in W, affects all curves in Fig. 8 
equally. 

The dependence of W, on He’ concentration n at 
1.1°K where the precision of the data is highest is 
shown in Fig. 9. The experimental results are compared 
with the predictions of Eq. (5). Wz is nearly propor- 
tional to the He’ concentration at low concentrations 
but deviates from proportionality at the highest point. 
On the assumption that the isotope resistance arises 
from agglomeration of He’® atoms into lines, this sug- 
gests a saturation effect at higher concentrations and 
would be consistent with Klemens’ theory if an in- 
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creasing number of He* atoms were remaining in solid 
solution and acting as point scatterers. As pointed out 
previously, the scattering resistance due to isolated 
atoms is about 80 times smaller at 1.1°K than that for 
the same atoms arranged on lines. 


(c) Results at Higher Density 


From the measurements made on a 0.56% He’ 
mixture at a density of 0.218 g cm~, values of W , were 
calculated using both the additive resistance approxi- 
mation and the more exact treatment given in the 
previous section. The results are given in Fig. 10 in 
curves a and 5, respectively. In these calculations the 
experimental values of Webb, Wilkinson, and Wilks® 
for thermal resistance of pure He‘ were used. In accord- 
ance with expectations, the magnitude of the isotope 
resistance is decreased at higher density and the tem- 
perature dependence is substantially the same. 


VI. POSSIBLE MECHANISMS PRODUCING 
LINEAR INHOMOGENEITIES 


(a) Phase Separation 


In view of the fact that the crystal structure of solid 
He‘ is hexagonal close packed, while that of He’, in 
the pressure range investigated, is body-centered cubic, 
a two-phase, mixed crystal region would be expected at 
some intermediate concentrations. In the mixed-crystal 
region, it is possible to have linear (needle-shaped) 
crystals of one component freezing out in a matrix of 
the other component. Our data indicate that linear 
arrays are formed at He* concentrations as small as 
0.56%; because of the chemical similarity of He* and 
He‘, it is unlikely that the solid-solution range is as 
small as this would indicate. For this reason, phase 
separation as an explanation of our results is unlikely. 


Parenthetically, it might be added that a separation 
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Fic. 9. Isotope resistance at 1.1°K as a function of concentration #. 
The straight line is a plot of Eq. (5S) 
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into two phases occurs in liquid He?-He* mixtures, but 
only below about 0.9°K.2 


(b) Decoration of Dislocation Lines 


A more probable explanation of the production of 
these linear arrays is the adsorption of He’ atoms on 
dislocation lines. One might reasonably ask why an 
attractive force should exist between a dislocation in 
He‘ and a solute He* atom, since the radii of the atoms 
concerned are, in the gaseous state, virtually identical. 
A possible answer lies in the differing zero-point energies 
of the two atoms; in a given potential well, He’ will, 
because of its smaller mass, have a greater zero-point 
energy than He‘. In a mixture, therefore, motion of 
He* atoms toward the regions of expansive strain 
around dislocations will lower the total lattice zero- 
point energy. Donohue,”' using data of Henshaw” 
and Schuch,” has recently compared nearest-neighbor 
spacings in He’ and He‘ at the same pressure, and 
found the spacings in He?’ larger than those in Het by 
2.3%, due to the larger zero-point energy in He’. This 
is equivalent to having a larger effective radius for He’, 
and implies the existence of a potential energy between 
solute He*® atoms and regions of strain in the Het 
matrix. Because of the constant-volume method in 
which our crystals were grown, a reasonably large 
deformation takes place during crystal growth; the 
deformation occurring during density equalization is as 
high as 7%. Thus it is likely that a large density of 
dislocations will be produced in the crystal. If all the 
He’* present at approximately 1% concentration is 
adsorbed on dislocation lines with one He* atom per 
atomic plane of dislocation, one would expect a dis- 
location density of about 3X10" lines per cm?, a high, 
but possible, density. If the lines contained more than 
one He’ atom in a cross section of the line, the density 
of dislocations necessary would be proportionately 
smaller. 


VII. OTHER INTERPRETATIONS OF THE DATA 


A word of caution is in order; the calculation of 
thermal conductivity is a difficult problem, and present 
solutions are approximate at best.* Callaway,” Ziman,”* 
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and Carruthers®’ have presented alternative approaches 
to that of Klemens. We have used \. - theory of Klemens 
since it is in a form permitting direct quantitative com- 
parison with our results. Our tentative conclusion that 
He’ is not homogeneously distributed in these dilute 
mixtures is predicated on the validity of Klemens’ 
theory. Objections to Klemens’ cutoff approximation, 
in particular, have been made, and it is possible that a 
more refined theory may be able to explain the present 
experimental results without the necessity of assuming 
nonhomogeneous distribution of the He’ atoms. Further 
measurements extending to lower temperatures would 
be useful and are in progress. Independent experimental 
evidence as to the distribution of the isotopes in these 
solid mixtures would be helpful. 


VIII. CONCLUSIONS 


The addition of small amounts of He’ to solid He* 
produces a substantial increase in the thermal resistance, 
approximately independent of temperature, in the 
range of the measurements, 1-2°K. This result is in 
good agreement with the theory of Klemens, on the 
assumption that the He’ is aggregated along lines in 
the crystal. Of the possible mechanisms considered 
which might produce this effect, the decoration of 
dislocation lines by He* atoms seems the more likely. It 
is also possible that other interpretations of the data 
not involving aggregation of the He’ atoms may be 
possible. Further experimental and theoretical work is 
required. 
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Negative Current-Voltage Characteristics in Hydrogen at High Pressure 
Using Plane Parallel Electrodes* 


D. J. DeBrrerro,} L. H. Fisner 
Depariment of Physics, New York University, University Heights, New York, New York 


AND 


A. L. 


Warp 


Diamond Ordnance Fuse Laboratories, Washington, D. 
(Received December 17, 1959) 


In conjunction with measurements of current-voltage characteristics in hydrogen, a few characteristics 
have been obtained which include a region with negative slope. The latter characteristics were obtained with 
plane parallel electrodes at an electrode separation of 2 cm at a pressure of 400 mm Hg and with three values 
of externally initiated cathode current. The initial currents ranged from about 10“ to 10°* amp, and the 
amplified currents reached values as high as 10~* amp. The characteristics corresponding to the larger initial 
currents become negative at large currents (~10~* amp). The voltage at which a characteristic becomes 
negative, i.e., the maximum attainable voltage across the electrodes, decreases slightly with increasing initial 
current. The circuit included a series resistor of 20 megohms. 

These characteristics can be explained quantitatively on the basis of the first and second ‘Townsend co- 
efficients (previously measured with the same apparatus) acting in conjunction with space charge, if a not 
unreasonable discharge area is assumed. These calculations were carried out on an IBM 704 computer 





INTRODUCTION 


HILE measuring static dc breakdown potentials 
in hydrogen near atmospheric pressure with 
plane parallel electrodes, Lessin,’ using apparatus pre- 
viously described,? observed the following effects. With 
ultraviolet illumination of the cathode, it was noticed 
that as the generator voltage is gradually raised, the 
voltage directly across the electrodes initially increases, 
reaches a maximum value, and then decreases somewhat 
(by as much as 30 volts), still remaining stable. Further 
increase in the generator voltage results in the familiar 
cataclysmic irreversible spark breakdown, with a 
drastic reduction in the potential across the electrodes. 
It was also noticed in a rough way that the extent of the 
above effects depends on the intensity of ultraviolet 
illumination. The above observations were made with 
a resistance of 20 megohms in series with the electrodes. 
This resistance took up the difference between generator 
and gap voltages. These results imply the existence of a 
stable negative slope region of the current-voltage char- 
acteristics, heretofore unobserved at high pressures. 
A number of authors have discussed the existence of 
a negative characteristic theoretically on the basis of 
space charge along with a concomitant lowering of the 
breakdown potential by ultraviolet light. One of the 
earliest attempts to formulate this problem quantita- 
tively was made by von Engel and Steenbeck.’ More 
exact calculations subsequently were made by Crowe, 


* Supported by U. S. Office of Naval Research and U. S. Office 
of Ordnance Research. 

t Now at Philips Laboratories, Irvington-on-Hudson, New 
York. 

11. Lessin, 1953 
(unpublished). 

iL H. Fisher and B. Bederson, Phys. Rev. 81, 109 (1951). 

*A. von Engel and M. Steenbeck, Elektirische Gasentladungen 
(Julius Springer, Berlin, 1934), Vol. 2, p. 48ff. 


Ph.D. thesis, New York University, 


Bragg, and Thomas‘ for nitrogen and by Ward! for the 
rare gases. A lowering of the breakdown potential has 
been observed experimentally by a number of authors.® 
This lowering cannot be explained by the Townsend 
theory and must involve the action of space charge. 
The lowering of the breakdown potential by ultraviolet 
light may be observed in the absence of an external re- 
sistance ; the observation of the negative characteristic, 
however, requires an external resistance. To our know- 
ledge, very few negative characteristics have been ob- 
served experimentally, and these have been obtained 
at very low pressures. We know of no other observations 
of negative characteristics at high pressure. In conjunc- 
tion with some static dc breakdown current-voltage 
measurements,’ these negative characteristic effects 
were again noticed and investigated in more detail. The 
present paper is primarily a study of the negative char- 
acteristic feature rather than of the lowering of the 
breakdown potential, although the two effects are in- 
extricably related. 


PROCEDURE AND EXPERIMENTAL DATA 


To investigate the negative characteristic at high 
pressure, a series of current-voltage runs were carried 
out in hydrogen at three values of the initial current. 
The measurements were made at a pressure of 400 mm 
Hg (at 22°C) and at an electrode separation of 2 cm. 
The measurements were carried out using the equip- 


*R. W. Crowe, J. K. Bragg, and V. G. Thomas, Phys. Rev. 96, 
10 (1954). 

6A. L. Ward, Phys. Rev. 112, 1852 (1958). 

*See for example H. Hertz, Ann. Physik 31, 983 (1887); 
J. S. Townsend, Theory of Ionization of Gases by Collision (D. Van 
Nostrand Company, New York, 1910); W. Rogowski and A. Wall- 
raff, Z. Physik 97, 758 (1935); H. J. White, Phys. Rev. 48, 113 
(1935); W. Fucks, Appl. Sci. Research 5, 109 (1955). 

7 D. J. DeBitetto and L. H. Fisher, Phys. Rev. 104, 1213 (1956). 


920 





NEGATIVE CURRENT-VOLTAGE 


ment, technique, and gas source described in reference 7. 
Currents were measured for a given run, i.e., a given 
value of initial current, with increasing voltage up to 
within about five percent of the maximum stable current 
for that run. Cataclysmic breakdown occurred on 
further raising of the generator voltage. At this point, 
eight determinations of the breakdown potential were 
made with no ultraviolet illumination of the cathode.* 
The generator voltage was then reapplied at a value 
corresponding to a current about five percent below 
that at which instability appeared, and another current- 
voltage characteristic was then obtained with decreasing 
voltage. The above procedure was followed for each of 
the runs. With suitable conditioning of the electrodes, 
the currents measured in a given run were reproducible 
to within ten percent of each other for data taken with 
both increasing and decreasing voltage, despite the large 
currents and intervening breakdowns. After completion 
of the the third run, the first run was repeated and the 
currents were again found to be within ten percent of 
the original measurements. The conclusions of this 
paper depend on the observation of rather small effects, 
and hence the above reproducibility is essential. 

The experimental data (average values) are shown in 
Fig. 1. The data taken with the two larger initial 
currents each show a point of maximum voltage across 
the electrodes, and a negative current-voltage char- 
acteristic. From values of the first Townsend coefficient 
previously measured with the same apparatus, the 
initial currents were evaluated before and after each 
run by using measured currents at a voltage (14 400 v) 
low enough so that secondary ionization plays no ap- 
preciable role. The vertical line in Fig. 1 represents the 
average of all breakdown potential measurements made 
in the absence of ultraviolet illumination. This potential 
was determined twenty-four times during the observa- 
tions and was reproducible to within 3 volts. 


CALCULATIONS AND INTERPRETATION OF DATA 


In the Townsend theory, the steady state current, /, 
in a uniform field is given by 


I =I exp(ad)/{1—7y[exp(ad)—1)}, (1) 


where J» is the initial current released from the cathode, 
d is the electrode separation, and a and y are the first 
and second Townsend coefficients, respectively. The 
corresponding Townsend breakdown condition is 


yLexp(ad)—1)}=1. (2) 


* As previously noted (footnote 15 of reference 7), with the ex- 
perimental equipment used, the first evidence of a luminous dis- 
charge on raising the potential with no ultraviolet illumination of 
the cathode is not the commonly reported filamentary spark but 
a visible glow, first covering the anode, and su uently com- 
pletely filling the gap. With further increase of the generator 
voltage of just a few vclts the voltage across the chamber falls 
So with the passage of a filmentary spark. In the present 
breakdown measurements, no effort was made to distinguish be- 
tween the potentials for the appearance of the glow and the spark. 
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Fic. 1. Experimental current-voltage static characteristics in 
hydrogen for a pd product of 800 cm-mm Hg. The initial current 
in amperes is given for each curve. The vertical line indicates the 
average of 24 independent breakdown measurements made in the 
absence of ultraviolet illumination. 


Equations (1) and (2) are based on the assumption that 
space charge in the gas plays no role whatsoever in de- 
termining the current or breakdown condition. That 
space charge plays a relatively minor role in determining 
the current and the breakdown potential, provided that 
the primary current is kept small enough, has been 
verified experimentally. This was first demonstrated 
long ago by Townsend and co-workers in gases at low 
pressure and more recently in gases near half an at- 
mosphere.’ However, Eqs. (1) and (2) can only hold 
approximately for any finite current, the approximation 
becoming better the smaller the current. Thus, space 
charge must play some role, albeit sometimes a small 
one, in determining the current and the breakdown 
condition. 

Ward* used the differential equation and boundary 
condition which yield Eq. (1), together with Poisson’s 
equation and an empirical expression for the dependence 
of a/p (p=pressure) on E/p (E= field strength) to cal- 
culate the effect of space charge on current-voltage 
static characteristics in rare gases. Similar calculations 
have now been made for hydrogen on an IBM 704 com- 
puter to cover the experimental data of Fig. 1. The 
expression 

a/p= A exp(—Bp/E) (3) 

* See for example F. Liewellyn Jones and A. B. Parker, Proc. 

Roy. Soc. (London) A213, 185 (1952); J. Dutton, S. C, Haydon, 


and F. Llewellyn Jones, Proc. Roy. Soc. (London) , 203 
(1952). See also reference 7. 
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Fic. 2. Experimental! variation (three points) of the current for 
maximum voltage, Jmax, as a function of initial current, J», and 
calculated variation of current density for maximum voltage, 
J wax, 28 a function of initial current density, Jo. The line for the 
experimenta! points is drawn with the theoretical slope of 4. A 
simple construction is shown to obtain the ratio of J» to Jo, i.e. 
the discharge area. 
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has been used in the calculations where A and B are 
constants. A fit of the experimental data of reference 7 
yields A=9.1 cm™ (mm Hg)" and B=143 volt 
(cm mm Hg). These values of A and B yield a/p 
values that agree within a maximum error of two per- 
cent (approximately the scatter of the experimental 
data) for 18< E/p<22 volt (cm mm Hg)~". The average 
breakdown potential for the data in Fig. 1 yields a 
value of y.of 9.68 10~ if one uses Eqs. (2) and (3). 
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Fic. 3. Comparison of calculated (solid lines) and experimental 
— current-voltage static characteristics in hydrogen. A dis- 
charge area of 17 cm* is assumed for the calculations. 


FISHER, 


AND WARD 
For the calculations y was assumed constant over the 
voltage range of Fig. 1, and was rounded off to 10-*, In 
addition, the positive ion and electron mobilities at 
atmospheric pressure, py, were taken to be 14 
and 460 cm? (volt se , Tespec tive ly.° 

Computer calculations yield current density, J 
voltage, 


and u 


vs 
V, whereas measurements yield current vs 
voltage. It is therefore necessary to assign a value for 


, 


the discharge area, and this was done in a somewhat 
indirect way. The approximate calculations of von Engel 
and Steenbeck’® showed that the current density for 
maximum voltage, J, varies as Jo', where Jo is the 
initial current density, providing J«<J,. Figure 2 shows 
both a log-log plot of values of J, vs J» obtained from 
computer calculations for p=400 mm Hg and d=2 cm 
using the above values of A, B, y, u,, and uw, as well 
as a log-log plot of the current for maximum voltage, 
I, V8 Io for the experimental data.” Excluding the point 
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Fic. 4. Effect of assuming different areas for calculation of 
static characteristics for an initial current of 1.72X10~* amp. 
Again, the experimental! data are indicated by points 

gain, I s I 


corresponding to J>=2.3X10-" amp (which was ob- 
tained by questionable extrapolation of the parabola), 
the experimental data display very nearly the theoreti- 
cal slope of 4. The area which, when multiplied by both 
Jm and Jo, will bring the calculated and experimental 
curves into agreement is 17 cm?. Values of Jo were then 
calculated from the experimental values of J» and the 
above area. Using these values of Jo, and the same 
values of A, B, 7, u,, uw, ~, and d as above, machine 
calculations were then made to yield values of V vs J. 
These J values were then transformed to V vs J values, 
again using the above area 

The results of these « 
curves in Fig. 3. The points of Fig. 3 are the experi- 
mental values of Fig. 1. The fit of the calculations to 


alculations are shown as solid 


 E. J. Lauer, J. Appl. Phys. 23, 300 (1952) 
1 N. E. Bradbury and R. A. Nielsen, Phys. Rev. 49, 388 (1936). 
2 In both cases, J, and J,, were calculated by a three point 


parabolic interpolation of log/ (or of log/j vs V values. 





NEGATIVE CURRENT 
the experimental points seems satisfactory, considering 
that both the area and y were assumed to remain con- 
stant. This agreement would seem to indicate the 
reasonableness of the space charge explanation of the 
negative characteristics. The lowering of the breakdown 
voltage is also given by the calculations with reasonable 
accuracy. 

At the largest experimentally measuzed current, the 
tield at the cathode is calculated to be seven percent 
higher than the average applied field. Thus, for the 
currents for which experimental data are available, the 
E/p values are well within the region for which Eq. (3), 
with the values of the constants A and B as used, is 
valid, namely 18< £/p<22 volt (cm mm Hg)". 

Although the assumed discharge area for the calcu- 
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lations is 17 cm®, the illuminated area (image of the arc) 
of the cathode was only about 10 cm’, but this is a lower 
limit if the possibility of reflections of ultraviolet light 
from the anode and wails onto the cathode is considered. 
The previously mentioned glow covering the entire 
ancde suggests possibly a much larger discharge area. 
The calculations are not too sensitive to the precise 
area chosen. This may be seen in Fig. 4 where calcula- 
tions are shown for the largest value of J» for 34 as well 
as for 17 cm*. Taking all of the above factors into con- 
sideration, 17 cm? is not an unreasonable area to assume, 
although the proper value is somewhat uncertain. In 
fact, it seems reasonable to assume that the effective 
discharge area varies somewhat with current even 
below breakdown. 
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Cubic Field Splitting of D Levels in Metals 
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The splitting of the fivefold degeneracy of free atom d electron states by nonspherical components of 
a crystalline field is calculated. The crystal potential employed is that of a lattice of positive point charges 
screened by a uniform distribution of electrons. The calculation is done to first order in the cubic field, 
using hydrogenic electron wave functions. The triply degenerate d state is lowered with respect to the 
doubly degenerate one in both body-centered and face-centered cubic lattices. Numerical results are given 
for both lattices. Finally, analytic atomic wave functions are used to estimate the splitting in iron and 
copper at the observed lattice spacing. The crystal field splitting of these levels is found to be much smaller 
than the overlap splitting as obtained in previous calculations for both materials 


I. INTRODUCTION 


N a recent calculation, perturbation theory was used 
to study d bands in the body-centered cubic lattice.’ 
The crystal potential employed was that produced by 
a lattice of point charges of atomic number Z and 
lattice parameter a, screened by a uniform distribution 
of valence electrons. The energy of an electron state 
in this potential can be expressed as (atomic units 

throughout) 

E= (Z/a) (Za) 


where {(Za) is a function proportional to (Za)~' for 
small Za. The parameter Za is a measure of the tightness 
of the binding, and the perturbation calculation re- 
ported contained the first three terms in the expansion 
of the function /(Za) for certain interesting states. 
The calculation could only be expected to be valid for 


1 J. Callaway, Phys. Rev. 115, 346 (1959). For a review of 
energy band calculations, see J. Callaway in Solid State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1958), Vol. 7. 


small Za, but the apparent behavior of the series for 
large Za led to the conjecture that the d bands in this 
limit would split into two sub-bands. Within the model 
considered, such a split could arise only from the 
departure of the crystal potential around a lattice site 
from spherical symmetry. 

The situation is similar in many respects to that 
considered in crystal field theory, in which the presence 
of cubic terms in the crystal potential produces a split 
of the fivefold degeneracy of the d states of a single 
electron into a triply degenerate state T;, and a doubly 
degenerate state E,.? We estimate this splitting for a 
metal. The calculation, which utilizes the ideas of the 
tight-binding approximation, considers the potential 
produced by the lattice of point charges previously 
mentioned; it can probably be generalized to more 
complicated situations. 

To understand the physical situation in more detail, 


* A recent review of crystal field theory is given by W. Moffitt 
and C. J. Ballhausen, Ann. Revs. Phys. Chem. 7, 107 (1956). 
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consider a hypothetical cubic metal with both s and d 
electrons, such that the s electrons are distributed 
reasonably uniformly throughout the atomic cell, but 
the d electrons are rather tightly bound so that d wave 
functions on the atomic sites overlap only slightly. The 
degeneracy of the d levels of the isolated atom would 
be broken both by the overlaps of the wave functions 
and by the nonspherical components of the crystal 
field. For very tightly bound d functions, we would 
expect the crystal field splitting to be large compared 
to the overlap splitting. The d levels would then form 
two sub bands. This is essentially the model which 
Mott and Stevens’ have proposed for the body-centered 
transitions metals. One of the principal reasons for 
undertaking this calculation was to determine whether 
the Mott-Stevens modei could reasonably be expected 
to apply to iron. None of the existing energy band 
calculations for iron supports the Mott-Stevens model! ; 
however, all the calculations have neglected crystal 
field effects. 

One of the problems in a tight-binding calculation of 
energy bands is to determine the expectation value of 
the crystal potential using atomic wave functions on a 
single site. This quantity, which is often considered to 
be the same for all the states in the band, actually 
contains the crystal field effects in which we are in- 
terested. If for simplicity we consider hydrogenic d 
electron radial wave functions: 


Ra= (a’/6!)'r%e (1) 


the appropriate dimensionless parameter characterizing 
the physical situation is aa (a=2Z/3 for a Coulomb 
potential). We will later be able to obtain the crystal 
field splitting for more general wave functions con- 
sisting of sums of terms of this form. Large values of 
aa correspond to small overlap and tight binding. 
While both the overlap splitting and the cubic field 
splitting go to zero as aa—> @, the overlap splitting 
goes exponentially while the cubic field depends on 
(aa) as we will show. Thus, for sufficiently large aa 
the cubic field will dominate. 

The problem of crystal field effects in metals has 
previously been discussed by Leigh.‘ He considered a 
similar model of the crystal potential, but quite different 
wave functions. He estimated d band splittings at the 
observed interatomic spacing only, in iron and copper. 
The present calculation is of greater generality. 

This calculation also contains substantial improve- 
ments with respect to conventional crystal field studies 
which are made possible by the use of a simple model of 
the crystal potential. We use an expression for the 
potential which is exact for this model, and do not 
restrict ourselves to a multipole expansion valid only 
at distances from the central atom less than the nearest 
neighbor distance. The use of simple radial functions 


*N. F. Mott and K. W. H. Stevens, Phil. Mag. 2, 1364 (1957). 
*R. S. Leigh, Proc. Phys. Soc. (London) 71, 33 (1958). 
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makes it possible to obtain explicit expressions for all 
radial integrals, which are conventionally regarded as 
parameters to be determined from experimental! data. 
Finally, we have evaluated all the pertinent lattice sums. 


Il. THEORY 


The use of a simple lattice model and approxi- 
mate d electron wave functions permits us to estimate 
the cubic field effects for a large range of the appro- 
priate parameters. To be precise, we wish to calculate 
the difference in the energies of the d states of 
I'25- (xy, yz, 2x) symmetry and those of I’), symmetry 
(x?— y*, 32?—r?) © (t2, and e, respectively in another 
notation), of a single electron in a potential field pro- 
duced by a lattice of positive point charges (atomic 
number Z) screened by a uniform distribution of elec- 
trons so that each cell is electrically neutral. The 
calculation is the first order in the cubic field only. 
Spin-orbit coupling is neglected. We define 


AE=E(Tw)— E(T; fi ¥(T25 


¥(P'i2)|2]V (dr. (2) 


AE defined by (2) is the negative of the quantity 
called 10 Dg in the literature of crystal field theory. 
We put 

Ra(r)K2,28 (8,0), 
Tear (3) 
Ra(r)K2,12(8,9), 
where Rg is given by (1) and X,,; functions are the 
appropriate kubic harmonics® (order / and representa- 
tion ',). For example we have 


15\! xy 
Ke, 25’ ; 
4nr/ fr? 


Then 


AE - f Ra?(r)K 2,25 (8,6) — K72,12(0,6) |V(r)dr. (5) 


Since V(r) belongs to the completely symmetric (I) 
representation of the cubic point group, it follows that 
if V(r) is expanded in kubic harmonics, the only ones 
which appear are the K;;. From the orthonormality 
properties of the spherical harmonics it follows we 
need only consider coefficients of K, :. 


5/21y\'s2t+y'+s' 3 
Ae) call, 
4\4r r' 5 


5 Notation according to L. Bouckaert, R 
E. Wigner, Phys. Rev. 50, 58 (1936). 

*F. C. Von der Lage and H. A. 
(1947). 
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We then deduce 


Ri(r)Ko1(0)V(e)dr. (7) 
2(21) 


We use the Fourier series expression for V (r) 
V(r)=> 6(K,) exp(iK,-r), 
where K, is a reciprocal lattice vector, 


K,, os (2x/a) (m1,%2,%3) : 


9 
b(K,)=—85Z/0%K.2=—2Z0"/xtont. 


MQ is the volume of the unit cell. 

In evaluating (7) we make use of the fact that the 
kubic harmonics are linear combinations of spherical 
harmonics of order /; for example, 


Ke r= (7/12)'CV ot (5/14) at Ve.) J, 


where the Y;,, are normalized spherical harmonics as 
given, for example, by Bethe and Salpeter.’ Also, the 
Fourier transform of a spherical harmonic is propor- 
tional to the same spherical harmonic in k space: 


(10) 


f eV 1, (0,6)dQ=4ai!j,(her) V im(Oxde) = (11) 


where k, 6%, ¢, are the spherical polar components of k. 
Thus if we substitute (8) into (7) and perform the 
integration over solid angle, we obtain 


AE=— 10(x/21)! € b(K,)K4,1(Ox,bx) 
x f Ri (r)ja(kr)r'dr. (12) 


The radial integral can be done for the radial d function 
given by (1): 


32(5 Ka 
fire “" j4(kr)dr= — 
k®(1+-a?/k?)® 


If we substitute (13) and (9) into (12), we find after 
some rearrangement 


1280 xZ s/w! 
ole} 
3 QeatX\21 


Some further simplification is possible using (9) and 
the explicit representation of the kubic harmonics. 
The type of lattice (body-centered cubic or face- 
centered cubic) is involved in (14) through the ex- 
pression giving the cell volume in terms of the lattice 
parameter and in the choice of reciprocal lattice 
vectors K,. For the body-centered lattice (Q>=<a*/2), 

7H. A. Bethe and E. Salpeter in Handbuch der Physik, edited 
by S. Flugge (Springer-Verlag, Berlin, 1957), Vol. 35, p. 91. 


(13) 


K,, 2 
(1i+K 2/a? )s 


~Ky :(O:,¢%). (14) 
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we have finally 


(14+-4e°n?/ata® e 


AE=.—-—{ — 
3r a \aa 


400 Z =) n® 


mit na'+mnas 
x(~ un") (15) 


while for the face-centered lattice, the numerical coeffi- 
cient is greater by a factor of two. The procedure used 
here may also be applied to more complicated crystal 
potentials by suitable choice of the coefficients 6(k,) in 
(8). 

The series in (5) is not difficult to evaluate for 
moderate values of aa; however for large aa (say 
aa> 20) the convergence of (15) is slow. 

For large values of aa, it is necessary to transform 
the series to a more rapidly convergent form. This can 
be done in the following manner. 

We define the function 


{(h) = 2x, g(h— K,) (16a) 


where 


g(h)= 


1280 tZ 
AE= -(- ) ——(0). 
3 217 Qeat 


{(h) is periodic function of h and thus may be expanded 
in a Fourier series in the direct lattice. 


)= Sr, a(R,) exp(—ih-R,). (18) 


R,, is a direct lattice vector. The coefficients a(R.) are 
given by 


a(R,) [a/(2n)*) f fh) exp(ih- R,)dh. 


h?(1+ h*/a*)-*K, 1 (On,on). (16b) 


Then 


(17) 


(19) 
With the use of (16), (19) may be expressed as 


a(R,) =[Qo/(2r)*] f g(h) exp(ih- R,)dh. 


Then using (11) and (16), we have 


* hj(hRe) 


Qo 
a(R,)=—-%, 1 (O2,or) f (21) 
2? 


0 (1+h*/a*)s 


With the use of (15), we transform the integral over A to 
the form — 


” hj (hR) a! 
f ——_ dha —— 
© (+h /a%)* —32(5!) 


x f f e-© j (hr) j(hR)dhdr. 
. 6 
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Fic. 1. The cubic field splitting aSZ/Z is shown for body 
centered cubic and face-centered cubic lattices, based on the 
numerical data of Table I. 


This integral over # can now be done,’ leaving an 
elementary integral over r. We obtain 


ra! R 2 
“—(R “f r%e~o"dr +R f rewar) 
576(5!) 0 R 


1054 


a x a 


9x? 
[1—(aR) }; (x) =e {= —_ we | 


eo s! 10! 


But, from (17) and (18) 
1280 / x \* «Z 
az-—( ~) — }>a(R,) 
3 217 Qyat 


11200Z7r\' say’ 
on = (—) z(—) K1(Orx,or)[1—P(aRyw) ] 
1 


a Say 4 NV 


where in the last line we have introduced the lattice 
parameter explicity. Then using (6) for K,,, we finally 
have 


7000 Z a\' 
AE=- -5(—) [1—(aR,) | 
(aa)* a Ry 


X (Ryit+ Ryo*+Rws'— }Ry*)/Ry*. (24) 


Since @(aR,) is an exponentially decreasing function, 
* Erdelyi, Magnus, Oberhettinger, and Tricomi, Tables of 


Integral Transforms (McGraw-Hill Book Company, Inc., New 
York, 1954), Vol. II, p. 47. 


AND 
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for large aa we may write 


7000 Z a\é 
si? of *) 
(aa)* a Ry 


X (Rwi'+ Ryot+ Rw3!— 2?Ry*), Ry‘. 


(25) 


Equation (25) may also be obtained more directly by 
a multipole expansion, as is shown in Appendix 1. 


Ill. RESOLTS 


It is not necessary to employ sophisticated methods 
to evaluate the lattice sum in (25) unless great pre- 
cision is desired. These sums have been carried out 
approximately for the body-centered and face-centered 
cubic lattices. The results are —2.131 and —5.163, 
respectively, with an accuracy of about +0.003 in each 
case. Thus we have 


aAE/Z=—1.492X10'(aa)~ for the bec 
aAE/Z=—3.614X 10*(aa)~ for the fcc. 


, 


(26) 


Numerical results for the splitting aAE/Z are presented 
in Table I and shown graphically in Fig. 1, based on 
evaluation of (15) and (26). We can conclude that the 
cubic field splitting tends to lower the energies of 
functions of the type I'y5, with respect of those of Ty 
symmetry for all values of the relevant parameters. 

A check on the numerical work is provided by the 
agreement between the values of aAE/Z computed for 
the bcc lattice for (aa)?=12x*. The sum of the series 
(15), including 102 different reciprocal lattice vectors is 
a aE/Z= —0.0653. Equation (26) yields for this value 
of aa; —0.0664. The agreement is already quite good; 
and inclusion of the function #(¢R,) in the lattice sum 
using Eq. (24) gave aE/Z= —0.0653. A similar agree- 
ment between (15) and (24) was found for the fcc 
lattice at aa= 8r. 

It is possible to use these results to make a reasonable 
estimate of the contribution of the cubic field to the 
T'25, 12 separation in iron at the actual lattice spacing. 
Of course, d-electron wave functions are more compli- 
cated than the simple form (1), but it appears to be 
possible to express free atom d functions in the form 


R= D Niet. (27) 


In recent calculations, four terms are included in the 
sum.?-” 

AE can then be found as a sum of term of the form 
(15) or (26) provided the change in normalization of the 
basic functions is properly included. This calculation 
has been carried out for iron with two different electron 
wave functions: that found by Lowdin and Appel*; 
and the one determined for the average of all con- 
figurations based on d* by Watson.” 


* P. O. Lowdin and K. Appel, Phys. Rev. 103, 1746 (1956). 

 R. E. Watson, Technical Report 12, Solid State and Molecular 
Theory Group, Massachusetts Institute of Technology (June 15, 
1959) (unpublished). 





CUBIC FIELD SPLITTING 


Taswe I. The cubic field splitting a SE/Z is giver: for body- 
centered cubic and face-centered cubic latties as a function of aa. 
The evaluation is based on Eqs. (15) and (24) of the text. For 
values of aa greater than those given in the table, the simple 
formula of Eq. (26) will generally suffice. 





a@AE/Z (fcc) 
— ().0000 
0.01245 

— 0.08174 
—0.1867 
—~().2873 
—0.4110 
—0.4391 
—0.4146 
—0.3695 
0.2748 
—0.2011 
0.1493 
— 0,0886 





adE/Z (bec) 


— 0.00000 
—0.02351 
—0.1187 
—0.2228 
—0.2938 
—0.3344 
—0.3034 
—0.2538 
— 0.2063 
—0.1353 


(aa, le 2 aa 


0.000 
4.443 
6.283 
7.695 
8.886 

10.883 

12.566 

14.050 

15.391 

17.771 

19.869 

21.766 

25.133 


We find E= —0.094Z (ev) using the Lowdin func- 
tion and E= —0.128Z (ev) using the Watson function. 
The number of free electrons is contained as a parameter 
in the results, but it is probably reasonable to take 
Z=1. The difference of the results given is of significance 
only insofar as it indicates the sensitivity of the calcu- 
lated splitting to the compactness of the wave 
functions. We can conclude that the cubic field splitting 
is of the order of —-0.1Z ev at the observed interatomic 
spacing. This would appear to be considerably smaller 
than the d bandwidth,’ for any reasonable value of Z, 
and is in essential agreement with the result of Leigh, 
obtained in a cruder calculation.‘ These considerations 
do not support application of the Mott-Steven d-band 
model applied to iron. 

We have also estimated AE for copper by the same 
procedure, using an analytic wave function for Cut 
from Lowdin and Appel. The result is a cubic field 
splitting —0.03Z ev at the observed interatomic spacing. 
The splitting is smaller than in iron because of the 
greater compactness of the Cu* wave functions. 


APPENDIX 


We give here a derivation of Eq. (25) based on the 
conventional multipole expansion of the crystal poten- 
tial. This furnishes a check on the algebra involved in 
the derivation of that equation. The expansion can be 
obtained without difficulty, following the work of 
DeWette and Nijboer."' We note first that in the crystal 


model considered here the uniform distribution of, 


negative charge can contribute only to the spherically 
symmetric part of the potential, so that we may con- 
sider only the point charges. Let these be located at 
lattice vectors R,. Then 


V(r)=—2Z >, |r—R, | 


(except for the contribution from the negative charge). 


(A-1) 


"F. W. DeWette and B. R. A. Nijboer, Physica 24, 1105 
(1958). 


OF D LEVELS IN METALS 


We use the expansion 


a i 4 4 
PR I=E L ———— 
im m=—i 2J+-1 R, +! 


x V im* (0,0) V im(On,or) (A-2) 


which is valid for r smaller than the nearest neighbor 
distance. We are only interested in the part of the 
expansion involving /=4, which we call V«. The lattice 
constant a is also introduced ; 


‘ 2Z dn r'* S a ad 
eatlite: ( \e a at (x) 
a\9/a' Ry 


x Ventnor) 


(A-3) 


On account of the symmetry of the crystal, the sums in 
(20) must produce the kubic harmonic K,,. It is 


found that 
2Z /r* 
Ve=- —(*) Ke 1(6,6)B 


a@\a 


(A-4) 


where B is a numerical coefficient 


de f12\! ant 
B=—- ( ) DR ¥witesbx)(—) . (A-5) 
9\7 Ry 


With the use of (A-4), the explicit representation of the 
radial function, and the orthonormality of the kubic 
harmonics, AE, as given by Eq. (7) inay be evaluated: 


2.52K10' BZ 


(21x)! a(aa)* 


(‘= 
4 


(A-6) 
We must now evaluate B. Since the atoms are in “cubic” 
positions, the sum of V4 over all the atoms of a given 


type [say those located at R, = a(3,2,1) ] is proportional 
to the kubic harmonic K,,;. We find that 


5 . a\?* 
B=—(21in)' dr, ( -) 
18 Ry 


x (Rit + Rot + Rat — ¥R9/ Rs. 
Equation (23) is substituted in (A-6) to obtain 


7000 Z _ a\* 
seo 25, (2) 
(aa)* a Ri 


* (Rit + Ro'+Rs'— §R)/Rs*.  (A-8) 


Equation (A-8) agrees exactly with (25) of the text. 

If we replace Eq. (A-2) by the complete multipole 
expansion which has radial dependence R,'/r'*' for 
r> R,. we obtain, by a similar procedure, Eq. (24). This 
result demonstrates the complete equivalence of the 
procedures based on the Fourier series and on the multi- 
pole expansion of the crystal potential. 


(A-7) 
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Surface Impedance of Superconductors* 
Piotr B. Miter 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received December 21, 1959) 


A detailed calculation of the surface impedance of superconductors is given based on the general theory 
of the anomalous skin effect in normal and superconducting metals given by Mattis and Bardeen. It is 
found that there are large corrections to the extreme anomalous limit value of the superconducting to 
normal surface resistance ratio; corrections to the surface reactance ratio are much smaller. The theory 
is compared with recent experiments on the surface impedance of aluminum and of tin. It is found that 
the theory gives satisfactory agreement with experimental data on the surface impedance, both in absolute 
value and in its temperature and frequency dependence over a wide range of temperatures and frequencies. 





HERE has been a large amount of recent experi- 

mental work on the surface impedance of super- 
conductors, with special emphasis on Al and Sn.'~* The 
Bardeen-Cooper-Schrieffer theory of superconductivity*® 
has shown good quantitative agreement with many of 
the experimental properties of superconductors and it 
is of some interest to extend this quantitative agreement 
to the surface impedance. Mattis and Bardeen, and 
independently Abrikosov, Gorkov, and Khalatnikov 
have derived a general theory of the anomalous skin 
effect in normal and superconducting metals based on 
the BCS model of the superconductor.” In this paper 
we use the Mattis-Bardeen theory to compute the 
surface impedance of superconductors and compare 
the results with experiment. 

The general result of Mattis and Bardeen” may be 
conveniently written in terms of the Fourier com- 
ponents of current j(q) and vector potential A(q) by 
defining K(q) as, 


j(q) —c(4r)"K (q)A(q), (1) 


where 


—3 = al 
K(q)=— f f efaRug-RIl(1 — 42) 
ChMA(0) Jo Jy 


XI(w,R,T)dudR, (2) 


and where the integration over u is the angular inte- 


* This work was supported in part by the Office of Ordnance 
Research, U. S. Army. 

1M. A. Biondi and M. P. Garfunkel, Phys. Rev. Letters 2, 143 
(1959); also Phys. Rev. 116, 853 (1959); 116, 862 (1959). 

* R. Kaplan, A. H. Nethercot, Jr., and H. A. Boorse, Phys. Rev. 
116, 270 (1959). 

*M. D. Sturge, Proc. Roy. Soc. (London) A246, 570 (1958). 

*C. J. Grebenkemper, Phys. Rev. 96, 1197 (1954): 

* E. Fawcett, Proc. Roy. Soc. (London) A232, 519 (1955). 

* A. B. Pippard, Proc. Roy. Soc. (London) A203, 98 (1950). 

7A. B. Pippard, Proc. Roy. Soc. (London) A203, 195 (1950). 

*D. M. Ginsberg, P. L. Richards, and M. Tinkham, Phys. 
Rev. Letters 3, 337 (1959), 

* J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957); hereafter called BCS. 

”D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 

"A. A. Abrikosov, L. P. Gor’kov, and I. M. Khalatnikov, J. 
Exptl. Theoret. Phys. (U.S.S.R.) 35, 265 (1958) [translation : 
Soviet Phys.-JETP 35(8), 182 (1959). 

17. M. Khalatnikov and A. A. Abrikosov, Advances in Physics, 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1959), 
Vol. 8, p. 45. 


gration. Using the notation of reference 10, I(w,R,T) 
may be written as: 


I(,R,T)=—ni f [1—2f(E+hw) ] 
«9 — Aw 
X [e(E) cos(aes)—i sin(aes) Jed E 


-ni f ((1—2/(E+tw)] 


0 
X [e(£) cos(aez)—i sin (aes) Je 
= [1 —_ 2f( E) I¢( E) cos(ae;) 
+i sin(ae;) je~***)} dE. 


(3) 


The surface impedance is defined by 


—1 
Z=R+iX=E(0)} { j(e)ds| 


For random scattering at the surface of the metal, the 
surface impedance is given by *” 


(4) 


Z= 


© a | 
—(dnti/c)| f Inf1+X (q) a} — 


A simple approximation to the surface impedance 
given by (5) is the extreme anomalous limit approxi- 
mation. Here one assumes that for all g of importance 
in the integral one has 


grto_€o(0)/eo]>1, gtoleo(0)/Aw>1, and gh>1. (6) 


sat Ci 02 
; (: ; ), 
4e0(O)grig\ on ow 


the integrals given by 


In this approximation, 
K(q)A1?(0) = 


where o;/on and o2/oen are 


4% R. B. Dingle, Physica 19, 311 (1953) 
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SURFACE IMPEDANCE 


Taste I. The complex conductivity as a function of frequency 
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Mattis and Bardeen”: 


we 


“Tf E)— f(E+tw) ]g(E)dE 


on 


1.“ 
+ f [1—2/(E+ te) ]e(E)dE, 


=f 
a 


on hus «a —he, —e@ 
[1—2/(E+tw) ) (E+ c+ hw) 
——nieeninninaene Gi, Ci 


(e°— E*)1((E 4-fus)*— e? 1 


The second term of (8) does not appear unless fw> 2é, 
in which cause the lower limit of the integral in (9) is 
— €9 instead of ¢s— fw. Numerical values of the complex 
conductivity integrals are given in Table I. 


OF SUPERCONDUCTORS 


From (5) and (7) we get, 
Za.e/ Zen (o1-ios)/on }, (10) 


where the subscript © henceforth denotes the extreme 
anomalous limit approximation and s and m denote 
superconducting and normal states, respectively. 

We wish to make a better approximation. than the 
extreme anomalous approximation, since in general the 
conditions of (6) are not satisfied for all the g values 
of importance in the superconductor. For this purpose 
we observe that in most experiments on pure metals 
the mean free path, /, is greater than 10~* cm, Also the 
detailed theory of the surface impedance in the normal 
state, including relaxation effects, has been given by 
Dingle. His numerical results show explicitly that for 
microwave frequencies the surface impedance for 
l= 10~ cm differs from the impedance at J= © by the 
order or 3%. We expect approximately the same dif- 
ference in the superconductor since the same factor 
e~®/* enters into the current density. This has been 
verified experimentally by Sturge, since he found very 
little change in surface resistance between two different 
superconducting Sn specimens with /=10~* cm and 
l=510~ cm. Also the effect on the static penetration 
depth of the e~*/' factor in the current density shows 
approximate agreement with experiment.“ Thus we 
are justified in taking /= © in the theory. Then we may 
carry out the angular integraticn in (2) to get 


Kigeente (ff [1—2/(E+kw)] 
c*thoogA (0) he 
 [e(E) cos(ae:) —é sin (aes) Je 


xR(edede+ ff (C1-2/(E+h)] 


X [e(E) cos(ae,) —i sin (ae) je" 
—[1—2/(E) [e(2) cos(aex)+i sin(ae;) ] 


Xen R(a)dsd), (11) 
where x= @R and 
R(x) = (1/x*)[ (sinz/x)—cosx], (12) 


In doing the integrations of (11) we use the following 
definitions and lemmas: 


F(o)= f sin(ax)R(x)dx 
6 


= 4[2a+(1—a*) In| (1+a)/(i—e@)| J, (13) 


G(a)= f cos(ax)R(x)dx=0 for a>1, 
0 = (#/4)(1—a*) for a<1. 


“Pp. B. Miller, Phys. Rev. 113, 1209 (1959). 
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A large part of the integration over x in (11) may be 
done exactly by using (13) and (14) but the subsequent 
integration over E cannot be performed exactly. How- 
ever we may get approximate formulas for K(q) by 
expanding in a power series in g. The integrations are 
lengthy so that only the final results are given. For 
large q we get 


ar ho [o, 2 
K (q)Ax1?(0) E —-+- 


4qrko €9(0) on On 


16 €" [ i ho \* 
-sesialen-(2)] 
m(gmrto) £*(0) oni 2€0 


for (grto)eo(0)/eo>>1 and gkoeo(0)/Aw>>1. (15) 
Note that in the limit w — 0, this reduces to the appro- 
priate formula given by BCS. Also in the limit ¢)— 0, 
this reduces to the correct formula for the normal metal. 

In the opposite limit of small g we find for the real 


part of K(q): 
€9(0)\? 
K(q)rdA1*(0) =14 1orts)( ) 
hw 


[f(E)—4 dE 
) (16) 
(E*— €97)4(4E?—w?) 


3 = nw ; x [( 
K (q)A1?(0) if f [1—2f¢ B+) Cx(E)—1 con 
2(grto)eo(O)I Fy Jeo—rw qs 


+[¢( E)+1  cos( 


Term (19) only appears for Aw> 2¢o. The physical inter- 
pretation of (19) is that a ground pair of the super- 
conductor is broken up by the incoming photon of 


Ki q)Ax* | 0) 


s0 


— 


ase > = 208 aes 
\ 
L. —" 


~ on 
wre at,- 


Fic. 1. The real part of K(g)Az7(0) is plotted versus (+/2)gto 
for a frequency Aw= 1.5k7., and for various reduced temperatures. 
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grto €9\U 


3 [1—2f(tw/2)] f® pr—(reo/2) 2. 
f f [x()—1] con( 
2 (grt Jen(O) 0 y —(Aw/2 gro 


MILLER 


In the limit «9+ 0 we get the correct equation for the 
normal state. Also for T=0 we get a result identical 
to that of Khalatnikov and Abrikosov.” Note that the 
leading term in (16) for small g gives the full London 
value for K(g) with all the electrons being accelerated 
by the electric field. Equation (16) is clearly not valid 
for w=0. For the imaginary part we get 


K (g)1rA1?(0) 


€ gré €9 (V0) 3 
K(q)rA1?(0) : ( ) 
10€9(0)| (h?w?/4)— eo? |! N tw 


x [1—2f(fw/2)] 


0 for ! and hw < 2€0, (17) 


€9(0 


for (gto) 1 and tw>2e. (18) 


(hw be 

Note that for g<w/v» and hw < 2¢, there is no absorption 
of energy by the electrons. This corresponds to the fact 
that a free electron 
velocity of the electron is 
velocity of the wave. TI 


innot absorb a quantum unless the 


greater than the phase 
is follows directly from con- 
servation of energy and momentum. For fw> 2e, there 
is an added absorption in the superconductor given 
by (18), this added absorption clearly being zero in 
Equation (18 


following integral formula, 


the normal state is derived from the 


valid for g<w/v9: 
+- Fis 


$ 


x [(E+hw)?— «7 }'4 


ec? V8 
) fe x dxd (19) 


that of two single 
justified in detail 


momentum fq and the 
particles. This interpret 
by writing (19) in th 


[(E+thw 


where 

she [ €9(0 hin | ; 
We identify the dummy variable of integration E with 
one half of the negative of t! 
up one ground pair 


e energy needed to break 


I e+e 


(99) 


Then applying conservation of energy and momentum 
to the process we find that for a given g the m 


7 iximum 
allowed range of £ is 


} ls 7 (23) 


which agrees wit! gration in 





SURFACE IMPEDANCE 
Furthermore we identify the factor [1—2/(hw/2) | of 
(20) as giving the probability of the initial state in the 
direct process and then subtracting the probability of 
the initial state in the inverse process. This extra ab- 
sorption in the superconductor might give rise to a 
ratio R,/R, which is slightly greater than unity if ap- 
propriate conditions on frequency, temperature, and 
coherence distance were available. 

All these results are summarized by plotting graphs 
of both the real and imaginary parts of K(g)A,?(0) 
versus (gwéo/2) (Figs. 1 and 2). The intermediate 
regions of g have been gotten by interpolation. We shall 
show that the surface resistance is sensitive to the 
exact shape of the K(q) curves so that the interpolation 
method will introduce some lack of precision in the final 
numerical results for the surface resistance. 

We have used graphs similar to those given in Figs. 
1 and 2 to compute the surface impedance by numerical 
integration of (5). It is convenient to plot the results 
by giving the ratio r/r,, where r itself is the ratio of 
superconducting to normal surface resistance and where 
r. is the ratio of superconducting to normal surface 
resistance computed in the extreme anomalous limit 
approximation. A similar plot is given for the surface 
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Fic. 2. The imaginary part of X(g)Az?(0) is plotted versus 
(1/2 )gto for a frequency hw = 1.5k7., and for various reduced tem 
peratures. 





Fic. 3. The ratio r/r. for Al is plotted versus reduced frequency 
tio /kT. for various reduced temperatures. 


OF SUPERCONDUCTORS 








hw/kT, = 


Fic. 4. The ratio r/r.. for Sn is plotted versus reduced frequency 
hw /kT. for various reduced temperatures. 











hw /kT, 


Fic. 5. The surface reactance ratio x/x.. for Sn is plotted versus 


reduced frequency Aw/kT, for various reduced temperatures. 


reactance. Our numerical results for the normal state 
agree with the results of Dingle, which is to be expected 
since the two theories for the normal state are iden- 
tical.” The results for Al and for Sn are shown in Figs. 
3, 4, and 5. (The surface reactance ratio plot fo Al is 
not given here.) 

We may understand the qualitative features of these 
results as follows. First we note that the corrections to 
the extreme anomalous limit are much larger for Sn 
than for Al due to the fact that the ratio £)/A,(0) is 
much larger for Al than for Sn.’ Also for very high 
frequencies the ratios r/r,, and x/x, approach unity in 
agreement with the similar behavior of the normal and 
superconducting states at very high frequencies. The 
large values of r/r,, and x/x,, at low frequencies near T, 
arise from the large penetration depth which enhances 
the importance of smal] g values. The curves of Figs. 
3, 4, and 5 are not very precise due to the interpolation 
procedure used in Figs. 1 and 2. 

Biondi and Garfunkel have recently obtained accur- 
ate experimental data on the surface resistance ratio, 
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r, for Al over a wide range of frequencies and tem- 
peratures.' They have also calculated the skin depth 
in superconducting Al from the measured frequency 
dependence of the surface resistance ratio and the 
use of the Kronig-Kramers integral transforms.' By an 
approximate analysis of their data they find an energy 
gap at absolute zero of 


E, (0) = (3.25+0.1)kT.. (24) 


Using the detailed theoretical results given by Fig. 3, 
we find best agreement with experiment for an average 
energy gap given by 


E,(0)=3.37kT., (25) 


and by assuming the same temperature dependence of 
the gap as the BCS theory. It has been shown that one 
may introduce an anisotropic energy gap into the BCS 
theory and that the only resulting change in the BCS 
theory is that the square of the energy gap «7(T) is 
everywhere replaced by FF*(k,T) where k is the 
momentum of the excitation.'*"® This gives a natural 
justification for treating the energy gap as a parameter 
in the BCS theory 

The experimental curves given by Biondi and 
Garfunkel’ together with the theoretical points com- 
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Fic. 6. The experimental curve of resistance ratio, r, for Al 
plotted versus reduced frequency for various values of reduced 
temperature (Biondi and Garfunkel). The dashed curve is the 
experimental data extrapolated to 7=0. The theoretical points 
shown have been computed assuming an energy gap at T7=0 of 
3.37kT,. There are no theoretical points shown to correspond to 


the dashed curve at 7=0. 
LL. N. Cooper, Phys. Rev. Letters 3, 17 (1959). 


%*N. N. Bogoliubov, J. Exptl. Theoret. Phys. (U.S.S.R.) M4, 
58 (1958) [translation: Soviet Physics-JETP 34, 41 (1958) ]. 
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puted assuming (25) are shown in Fig. 6. The agreement 
with experiment is quite good. The small deviations at 
low temperatures might possibly be due to anisotropy 
of the energy gap. The skin depth, 6,, determined by 
Biondi and Garfunkel is also compared with the theo- 
retical skin depth in Fig. 7. The energy gap of (25) 
has again been assumed in computing the theoretical 
skin depth. The theoretical curve was determined by 
use of curves for Al which are not shown here because 
the correction to x, was only of the order of 5 %. Both 
energy-gap values (24) and (25) are in approximate 
agreement with other experiments on thermal con- 
ductivity’ and on nuclear spin relaxation."* 

The comparison of theory and experiment for Sn is 


the 
5) 


carried out in a different way, mainly because most of 
the reliable experimental data lies well below the 
energy gap. The surface resistance of the normal state 
in Sn is highly anisotropic so that we compare the 
theory with results on polycrystalline specimens, or 
averaged single crystals. Many recent experiments have 
shown that at intermediate temperatures and in a large 
frequency range 


(hw~O0.01RT, hw~1.0kT .) 


to 
the surface resistance ratio, r, may be written as? 


i (» (26) 
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Fic. 7. The skin dept! 
frequeacy, hv/kT,.. The solid curves were gotten by Biondi and 
Garfunkel from their experimental data and use of the Kronig- 
Kramers integral transform. Case II refers to use of the detailed 
theory of Dingle for the normal state, Case I to the use of the 
extreme anomalous limit for the normal The points shown 
are the detailed theory of this paper with £,(0)=3.37kT.. 
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i7C. B. Satterthwaite, Can 
ence, 1959 (unpublished) 
1% AG. Redfield, Phys 
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Rev. Letters 3, 85 (1959) 
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where ¢ is the reduced temperature. The experiments 
show that at intermediate temperatures the function 
¢(t) is 

$o(t)=A(1—F)/(1-—#)*. (27) 
The range of validity of the ¢(¢) law differs somewhat 
in different experiments but most of the data show that 
the ¢(¢) law is valid from approximately ‘~0.4 to 
approximately /‘~0.8. 

We have compared the theoretical results with the 
temperature law of (27). We find that the ¢(¢) law is 
approximately valid to within about 10% in the fol- 
lowing temperature and frequency range. It is valid 
from fw=O0.01kT, to hw=2kT, and from t~0.4 to 
t~0.7. (The values for hw<0.12kT. were obtained by 
an approximate extrapolation of the low-temperature 
curves of Fig. 2.) For low frequencies (Aw~0.1kT) the 
¢(t) law remains valid up to about t~0.8 as the uppper 
bound and the lower bound goes somewhat below !~0.4. 

A large amount of data by different experimenters for 
A(v) has been summarized in Fig. 8." The data is for 
polycrystalline specimens or the appropriate average 
of single crystals. The figure also shows the results of 
the detailed theory and of the extreme anomalous limit 
theory. The detailed theory gives a curve which has a 
very similar shape to the experimental data but is 
roughly 25% greater in absolute value. The extreme 
anomalous theory differs in absolute value by a factor 
of about 2.5 from the experimental points. In view of 
the large anisotropy in the absolute value of A (vy) in Sn 
single crystals and several other complicating features 
of Sn such as an anisotropic energy gap,” the agreement 
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Fic. 8. A(y»), the frequency dependent part of r, as a function 
of frequency. O—Kaplan et al (reference 2); X, +, A—Sturge 
(reference 3) (three different averaged single crystals); P— 
Pippard (reference 6) (averaged single crystal); P’—Pippard 
(reference 7) (polycrystal); G—Gr kemper (reference 4) 
(polycrystal); F—Fawcett (reference 5) (averaged single crystal); 
F’—Fawcett (polycrystal). The upper curve is the detailed theory 
of this paper. The lower curve is the extreme anomalous limit 
theory. 


* The experimental points of this plot are reproduced from 
reference 2. 

*”R. W. Morse, T. Olsen, and J. D. Gavenda, Phys. Rev. 
Letters 3, 15 (1959). 
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Fic. 9. The theoretical surface resistance of Sn is plotted versus 
reduced temperature in the high-frequency region. 


with the detailed theory is satisfactory. Also the abso- 
lute value of A(v) depends sensitively on the value of 
the parameter £/,(0) whereas the shape of the curve 
is approximately independent of this parameter. 

We have plotted theoretical curves for the surface 
resistance ratio, r, for Sn at frequencies near the energy 
gap in Fig. 9. There does not seem to be any reliable 
experimental data in this frequency range. We have 
also plotted theoretical curves of the skin depth of Sn 
in Fig. 10. This curve was computed using the graphs 
of x/x,, given in Fig. 5. Qualitatively the skin depth of 
Sn behaves similarly to the curves given for Al. How- 
ever there is very little experimental data available on 
the skin depth in Sn at microwave frequencies. The 
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Fic. 10, The theoretical skin depth of Sn is plotted versus reduced 
frequency, for various values of the reduced temperature. 
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final numerical results for Sn have assumed the BCS 
value of £,(0)=3.53kT.. 
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Varley Mechanism for Defect Formation in Alkali Halides* 


D. L. Dexter 
University of Rochester, Rochester, New York 
(Received December 2, 1960) 


The Varley mechanism is examined, according to which Frenkel defects are produced in the halogen 
sublattice of alkali halides subsequent to multiple ionization of the halide ions. Arguments are presented to 
show that the lifetime of a positive halogen ion against recapture of electrons in orders of magnitude smaller 


than the ejection time of the halogen, and thus that the Varley mechanism is inoperative 


The arguments 


may not be applicable for inner shells alone, but experimental evidence is adduced to eliminate this case 


HE so-called Varley mechanism' for the x-ray 

production of interstitial halogen, negative-ion 
vacancies, and F centers in alkali halide crystals has 
recently been receiving increasing attention. This 
proposed mechanism postulates the multiple ionization 
of a halide ion in its normal position surrounded by 
positive alkali ions, thus resulting in the presence of a 
positive halogen ion in a region of high-electrostatic 
(Madelung) potential, from which the halogen may be 
ejected under the influence of lattice vibration. This 
would give rise to the presence of interstitial halogen 
and negative-ion vacancies, which could easily trap 
electrons to become F centers. There are indications 
from experiments on multiple ionization in rare gases 
that if the Varley mechanism were the only one opera- 
tive, a sizable fraction of multiple ionization events in 
alkali halides would have to result in the production of 
F centers, in order to be consistent with the efficiency 
of coloration at low temperatures. 

Though no direct evidence has been adduced for this 
mechanism, it has increasingly been invoked because of 
its apparent consistency with low-temperature experi- 
ments for which most other mechanisms seem 
inappropriate. 

Howard and Smoluchowski? have commented on 
some of the critical factors involved in this mechanism, 
one of which is the lifetime of the positive halogen ion 
against recapture of an electron from the conduction 
band, and they estimate this quantity in terms of the 


* Research supported in part by the U. S. Air Force Office of 
Scientific Research of the Air Research and Development 
Command. 

1 J. H. Varley, Nature 174, 886 (1954); J. Nuclear Energy 1, 
130 (1954). 

*?R. E. Howard and R. Smoluchowski, Phys. Rev. 116, 314 
(1959). 


concentration and mobility of free electrons. 
conclude that if the electron concentration in the 
conduction band is <10" cm™, the probability for 
recapture of one electron (sufficient, in the case of 
double ionization, to “turn off” the Varley mechanism) 
is less than 10" sec~', the reciprocal of which, they 
suggest, is a reasonable characteristic time for the 
ejection of a positive halogen ion from its lattice site. 

The above views are seen to be expressed in terms of 
a “hard billiard ball,” or “very tight binding” approxi- 
mation, as if the removed electrons can be localized 
on a particular lattice site. The purpose of this note is 
to point out that if this extreme point of view is re- 
laxed, another and far more probable mechanism exists 
in many cases for rendering inoperative the Varley 
mechanism. 

In the tight-binding ay 
for a nonzero overlap of neighboring halogen wave 
functions, so as to give a nonzero width to the valence 
band, we suspect that in a very short time an electron 
will be “sucked” by the strong Coulomb field to the 
postulated positive halogen ion from an adjacent halide 
ion, thus producing two adjacent halogen atoms. 
(This initial transition, which in itself is sufficient to 
render inoperative the Varley mechanism, could be 
followed by other jumps of electrons, further separating 
the neutral halogen atoms.) The initial jump time will 
of course depend on the extent of overlap, and if the 
latter is not zero, the former is not infinite. This point 
of view, while suggestive, does not easily allow a 
computation of the original jump time nor a description 
of what happens to the original large potential energy. 

These questions are readily answered, at least in 
part, on going to an energy-band picture. In this 
description we would say that double ionization corre- 


They 


proximation, when we allow 
f 
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sponds to the creation of two positive holes localized 
around the same halogen lattice site, perhaps in different 
filled bands. The Coulomb repulsion between the holes 
would be very large, and they would move off in 
opposite directions. At some later time, then, one could 
describe the crystal as containing two separated holes 
(or two separated neutral halogen atoms). The original 
large potential energy of interaction would be trans- 
formed to kinetic energy of the holes, eventually to be 
transformed into lattice vibrations or possibly addi- 
tional electron-hole pairs. 

If one takes this point of view, one can estimate the 
length of time for the holes to separate. The electric 
field felt by each hole is originally about 10* v/cm, if 
both charges are created in a region a few angstroms in 
linear extent. Thus if either hole has a mobility as large 
as 1 cm*/volt sec, their relative velocity will become at 
least 10* cm/sec, and they will separate by an atomic 
spacing in a time less than 10~" sec. After they have 
separated, of course, there is no reason for an ion or 
atom to be ejected to an interstitial position; i.e., the 
Varley mechanism does not apply. 

Actually, since the time we have computed by this 
method is less than the average electron scattering 
time, the use of a mobility is not correct. Accordingly, 
we give up this concept and compute the length of time 
required for free particles of the electronic mass to 
separate by an atomic spacing under their mutual 
repulsion. Again we find a separation time of 10~"* sec. 

In the event that one of the holes is in an inner shell 
where its effective mass might be very large, one would 
expect the “outer” hole to be repelled in a time of about 
the same magnitude, or perhaps a little greater because 
of the symmetry of the repulsive potential. 

The case in which both holes exist in inner shells 
requires special attention. For example, consider a 
single ionization in the K shell of chlorine; following 
the event, the Auger transition probability is about 
8x10" sec, some seven times greater than the total 
radiative transition probability 1.110" sec’? Thus 
there is a good likelihood that two holes will be produced 
in the same ion in higher bands. If at least one of them 
is in the valence band, it will move off in 10~"* sec, and 
the Varley mechanism will not apply. On the other 
hand, in the evidently more likely event that both 
holes appear in the L levels, a strong polarization of the 
surroundings would occur, but a permanent neutrali- 
zation of the doubly-ionized halogen ion would require 
the acquisition of an electron from a neighbor. This 
might be a process slow in comparison with 10-" sec, 
depending on radiative and Auger transition proba- 
bilities, and one might conclude that in this event 
ejection of the halogen could occur before its 
neutralization. 


*D. L. Dexter and W. W. Beeman, Phys. Rev. 81, 456 (1951). 
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Additional information on this point might be 
expected from the absolute low-temperature efficiency 
of coloration, but unfortunately most measurements 
have been made on the chlorides at x-ray energies large 
compared with the K-ionization limit. Thus any 
specificity on double, inner hole production has been 
obliterated. 

Since the initial K ionization of a halogen atom 
(particularly a light one) represents the most efficient 
source of two inner holes, it appears that a low tem- 
perature measurement of the x-ray colorability of, say, 
LiCl at x-ray energies just below and just above the 
K-ionization limit for Cl, would give a definitive 
experimental answer about the applicability of the 
Varley mechanism for inner holes. 

Less direct, but still convincing experimental evidence 
against the efficacy of this mechanism involving inner 
holes alone has recently been obtained.** Most pertinent 
to the present argument are (1) the observation of Rabin 
and Klick‘ that the x-ray coloration efficiency at He 
temperature is the same for KBr, KCl, and NaF, all 
with different halogen ions, suggesting that phenomena 
in inner shells are not important, (2) their observation 
in LiF that the energy required per F center is less 
than the K-ionization energy, which in F corresponds 
to the only original single event capable of creating 
double ionization in an inner shell (the 2s band), and 
(3) the measurement of Wiegand and Smoluchowski’ 
that the x-ray energy expended in LiF at Ng tempera- 
ture is only 150 ev per F center. In terms of the Varley 
proposal, as discussed by the latter writers, this obser- 
vation would be consistent with multiple ionization in 
the outer shell alone, if the probability for double 
ionization is indeed no less than one tenth that for 
single ionization. This high efficiency evidently pre- 
cludes the possibility of inner ionizations contributing 
to the coloration mechanism in an important way. 

In conclusion, we do not believe that the Varley 
mechanism as now understood can be applicable when 
outer holes are involved, because of their expected low 
masses, nor for inner holes alone, because of the high 
efficiency of coloration. The possibility that multiple 
ionization may be of importance is still an attractive 
one, particularly inasmuch as the experiments of Rabin 
and Klick demonstrate that x-ray coloration is indeed 
a bulk process at He temperatures. 


ACKNOWLEDGMENTS 


The writer is indebted to Dr. R. Smoluchowski, Dr. 
C. C. Klick, and Dr. J. H. Schulman for personal 
communications and for valuable comments on a 
preliminary draft of this note. 


*H. Rabin and C. C. Klick, Phys. Rev. 117, 1005 (1960), 
*D. A. Wiegand and R. Smoluchowski, Phys. Rev. 116, 1069 
(1959) 





PHYSICAL REVIEW 


VOLUME 118, NUMBER 4 


MAY 15, 1960 


Ground-State Energy and Green’s Function for Reduced Hamiltonian 
for Superconductivity* 


J. Barprew anp G. Rickayzent 
Department of Physics, University of Iinois, Urbana, Ilinoi 
(Received December 14, 1959) 


In their theory of superconductivity, Bardeen, Cooper, and Schrieffer made use of a reduced Hamiltonian 
which included only scattering of pairs of particles of opposite momentum and spin. It is shown that the 


solution they obtained by a variational method is correct to O(1/m) for a large system 


he single particle 


Green's function is derived and used to calculate the interaction energy. 


N their theory of superconductivity, Cooper, 

Schrieffer, and one of the authors' made use of a 
reduced Hamiltonian which included only scattering 
of pairs of particles of opposite momentum and spin. 
They suggested that the solution obtained by a vari- 
ational method might well be correct to O(1/m) in the 
number of particles, ». They showed in particular that 
(Hrea”) differs from (Hea)? by O(1/n) for p=2,3 and 
very likely for p<n, where the averages are taken with 
respect to the variational wave function for the ground 
state. If this were true for all p, the energy would be 
exact. Anderson’? showed that the reduced problem is 
analogous to one of a system of interacting spins and 
gave a physical argument, based on the correspondence 
principle, which also indicated that the solution is 
correct to O(1/n). Particularly because the validity of 
the solution has been questioned, we thought it desirable 
to give a direct proof based on the structure of the wave 
functions. We also derive the single particle Green’s 
function for the system and use it to calculate the 
energy of H,.4 from an expression given by Galitskii 
and Migdal.® 


The reduced Hamiltonian may be written in the form: 
Area = Dov.e (xt) Cue *Ceot Dd, Vieewdu*bx, (1) 


where ¢x-* is a creation operator for a particle in a state 
of wave vector k and spin ¢, by=c_xicxt destroys the 
pair k= (kt, —kj) and e, is the Bloch energy measured 
from the Fermi energy, uw. For simplicity we assume 
that the interaction Vex = Vy is real. The ground- 
state wave function Vo of Hq is a linear combination 
of configurations in which the single particle states are 
occupied in pairs of opposite momentum and spin. 
Following BCS it is convenient to decompose Vo into 


* This research was supported in part by the Office of Ordnance 
Research, U. S. Army. 

t Present address is Department of Physics, University of 
Liverpool, England. 

1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). We refer to this paper as BCS, 

* P. W. Anderson, Phys. Rev. 110, 827 (1958). 

*V. M. Galitskii and A. B. Migdal, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 139 (1958) [translation: Soviet Phys.—JETP 
34(7), 96 (1958)]. V. M. Galitskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 145 (1958) [translation: Soviet Phys.—JETP 7, 
104 (1958) ]. 


parts with definite occupancy of a particular pair, k: 
Vo= uydy* Gox(m—2)+0nGou(n), (2) 


where «= 1—»,?= A(k) is the probability of occupancy 
of k. Here gox() is a function of particles in which 
the pair k is not occupied. 

The functions go, may be further decomposed into 
parts with definite occupancy of some other pair k’: 


Con (t) = ye dy* Conn: (N—2)+- Pax: Conn: (M). (3) 


This function is similar to Vo except that it contains no 
configurations in which the pair k is occupied. To terms 
of O(1/n), the coefficients of this second decomposition 
must be independent of k and the same as those in (2), 
i.e., 


uy +O(1/n), (4a) 


(4b) 


Ui k 
Vex’ = Oy +O(1/n). 


This is true because the occupancy of k’ depends on 
the interaction of pairs in k’ with all other pairs, and 
can be changed only to O(1/m) if configurations with 
one pair state, e.g., k, are omitted. In the BCS solution, 
there is no correlation between the coefficients of the 
first and second decomposition, which corresponds to 
omitting the terms of O(1/m) in 
energy to this order is: 


U=¥ (0|Vaxby*x|0) 


) 2 V xk [ tu PutnDe +O(1/n) |. (5) 


(4). The interaction 


As the size of the system is increased, keeping the 
particle density constant, the matrix element Vix is 
inversely proportional to volume and thus to , so that 
the total interaction energy is proportional to nm. The 
terms of O(1/m) would contribute only a constant 
energy, independent of volume.‘ 


To calculate the Green’s function,’ we need the 


‘It should be noted that a similar argument cannot be applied 
to the complete Hamiltonian. There are then #* interaction terms 
and errors of O(1/#) can pile up to give a correction proportional 
to n. In fact, almost the entire normal-superconducting transition 
energy comes from the interaction terms in Hq, and these contain 
only O(1/#) of the total interaction 

* The Green’s function for Hreq has been derived by others, 
e.g., L. P. Gorkov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 735 
(1958) [translation: Soviet Phys.—JETP 34(7), 505 (1958) ], by 
use of wave functions with variable numbers of particles. It is 
believed that the present derivation is new. 
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matrix elements of cy,-* and ¢yxe which connect the 
ground-state Wo of m particles with excited states of 
n+1 and #—1 particles, respectively. The excited 
states of interest are what are called single particle 
excitations in BCS and consist of linear combinations 
in which one state of a given pair is occupied in all 
configurations and the other is not. Thus, we shall 
denote by ¥(ke, m+1) an excited state of a system of 
n+1 particles in which ko is certainly occupied and 
the remaining particles are in ground pair configu- 
rations. It should be noted that there are no terms in 
Hyrea Which scatter an electron in a singly occupied 
state. It is this fact which makes possible the deter- 
mination of the excitation energies and matrix elements 
to O(1/n) from the structure of the wave functions 
without use of a perturbation or diagram expansion. 

We shall use Lehmann’s expression for the mo- 
mentum-energy representation of the single-particle 
Green’s function in a form given by Galitskii*: 


- pt(k,E) p-(k,Z) 
Gihd= f ar( " ). (6) 
0 E-—«—t E+e—i6 
where p*(k,Z) and p~(k,£) are defined by 
pt (k,E)dE=>,| (ke, n +1! cx*|0) |?, 
E<E,<E+dE; 
po (k,E)\dE=> | (k, n—1| cx] 0)|*, 
E<E,<E+dE. 





(7a) 


(7b) 

The single particle energies, Zy are defined by® 
Ey=W(k, n+1)—Wo(n)—xu, 
Ey= W (k, n—1)—Wo(n)+u, 


(8a) 
(8b) 


in which W(k, m1) are energies of ¥(k, +1) and 
W, is the ground-state energy of rea. 
To terms of O(1/n), 


V (kt, n+1)=cus* Gou(n), 
¥ (kt, n—1)=c_xsgox(n), (9) 
so that the matrix elements are 
(kt, m+1|cur*|0) == (1—A(k) J}, 
(kt, n—1) c_x_|0)=0,==A(k)!. 


(10a) 
(10b) 


h(k) 
mancimitivntaiianain (11) 


1—h(k) 
pe aS | 
Ey—e—%  Eyt+e—ib 


The energies Wo(m) and W (k, n+1) may be expressed 


* Our Ey is identical with Z, of Galitskii (reference 3). 
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in the form: 
W o(m) = Wou(n)+-2egh(hk)+U x, (12) 


W (k, +1) = W ox(m) + ex+u. (13) 


Here Wo,(m) is the energy corresponding to gox(m) and 
is what the ground-state energy of the system would be 
if the state k were omitted from the Hamiltonian. The 
last two terms of (12) represent the contributions of 
the kinetic energy and of the interaction energy Uy 
from the pair state k to Wo. The expression (13) follows 
because the singly occupied state k cannot contribute 
to the pair interaction energy of Hr and the Fermi 
energy u is unchanged to O(1/n) if one particle or one 
state is added or subtracted from the system. From 
(8) we find 


Ey-«@= —2eh(k)— Uy. (14) 


The explicit expression for Uy is 
Ug= (0| Le Vierde*ba +2 Vernde* by |0) 
= 22 uViewLh(1—h)h'(1—h’) }'+O(1/n). (15) 
Another expression for Uy, can be obtained from the 
equations of motion for G, or, perhaps more directly, 
for cy. For a pair interaction, 
Uy=[0| (Hcu*)cu—cu* (cu) — 2(extu)en*cx|0] 
= [0| Ha*a.— 2cy* Hey tc," C,H 
—2(ext+u)ce*ce|O). (16) 
For our case, this reduces to 
Uy=h(k)[2Wo— 2(Ex—wt+We) —2(ex+u) J 
= — 2(e,+E,)h(k). (17) 
The same result may be obtained by an expression 


derived by Galitskii and Migdal* for pair interactions 
in terms of the Green’s function: 


i 
- fie «x )G(k,ede. 


2n c 


U,= (18) 


The integral is over a contour C in the complex ¢ plane 
which consists of the real axis and a semicircle over the 
upper half-plane. 

By combining (14) and (17), we get the same relation 
between Ey and h(k) that was found by BCS from their 
variational method: 


h(k) =$[1— (ex/Ex) ]. (19) 
Finally, from (14), (15), and (17), we obtain an 


_integral equation for h(k) which is the same as Eq. 


(2.33) of BCS. 
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Two-Phonon Indirect Transitions and Lattice Scattering in Si 


W. P. Dumxe 
International Business Machines Research Laboratory, Poughkeepsie, New York 
(Received December 30, 1959) 


The probability of indirect transitions with the emission of two phonons has been 
the intensity maxima in the intrinsic low-temperature emission spectrum of Si are explainable ir 


calculated. Several of 


| terms of 


these transitions. Scattering matrix elements obtained from an analysis of the observed emission spectrum 
indicate that intervalley scattering is the dominant scattering mechanism for electrons in Si, with 0.023-ev 
and 0.046-ev longitudinal acoustic mode phonons umklapp scattering electrons between valleys on the same 


and on different crystal axes, respectively. The valleys are approximately 82% of the way fr 


m the center 


to the edge of the Brillouin zone. Optical mode scattering in the valence band is largely responsible for the 
anomalous temperature dependence of the intrinsic hole mobility. 


AYNES, Lax, and Flood' have observed peaks in 

the low-temperature recombination radiation 
spectrum of Si. They originally believed that these peaks 
corresponded to indirect transitions involving single 
phonons, two of which had rather high energies, 0.083 
ev and 0.119 ev. The maximum phonon energy in Si, 
however, has been shown to be 0.064 ev by Brock- 
house,? who suggested that processes involving two 
phonons might account for the two energetic “phonons” 
observed by Haynes et al. We have investigated 
theoretically the two-phonon indirect optical transitions 
which might be of greatest importance in a substance 
such as Si and have concluded that the experimentally 
observed intensities are in excellent agreement with 
predictions based on the two-phonon model. In addition, 
the exact intensity and position of the emission peaks 
give valuable information concerning the scattering of 
holes and electrons by optical mode and intervalley 
mode phonons. 

For photon emission, the significant third order 
processes resemble the usual indirect optical re- 
combination process’ with an additional virtual scatter- 
ing by phonon emission either initially in the conduction 
band or finally in the valence band. A second virtual 
intermediate state is involved for these processes, again 
either in the conduction band or in the valence band. 

In order to facilitate comparison with experimental 
data, and in order to eliminate matrix elements and 
energy denominators common to the two processes, 
we have calculated the ratio R of integrated intensity 
for a two-phonon process to the integrated intensity 
for the corresponding single phonon process. R is 


given by 
wr hw Ay; \*¢, T 
R (: +3 ), (1) 
2 hw+hk0; (k0;)' 6, 


for T<@,. hw is the mean energy of the photon emitted 

‘J. R. Haynes, M 
Solids 8, 392 (1959) 

* B. N. Brockhouse, Phys. Rev. Letters 2, 256 (1959) 

* Bardeen, Blatt, and Hall, Proceedings of the Conference on 
Photoconductivity, Atlantic City, November 4-6, 1954, edited by 
R. G. Breckenridge et al. (John Wiley & Sons, Inc., New York, 
1956) 


Lax, and W. F. Flood, J. Phys. Chem. 


in the two-phonon process, H/;; is the matrix element for 
the optical mode or intervalley mode scattering in the 
ith band by spontaneous phonon emission, 46; is the 
phonon energy and g;£;' is the density of states in 
energy for scattering by these modes. 

The main emission peak in Si is believed to be due 'to 
single phonon indirect transitions involving optical 
mode phonons of 0.058-ev energy. One would expect 
two-phonon transitions to use this same phonon plus 
another emitted while 
conduction band states, 


scattering between valence or 
and therefore the two-phonon 
emission peaks would be energetically below the single- 
phonon peak by just the additional 
phonon. In recent data of Haynes‘ on Si at 17.8°K 
there are two clearly maxima 
approximately 0.023 ev and 0.063 ev below the main 
emission peak. At this temperature another maximum 
can just be resolved 0.046 ev below the main peak. 
Assuming the correctness of the two-phonon model, 
phonons of 0.023-ev and 0.046-ev energy could only 
correspond in Si to intervalley scattering processes. If 
we use Eq. (1) to obtain the product involving the 
matrix element #/;; and the density of states factor g; 
from the experimental known ratio R, and then calcu- 
late the scattering of electrons using this information, 
we find that at 300°K intervalley processes involving 
0.023-ev and 0.046-ev phonons contribute 56% and 
22%, respectively, to the total scattering of electrons.-* 
According to the calculations of Herring and Vogt’ 
at least 20% of the scattering at 300°K will consist of 
intravalley scattering by the modes, so that 
essentially all of the remaining electron scattering 
seems to be accounted for by the inte rvalley processes. 
the 


energy of the 


resolved inte nsity 


acoustic 


This consistency reflects on the correctness of 
two-phonon mode 


Data on the 


} 
‘. 
lattice vibrational spectrum of Si? 


indicates that a 0.023-ev phonon energy would corre- 
spond to umklapp scattering between valleys on the 


same axes by a longitudinal acoustic modes with wave- 


. R. Haynes (private communicatior 
B. Prince, Phys. Rev. 93, 1204 (1954 
J. Morin and J. P. Maita, Phys. Rev. 96, 28 
’. Herring and E. Vogt, Phys. Rev. 101, 944 
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number 36% of the maximum wavenumber in the 
(1,0,0) direction. This places the conduction minima 
at 82% of the way from the center to the edge of the 
Brillouin zone. The 0.046-ev phonon corresponds to 
umklapp scattering between valleys on different axes 
using a phonon with wave number g given by 
(1,0.18,0.18)2x/a. Since the longitudinal acoustic and 
optical modes are degenerate at g=(1,0,0)2x/a and, 
according to Brockhouse,? have phonon energies of 
0.049 ey, the 0.046-ev intervalley phonon is probably 
a longitudinal acoustic mode. 

The intensity maximum 0.063 ev below the main 
intensity maximum in Si corresponds in energy to a 
two-phonon process in which, in addition to the 0.058-ev 
phonon, an optical mode phonon is emitted during 
virtual scattering in the valence band. Although the 
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virtual scattering may occur in a conduction valley, it 
seems unlikely that optical mode scattering in the 
conduction band is very significant. If we calculate the 
matrix element for optical mode scattering in the 
valence band from the experimental ratio R for the 
0.063-ev intensity maximum, this matrix element 
squared is approximately 76% that which is required to 
explain the anomalous temperature dependence of the 
hole mobility in Si®* on the basis of mixed acoustic 
and optical mode scattering with parabolic valence 
bands. Because of the small spin orbit splitting between 
the valence bands in Si it seems likely that the non- 
parabolic nature of these bands* would also contribute 
to the deviation of the temperature dependence of the 
hole mobility from a 7 law. 


SE. O. Kane, J. Phys. Chem. Solids 1, 82 (1956). 
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Cross Relaxation Studies in Diamond* 
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A microwave double resonance experiment performed on the 
paramagnetic nitrogen centers in diamond shows that in this 
system cross relaxation occurs via a four spin flip mechanism 
which exactly conserves Zeeman energy. In this process, which 
was first postulated by Bloembergen and co-workers in their paper 
on cross relaxation, two spins of the center line make a downward 
transition while a spin belonging to each satellite makes an upward 
transition. Simple rate considerations for this process indicate 
that if a saturating microwave field is suddenly applied to one of 
the three lines of the nitrogen spectrum, a weak probing microwave 
signal at either of the two other lines should register a definite 
change in absorption in a time T:;. Specifically, if 7 is much less 
than other relaxation times of the system, then setting the pump 
upon the center line should force the absorption at either satellite 


1. INTRODUCTION 


ECENTLY Bloembergen and co-workers' have 
analyzed the processes of energy transfer between 
adjacent resonances in both nuclear and electronic spin 
systems. These authors consider that multiple spin re- 
versals of neighboring spins which are induced by the 
dipolar and exchange interactions between the ions are 
primarily responsible for the transfer of energy between 
resonances. For a given multiple spin flip process to be 
important in the establishment of spin-spin equilibrium 
a necessary requirement is that the total Zeeman energy 
be nearly or exactly conserved by the process. This led 
Bloembergen et al. to suggest that in certain instances a 
* A preliminary account of this work was given at the Inter- 
national Conference on Quantum Electronics, held at High View, 
New York, September 14-16, 1959 (proceedings to af yey 
1 N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artman, 
Phys. Rev. 114, 445 (1959). 


to drop to zero. Setting the pump at the position of one of the 
satellites, on the other hand, should reduce the center line absorp- 
tion to ¢ its thermal equilibrium value but should increase the 
absorption measured at the other satellite by the factor 6/5. This 
behavior was precisely observed a: 1.6°K, using a bi-raodal cavity. 

By resolving the rate at which a satellite decays to zero when 
the pump is set on the center line, 7 is measured for all five 
satellites in the three principal orientations: H||[100], Holl[110], 
and Ho|\[111]. The measured anisotropy is discussed. 

It is shown that the four spin flip transition may be used in 
special cases to establish continuous wave maser operation by 
inverting the population of one of the satellite lines. Steady state 


inversion of one of the nitrogen satellites is incidentally observed 
in a number of diamonds. 


relatively high-order process which conserves Zeeman 
energy may be more probable than a simple flip-flop 
between two spins whose resonance frequencies are 
sufficiently different that there is no appreciable overlap 
between the lines. 

It occurred to us that the paramagnetic resonance of 
nitrogen centers in diamond? could be used to verify 
quantitatively the occurrence of a higher order spin flip 
process, the reason being that the characteristic reso- 
nance spectrum of three narrow, equally spaced hyper- 
fine lines is compatible with only one multiple spin 
reversal process which exactly conserves Zeeman energy. 
This process (Fig. 1) consists of simultaneous double 
flip-flops and was invoked by Bloembergen and co- 
workers to explain qualitatively the cross saturation 


*W. V. Smith, P. P. Sorokin, I. L. Gelles, and G. J. Lasher, 
Phys. Rev. 115, 1546 (1959) 
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results reported by Townes et al.’ in a copper salt. In the 
unit forward process two spins of the center line make a 
downward transition while a spin belonging to each 
satellite makes an upward transition. Spin-spin equi- 
librium between the three absorption lines is reached 
when the number of forward transitions per unit time 
exactly balances the number of reverse transitions per 
unit time. If the relative number of spins in the ground 
and excited states which correspond to one of the three 
resonance lines is suddenly changed, there will then 
occur a redistribution of the spins in the ground and 
excited states corresponding to the two other resonance 
lines as spin-spin equilibrium is sought via the four spin 
flip mechanism. The time required to attain this equi- 
librium would here be what Bloembergen terms the cross 
relaxation time 72. In our experiments 72, is inter- 
mediate between the more familiar times JT; and 7;. T2 
is roughly the time required for equilibrium to be 
established between all the spins in a given resonance 
line and 7; is the spin-lattice relaxation time which 
becomes increasingly long at low temperatures. 

Recently there has begun to appear other evidence 
that cross relaxation does in certain cases proceed via 
high-order spin flip processes when Zeeman energy can 
be conserved. The case of nitrogen centers in diamond 
appears, however, to be uniquely simple to interpret 
because only one mechanism is involved in bringing 
about spin-spin equilibrium between the different ab- 
sorption lines in the spectrum. With the double reso- 
nance method described below it is possible in this sys- 
tem to measure 7, directly. In addition, by making T2 
measurements with the dc magnetic field aligned along 
each one of the principal crystal directions, it is possible 
to determine the dependence of T,; on the value of the 
splitting of the triplet spectrum. 


* J. A. Giordmaine, L. E. Alsop, F. R. Nash, and C. H. Townes, 
Phys. Rev. 109, 302 (1958). 

‘“W. S. C. Chang, paper given at the International Conference 
on Quantum Electronics held at High View, New York, September 
14-16, 1959 (proceedings to be published). 

*W. Mims (to be published). 

* J. E. Geusic (to be published) 
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The four spin flip transition may be used in special 
cases to establish continuous wave (c.w.) maser opera- 
tion by inverting the population of one of the satellite 
lines. This unusual but nevertheless straightforward 
method of maser pumping is discussed in Sec. 5. Steady- 
state inversion of a line through this scheme was in- 
cidentally observed in a number of diamonds. 


2. EXPERIMENTAL TECHNIQUES 


A double resonance method was used, with two inde- 
pendent X-band microwave sources functioning as 
pump and probe. jThe microwave cavity (Fig. 2) used 
the two orthogonal, degenerate cylindrical 7M 3,5 modes 
which could be continuously split in frequency from 


“~ 


Lp ym cm 


Fic. 2. Sketches showing the dual mode cavity used to measure 
cross relaxation times. (a) Top plate of cavity showing waveguide 
couplings and tuning screws. (b) “Pill-box”’ shaped cavity with 
sample mounted in position. (c) Plan view showing disposition 
of rf and dc magnetic fields inside cavity. (The fields are uniform 
in the s direction perpendicular to the plane of the diagram.) 
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Fic. 3. Block diagram of double resonance system used to measure cross relaxation times. 


0 to ~600 Mc/sec by a symmetrically arranged pair of 
capacitive tuning screws. Both pump and probe kly- 
strons were AFC stabilized on their respective cavity 
modes. A counter monitoring the difference frequency 
of the two sources allowed the pump and probe to be 
set precisely on any two lines. A fast microwave switch 
in the pump line consisting of a series combination of a 
low power traveling wave tube (TWT) gate and a high- 
power TWT amplifier made it possible to turn the pump 
power on or off rapidly. Most of the measurements were 
done at liquid helium temperatures so that the field 
modulated absorption lines as seen by the probe could 
be displayed on an oscilloscope with good signal-to-noise 
ratios. A block diagram of the equipment is presented 
in Fig. 3. 

More specifically, we used for the probe a standard 
Varian Associates V-4500 EPR Spectrometer but 
changed the form of the microwave circuitry to that 
shown in Fig. 3. This modification avoids power levels 
in the cavity which could saturate the resonances and 
yet enables sufficient microwave energy to be fed to the 
probe crystal for efficient detection. A Frequency Stand- 
ards 85BW pass band filter, tunable in the range 
8500-9600 kMc/sec, was inserted between the probe 
cavity and the detecting crystal and tuned to the probe 
frequency. Although the input ports of the bi-modal 
cavity are positioned in such a way that power cannot 
theoretically be coupled from the pump mode into the 
probe waveguide and vice versa, in practice this isola- 


tion is not perfect and with a typical mode frequency 
splitting of 90 Mc/sec there is observed a 40 db down 
cross coupling of power into the probe waveguide and 
vice versa. Once the pump is turned on this residual 
cross coupling by itself would have no particular effects 
on the detection and display of the resonance line moni- 
tored by the probe. In the process of turning the pump 
on, however, the slight change in power reaching the 
probe crystal would be recorded as a transient. Also, as 
the pump is turned on, there could be developed mo- 
mentarily a transverse component of magnetization 
corresponding to the resonance line upon which the 
pump acts. This transverse magnetization would precess 
at the pump frequency and couple power into the probe 
waveguide. Since this coupled power would vary at the 
field modulation frequency it would distort the display 
of the line being monitored by the probe. For these 
reasons the filter was inserted. Its bandwidth, being 
sharper than the klystron mode and broader than the 
sample cavity mode, made probe adjustments relatively 
easy to perform. The symmetric capacitive tuning 
screws are situated in the two Emax regions for the pump 
mode and hence when inserted into the cavity they 
rapidly lower the frequency of the pump mode but leave 
virtually unchanged the frequency of the probe mode; 
this feature also, of course, considerably simplified the 
tuning procedure. For a few measurements the pump 
and probe mode inputs were reversed. 

The low power TWT in the pump line was a Hewlett- 
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Packard 494A which conveniently served as a gate for 
microwave power. The high power TWT was a Federal 
F-6996 amplifier with a 10 watt maximum output. The 
availability of high power is desirable to insure that the 
resonance line on which the pump is set can be saturated 
in a time short compared to cross relaxation times. 

In the experiments reported here sine wave field 
modulation was used, the depth of modulation being 
adjusted to allow the probe to sweep back and forth 
through the line it monitors. The cross relaxation times 
which can be measured using this type of probe display 
can obviously be no shorter than the inverse of the field 
modulation frequency which in our case could be raised 
to 500 cycles per second. Fortunately, the average of the 
T 2, values we measured was about 30 milliseconds. 


3. DEMONSTRATION OF CROSS RELAXATION 
VIA THE FOUR SPIN FLIP PROCESS 


Figure 4 shows the nitrogen center paramagnetic 
resonance spectrum for the three principal orientations 
of the magnetic field Ho relative to the crystal axes. 
Consider the case Hpo||[100] for which the energy 
level diagram of Fig. 1 is directly applicable. The net 
rate of the four spin flip process is proportional to 
[(no~)*n_y+n,1+— (not)*m_y-mys-], where the n’s are 
level populations, subscripts referring to nuclear spin 
quantum numbers and superscripts to electron spin 
quantum numbers. As shown in the Appendix, in the 
linear approximation of small population differences the 
rate becomes: 


R= (1/2T 2) 
< (2(ne-— not) — (my-— y+) — (n_-—n_y*)]. (1) 


If a saturating microwave field is suddenly applied to 
one of the three lines of the nitrogen spectrum, a weak 
probing microwave signal at either of the two other lines 
should register a change in absorption in a time Tn. 
Specifically, if JT, is much less than other relaxation 
times of the system, then making the pump incident 
upon the center line should force the absorption at 


either satellite to drop to zero. Setting the pump at the 
position of one of the satellites, on the other hand, 
should reduce the center line absorption to 2 its thermal 
equilibrium value but should increase the absorption 
measured at the other satellite by the factor 6/5. One 


arrives at these simple ratios by considering the popula- 
tion readjustments necessary to make the net rate R of 
the four spin flip process equal to zero. For example, 
when the pump acts on the m 1 
—n_,*) must equal zero. Let (,; i3*), (no-— ne" 


satellite, (n_, 


be written as (m,, 
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Fic. 5. Probe absorption in sample W-2 versus time showing 
effect of turning on the pump; (a) probe on low field satellite, 
pump on center line; (b) probe on centerline, pump on high field 
satellite; (c) probe on low field satellite, pump on high field satel- 
lite. The sweep speed is 0.5 sec/cm. The modulation frequency 
is 100 cycles per second. (7 = 1.6°K.) 





CROSS RELAXATION 
+A(ng-—no*), respectively, where the first terms are 
the population differences in thermal equilibrium and 
the A’s refer to changes in the population differences as 
a result of four spin flip transitions when the pump is 
set on the m;=—1 satellite. Clearly, A(mg-—mng*) 

= —2ZA(n,;-—m,;*). Let s denote (my .-— 41°) (neo 
—no*)o. Then the condition R=0 requires that 
A(myi-— nyt) = (8/5), A(ng-—ngt) = — 4s. Similar con- 
siderations apply in the case where the pump is set on 
the center line. 

We observed precisely this behavior at liquid helium 
temperatures in a number of diamonds with relatively 
strong nitrogen center concentrations. Figure 5 shows 
oscilloscope traces whose rapidly oscillating vertical 
component represents the detected signai at the probe 
crystal as the magnetic field is modulated an amount 
sufficient to traverse the resonance. When the pump is 
turned on the absorption jumps to a new value and 
then relaxes slowly to the equilibrium pump-on value. 
The jump in absorption is interpreted as the change in 
spin population caused by the four spin flip mechanism. 
The magnitude of the jump in all three cases agrees 
with the predicted value. The slow change in absorption 
which follows the jump is probably caused by spin lattice 
relaxation mechanisms’ 7, T,, T, Tx working under 
the constraint that R of Eq. (1) equals zero. For the 
case of the sample (W-2) in Fig. 5, these other relaxation 
times are actually 2 orders of magnitude greater than 
the cross relaxation time 7; so that the rapid establish- 
ment of spin-spin equilibrium via the four spin flip 
mechanism can be easily seen in the time domain. 


4. MEASUREMENT OF CROSS RELAXATION TIMES 


Since in the sample of Fig. 5 J; is much shorter than 
the other relaxation times, it can be directly measured. 
Accordingly the pump was set on the central line and 
the rate at which a satellite dropped to zero was meas- 
ured. Figure 6 shows a typical decay well resolved. 
Similar measurements were done for the two other 
principal orientations, the pump being always applied 
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Fic. 6. Typical decay of absorption of low field satellite when 
the pump is applied to the center line. The sweep speed is 10 
milliseconds/cm. The modulation frequency is 100 cycles per 
second. (7 =1.6°K.) 
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M. Pipkin, Phys. Rev. 112, 935 (1958). 
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Fic. 7. Decay time for outer satellite in sample W-2 
(Ho||[111_]) versus pump power attenuation. 


on the central line with the probe arranged as a monitor 
on each of the satellite lines. An accurate analysis of 
these orientation studies could determine how 72, varies 
with the magnitude of the hyperfine splitting. In either 
case Ho)\[ 111] or Hol|[ 110], one has two types of centers, 
distinguishable by the angle made between the hyperfine 
axis (the N-C bond direction) and the dc magnetic field 
H». The spectrum of each center is a perfect triplet and 
the hyperfine splittings of the centers are known from 
Fig. 4. In the Ho||[ 110] case the two centers have equal 
concentrations; for H»||[111]] the concentrations are in 
the ratio 3:1. Some complexity is introduced by the fact 
that the g values of all the centers are precisely the same. 
In the rough comparison made at the end of this section 
it is assumed that all the spins belonging to the central 
line (m,;=0) are equivalent. The proper weighting fac- 
tors for this situation are derived in the Appendix. 

In each of the five cases the pump attenuator was set 
at maximum and was then reduced in 5-db steps, the 
satellite decay time being measured each time. The 
measured decays initially vary rapidly as a function of 
pump power. This corresponds to the time required for 
the pump to saturate the center line. As the pamp power 
is raised this time becomes shorter than Ty, and the 
satellite decay versus pump power curves display 
plateaus lasting over a wide range of pump power. These 
plateaus give the value of 72, directly. At very high 
powers the satellite decay times again start to get shorter 
due perhaps to multiple quantum transitions. Figure 7 
shows a curve of measured decay times plotted versus 
pump power attenuation for a particular orientation and 
a particular satellite. The value of 72; is easily obtained 
by inspection in this particular case. For orientations in 
which 7; is short the plateaus in curves similar to Fig. 7 
may be hard to distinguish since the power levels re- 
quired to saturate the center line in a time short com- 
pared to 7’; may be sufficiently high to cause spurious 
effects like multiple quantum transitions. This was, in 
fact, true for the sample W-2 so that we could only get 
accurate measurements of T,, for the outer satellites in 
each of the principal orientations. These values are 
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Taste I. Cross relaxation times for various orientations 
and satellites in two diamond samples 


Tx T 2 (Av)*100 I 
(milli —— — 
seconds) (7'x:);o0(Av)* T 00 


19.542 0.92 
135.0415 0.68 
12.5+1 0.48 
62.543 0.89 
23.042 1.00 

7.0+0.5 1.00 
40.0+1 0.67 
20.0+1 0.92 


Orientation Satellite 


"Holif'111) 
Ayi\C 111) 


Sample 


Inner W- 
Outer W- 
Ho\[ 110] Inner W- 
Ho\\[ 110] Outer W 
H\\(100] vee W- 
H,\\[ 100) vee W- 
Hoi\[ 111) Outer W- 
H»||[110] Outer W- 


Rw hm S&S & Ww &S Ww 


recorded in Table I. To complete the table of relative 
values it was necessary to select another slightly less 
concentrated stone, 72; being a strong function of con- 
centration. Accordingly, a number of diamonds contain- 
ing nitrogen centers were tried. The more heavily 
concentrated stones all showed strongly the effects of 
the four spin flip transition. There were no effects of 
this kind in the stones with weak nitrogen concentra- 
tions. A number of stones appeared to display two or 
more exponentials in the decay curves, and these stones 
invariably were characterized by the nitrogen centers 
being roughly divided between a densely concentrated 
surface “‘skin’’ region and the remaining weakly concen- 
trated interior portion of the crystal. A homogeneous 
sample (W-3) having a suitably weaker concentration 
was finally picked and 72; was measured for the various 
orientations and satellites. For W-3 the 72; values are 
about 3 times longer than the corresponding ones of 
W-2. Actually, in W-3 there was another spin-spin inter- 
action which was stronger than the four spin flip tran- 
sition. There was evidently present an unusual back- 
ground line with a very fast relaxation time which just 
overlapped the central nitrogen line. On setting the 
pump on the high field satellite the central line, instead 
of dropping to three fifths of the normal intensity, re- 
mained constant, being effectively relaxed by the over- 
lapping line.* The low field satellite, on the other hand, 
increased to twice the normal intensity when the pump 
was turned on. This is just what must be expected in 
this case and the growth time constant is shown in the 
Appendix to equal 27;. The values of T», for W-3 were 
measured in this way and are recorded in Table I. 

Most of the measurements were performed with the 
sample at 1.6°K. A few runs were also made at 4.2°K 
and 77°K in order to check the temperature independ- 
ence of T.,. No measurable variation with temperature 
was found. Mention should also be made of the fact that 
even at room temperature it was possible to produce a 
noticeable decrease in intensity of the low field satellite 
when the pump was set on the central line. 

The orientation dependence of 7», is explained within 


* G. Feher and H. E. D. Scovil, Phys. Rev. 105, 760 (1957). 
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a factor of two, after reducing the experimental data by 
two factors. One of these factors, (J/J,09), is the relative 
intensity of the satellite in question. The other factor is 
the dependence upon the frequency splitting Av of the 
triplet. Both are discussed in the Appendix. The data 
thus reduced appear in the last column of Table I. The 
deviation from unity is a measure of the anisotropy of 
the matrix elements and the anisotropy of the homo- 
geneous line width. 


5. MASER PUMPING BY THE FOUR 
SPIN FLIP MECHANISM 


In connection with this experiment one of us (G. L.) 
has noted that the four spin flip transition may be used 
in special cases to establish c.w. maser operation by 
inverting the population of one of the satellite lines. 
For simplicity, consider a spin system of three equally 
spaced resonances for which the direct (Am,= +1) spin 
lattice relaxation is the only contact with the lattice. 
This spin lattice relaxation is represented by rate equa- 
tions of the form: 


(~~ “) (= . ) 
dt SI ai SI 


— W ,(e™ aT, b Mab ), 
where the subscripts a and 6 refer to the two satellite 
lines which do not necessarily arise from the nuclear 
states of the same electronic spin system. If one assumes 
that the four spin flip probability is much greater than 
the spin lattice relaxation probability W.,, and that 
the center line of the triplet is completely saturated by 
a microwave field, then in the steady state: 


emikT WN.—WiN, 
(ta — Ma") vel ( ) ~ 
gmikT 14 WNat+WiN, 
where 
N, 4 Nat Nea b 


Equation (2) holds also when the subscripts @ and 6 are 
interchanged and therefore shows that if an asymmetry 
exists in the NW product of the two satellite lines, the 
one with the smaller NW product will have its spin 
population inverted. If the system is chosen so that the 
low field satellite is inverted, then a maser could be 
built with a pump frequency lower than the amplifying 
frequency. The pump power levels required should not 
in principle be higher than those encountered in the 
usual method of three level maser excitation. 

This scheme is applicable to a number of systems. 
Phosphorus in silicon has a spectrum consisting of two 
narrow lines spaced by approximately 42 gauss. The 
iron resonance that Feher® has observed in silicon is a 
single line with a g value of 2.0702+0.0001. Since the g 
value of the phosphorus resonance is 1.999 one would 


*G. Feher, Phys. Rev. 114, 1219 
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CROSS RELAXATION 


find in a silicon crystal doped with roughly equal 
amounts of iron and phosphorus a resonance spectrum 
of three equally spaced lines at a field ~1780 gauss 
(5000 Mc/sec). Since the relaxation time of the iron"® is 
much shorter than that of the phosphorus, saturation of 
the central line should cause the other phosphorus line to 
invert at concentrations ~5X10'* P/cm*, ~5x10'* 
Fe/cm*. With a high Q cavity and with a sample of 
isotopically purified silicon" the condition for oscillation 
can be met with these concentrations. 

The effect of other impurity lines on the nitrogen 
spectrum in diamond is in certain samples strong enough 
to produce a large c.w. inversion of the low field satellite 
when the center line is saturated. That is, in contra- 
distinction to the ideal case, represented by sample W-2, 
in which both satellites drop to zero when the center line 
is saturated, in roughly half of the more concentrated 
stones the low field line displays a negative absorption 
when the pump is set on the center line. The amount of 
inversion varies from stone to stone ; in one sample it was 
as high as 92%. As is required by the four spin flip 
mechanism, the high field satellite in these stones dis- 
plays a positive absorption equal in magnitude to the 
negative absorption of the low field satellite. This was 
checked by reversing the pump and probe cavity coup- 
lings. The exact cause of the observed asymmetry is 
unknown to us. Since it varies markedly from sample to 
sample we are inclined to think that other impurities are 
affecting the nitrogen spectrum. A broad background 
line with g< 2.0024 would shorten the relaxation time 
of the high field satellite thus providing favorable con- 
ditions for the mechanism of maser pumping here being 
discussed. The more concentrated stones examined have 
~ 10'*— 10’ nitrogen resonance centers per cc and as the 
line width of the resonance lines is only ~0.3 gauss, the 
diamonds which display the above mentioned asym- 
metry would be suitable candidates for a narrow band 
maser at K-band or even higher frequencies. 

The copper Tutton salt maser action observed at 
Columbia by Nash and Rosenvasser” is apparently 
explained by the above scheme. In this case the requisite 
asymmetry is furnished by spin-spin interaction of one 
satellite with very close neighbors. 
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Samples were obtained from the Rough Diamond Com- 
pany and H. Wachsberg, New York City, New York. 


APPENDIX 


The intensity of the low field satelitte is proportional 
to (#4.7>—n,,*). The rate of change of (,;-—,,*+) due 
to four spin flip transitions is given by: 


d(ny — Mii") dl 
= Pling~(ng-— 1)mytn_*t —ngt (not— 1) myn}. (A1) 


Here P is the a priori probability per second that given 
four spins in the appropriate initial spin states, a four 
spin flip transition will occur. P contains the factor 
1/N* where N is the number of lattice sites per cc. The 
factor 1/.N* results from assuming that a four spin flip 
process can occur only when all four spins are contained 
within a sphere of some maximum radius ro. As Bloem- 
bergen and co-workers have shown, the magnitude of P 
should be computed by treating the dipole-dipole inter- 
action in second order perturbation theory. This results 
in an inverse fourth power dependence of P on the 
tripiet spacing. There will also be a concentration de- 
pendence of P stemming from the density-of-states 
factor g(v) which characterizes the line width of the 
resonances. 

Let no-=njt+A,;; i=0, +1. Since Ac<€n,; one can 
write: 


dA, 
- =P (mot) { 2Agni*n 1 — Aynotn_* — A_ym tot}. (A2) 
dt 


For Ho\|[ 100} one has motn_,;+n, 1+. Then dA,/dt 
= P(no*)*{2A49—A,—A_,}. In the usual case A; = (A1)o, 
the thermal equilibrium value, at t=0; and A,=0, 
Ai = A_; for #>0. Then A;= (A;)e~-”™ with 


T= 1/2P (met). 


Consider next the case represented by sample W-3 
(see text). Here A_;=0 and Ao= (Apo)o for t>0. At t=0, 
Ai= (Ao). The solution is: 4;= (Ag)o(2—e-**™™), that 
is, the rise time is twice the decay time as measured for 
a “pure” nitrogen spectrum as in W-2. 

Consider finally a case in an orientation other than 
H,\\[ 100], for example, the Ho)|[111] outer satellite. 
Using Eq. (A2) with ny*n_,;*+=ngt/4, 


dA, P Ao 
(ne —a.- a4, 
di 4 2 


The low field satellite decay occurs with a time constant 
Tn=(2/P(no*t)*). This is four times longer than the 
value of T for H»||[ 100]. Angular variations of P are 
neglected as are differences in line widths of the various 
resonances. In a similar manner one multiplies (721) ,00 
by a factor of $ for the inner satellite of [111], and by 
a factor of 2 for both satellites of [110]. 
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Potassium chloride and potassium bromide crystals were exposed to x rays at 10°K 
tion produced by this irradiation and the changes in optical absorption produced by subsequer 
The temperatures at which changes in optical a 
were correlated with the temperatures at which free electrical charge 
The absorption band at 345 my, in KCl, which has been named the 7 band, is shown to 
result from the superposition of two or more bands, one of which is the absorption band due t 


at higher temperatures were measured 


was observed 


The optical absorp 
it annealing 
bsorption occurred 
appeared, and thermoluminescence 


» self trapped 


holes. In KCl, the self-trapped hole band bleaches thermally at 43°K with a release of free electrical charge 


H centers disap ypear at 56°K with a release of free charge. 
shown to have its maximum at 335 my. In KBr, the thermal release of free charge at 
to the disappearance of H centers. No charge burst was observed in KBr which may be attribute 


destruction of self trapped holes 


INTRODUCTION 


HE prominent optical absorption bands that 

appear in KCl crystals as a result of irradiation 
with x rays at the temperature of liquid helium include 
the F and H bands. The H band, 
by Duerig and Markham,! has its maximum at 345 my. 
The electron spin resonance experiments of Kinzig and 
Woodruff? have established that this absorption band 
is due primarily center, the H center, 
may be described briefly as an interstitial chlorine 
atom. Since the spin resonance of self-trapped holes* 
has been observed in KCl exposed to x rays at liquid 
helium temperature, it is to be expected that the 
345 my absorption band of Duerig and Markham is 
composed of overlapping absorption bands including 
that of the H center and that of the self-trapped hole. 
The work of Delbecq, Smaller, and Yuster,® has located 
the maximum of the optical absorption band due to 
self-trapped holes at 365 my. In the present experi- 
ments, it is shown that the optical absorption due to 
self-trapped holes contributes to the 345-myu band and 
it is established that the maximum of the absorption 
band of the H center is at 335 mu.® It has not been 


which was discovered 


to a hole which 


possible, however, to determine if the 345 my band 
The V, 


absorption band has its maximum at 350 my in KC1.°? 


contains a component of V;-center absorption. 


When crystals irradiated with x rays near helium 


temperature are warmed to higher temperatures, 
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changes occur in the optical 
sorption spectra. The 


and spin resonance ab- 
of thermolumines- 
crystals at definite 
temperatures also leads to the conclusion that some of 
the original centers becom 
are formed. The « 
and Teegarden shed considerable 
light upon the nature of the events that occur. The 
present experiments represent an attempt to compare 
ibsorption and the 


appearance 


cence and free charge within the 
unstable while new centers 


its of Kanzig and Woodruff? 


~~ sawe have 


pe rimé 
od 


the changes in optical 
at which they temperatures at 
free charge appears in KCl and KBr 
an exceedingly complex problem. 
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EXPERIMENTAL 
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Inchauspé.° 
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Company, 
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for measuring 
e crystal with liquid helium, 
an electric field of approxi- 
the temperature of the 
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in the external 
thermal release of 
with a 


a typical experiment 


expose it to x rays, apply 
mately 1500 volts/cm, and raisé 
crystal at a about 
crystal was being warmed, the cu 
circuit, 
electric charge in the 
vibrating reed electrometer 
The temperature of the crysta 

recorded. A thermocouple of Au+ 
+0.37% Au 
couple was calibrated against a 
thermometer which has been 


rate of minute 
rrent 
which was the result of the 
crystal, was measured 
was simultaneously 
2.1% Co and Ag 
used for this purpose. This 
platinum resistance 
calibrated by the National 


Bureau of Standards. A less sensitive couple of copper- 


wires was 


constantan was used in one series of experiments that 
ta of Fig. 1 
The optical absorption of the crystals was measured 


resulted in the da 
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Fic. 1. Thermal release of trapped charge in KBr irradiated 
with x rays at 20°K. Current in external circuit is plotted as the 
solid curve, and the crystal temperature by the dashed curve 
(Crystal thickness 2.3 mm.) 


with a Beckman DU spectrophotometer. The optical! 
density of the samples was determined relative to an 
aperture before and after exposure of the crystals to 
x rays, and it is the change in optical density as a result 
of irradiation that is shown in subsequent figures. In 
a typical experiment, the crystal was cooled with 
liquid helium, and its optical density spectrum was 
determined over the range 225 my to 1240 my The 
crystal was then exposed to x rays, and its absorption 
spectrum was remeasured. The crystal was then warmed 
to a prescribed temperature, recooled with liquid helium, 
and its optical absorption spectrum measured again. 
This procedure was repeated for successively higher 
annealing temperatures. The annealing temperatures 
were prescribed by the observed charge bursts in the 
separate experiments described above. 


POTASSIUM BROMIDE 


The thermal release of charge during the warming of 
a KBr crystal is shown in Fig. 1. This crystal was 
exposed at 20°K for one hour to the radiation from a 
beryllium windowed, molybdenum target x-ray tube. 
The tube was operated at 30 kilovolts and 20 ma, and 
was placed at a distance of seven inches from the 
crystal. Three charge bursts were observed as the 
crystal was warmed from 20°K after the irradiation. 
The current peaks at 110°K and 135°K were observed 
by Dutton and Maurer" in crystals irradiated at 78°K. 
These current peaks have been attributed to the 
thermal destruction of V,; and F’ centers, respectively. 
The F’ current peak in Fig. 1 is smaller than the V; 
peak ; whereas, in the work of Dutton and Maurer the 
F’ peak was larger than the V, peak. Optical absorption 
measurements on KC] and KBr crystals have shown 
that few F’ centers are formed by x irradiation near 
helium temperature.'-* 

The three current peaks at 30°K, 110°K, and 135°K 
are accompanied by bursts of thermoluminescence. The 
work of Kinzig and Woodruff has shown that the spin 
resonance of the H center in KBr disappears at a tem- 


” D. Dutton and R. J. Mauer, Phys. Rev. 90, 126 (1953). 
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Fic. 2. Optical density and release of trapped charge in KBr 
exposed to x rays at 10°K. Optical density at 381 my is plotted 
as the dotted curve, the current in external circuit as the solid 
curve, and the crystal temperature by the dashed curve. (Crystal 
thickness 1.9 mm.) 


perature between 20 and 40°K, so that the current peak 
and thermoluminescence that occur at 30°K are prob- 
ably associated with the thermal destruction of H 
centers. 

A series of current peaks observed in KBr exposed to 
x rays at 10°K is shown in Fig. 2. There is a small 
current peak at 155°K, and the three peaks at 30, 110, 
and 135°K that occur after irradiation at 20°K are 
also present. 

The optical density of the crystal at 381 mp was 
measured as a function of time and temperature. The 
results are shown by the fine dashed curve of Fig. 2. 
The “H” absorption band has its maximum at 381 my 
and, as Fig. 2 shows, the optical density at this wave- 
length decreased by approximately 25% at 30°K, the 
temperature of the first current peak and thermo- 
luminescent burst. The optical density decreased by 
<40% at 46°K and by about 5% at 56°K. Current 
or thermoluminescent bursts were not observed at these 
temperatures. 


POTASSIUM CHLORIDE 


The thermal release of trapped charge in KCl is 


' illustrated in Fig. 3. These data were obtained from a 


crystal that had been irradiated for 80 minutes at a 
temperature of 10°K. The x-ray tube was operated at 
50 kilovolts and 20 ma, and its beryllium window was 
located at a distance of two inches from the crystal. 
These experimental conditions were used in all the 
experiment with KCl crystals. 

The data of Fig. 3 were obtained with the crystal 
temperature rising at a rate of approximately 15°K/ 
minute. Current peaks occur at 43°K and 54°K. These 
current peaks have been reported by Teegarden and 
Maurer* in crystals exposed to x rays at 35°K, but they 
report a current peak at 68°K which was not observed 
in the present experiment. Thermoluminescence was 
observed at 43°K and at 56°K. As illustrated in Fig. 3, 
the optical density at the maximum of the 345 my 
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Fic. 3. Optical density and release of trapped charge in KCI 
exposed to x rays at 10°K. Optical density at 345 my is plotted 
as the dotted curve, the current in external circuit as the solid 
curve, and the crystal temperature by the dashed curve. (Crystal 
thickness 2.5 mm.) 


absorption band decreased by approximately 15% at 
43°K and by approximately 40% at 56°K. 

The optical density as a function of photon energy 
after exposure of a KC! crystal to x rays at 10°K is 
plotted as curve (1) of Fig. 4. The absorption band at 
3.6 ev (345 mu) and. the small band at 2.7 ev have 
been called the H and V» bands, respectively, by 
Duerig and Markham.' After obtaining the data of 
curve (1), Fig. 4, the crystal was warmed to 48°K at 
a rate of about 20°K/minute and cooled as rapidly as 
possible to 10°K. The absorption spectrum was re- 
measured, and is shown as curve (2) of Fig. 4. The dif- 
ference of curves (2) and (1) is plotted as curve (5). 
Curve (5) has a minimum at 3.4 ev (365 mu) where the 
maximum of the absorption band caused by self- 
trapped holes occurs. The spin resonance of the self- 
trapped hole disappears on warming to 43°K, according 
to Kianzig and Woodruff? One concludes that the 
absorption band at 345 my that is formed on exposure 
of KCl to x rays at 10°K is not caused by a single 
center, but is due to the superposition of two or more 
bands. One of these is an absorption band of self- 
trapped holes which are formed during the irradiation 
and disappear on warming the crystal at 54°K. 

After obtaining the data of curve (2), Fig. 4, the 
crystal was warmed to 76°K and recooled rapidly to 
10°K. The optical density of the crystal after this pro- 
cedure is shown by curve (3) of Fig. 4, and the dif- 
ference between curves (3) and (2) is shown as curve 
(6). Curve (6) has a minimum of 3.7 ev. One concludes 
that this is the location of the maximum of the optical 
absorption band due to H centers, since the spin 
resonance of H centers disappears at 56°K.? The ab- 
sorption band with a maximum at 3.54 ev in curve (3) 
is attributed primarily to V, centers with a small con- 
tribution from self-trapped holes. Spin-resonance studies 
indicate that on warming an irradiated crystal there is 
a reappearance of self-trapped holes between 50 and 
60°K. 


AND 


G. JACOBS 


After the data of curve (3), Fig. 4, were obtained, the 
crystal was warmed to 136°K and cooled to 10°K. The 
optical density after this procedure is shown as curve 
(4) of Fig. 4. The V; absorption band has disappeared 
as expected. 

The spectral region of the F and F’ bands is shown 
in Fig. 5. Curve (1) shows the optical density of a KCl 
crystal after exposure to x rays at 10°K. No optical 
absorption in the F’ region is detectable after x irradi- 
ation at liquid helium temperatures.'* After warming 
the crystal to 48°K and recooling to 10°K, the optical 
density at the peak of the F band had decreased by 
approximately 25%. As curve (5), of Fig. 5 shows, 
there was a small increase in the optical density in the 
near infrared region of the spectrum where the F’ band 
is located. The optical density at 10°K, after warming 
the crystal to 67°K, is shown as curve (3). The F band 
has decreased by about 15%. Curve (6), the difference 
between curves (2) and (3), indicates there was no 
detectable change in the optical density in the spectral 
region of the F’ band. The result of a subsequent 
warming of the crystal to 130°K and recooling to 10°K 
is shown by curve (7), the difference between curves 
(3) and (4). There was a decrease of about 15% in the 
magnitude of the F band, and a decrease in the optical 
density in the spectral region of the Ff’ band as a result 
of this procedure. 
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Fic. 4. Ultraviolet absorption spectrum of KCl exposed to x 
rays at 10°K and annealed at higher temperatures. (1) after 
irradiation with x rays at 10°K, (2) after warming to 48°K, (3) 
after warming to 76°K, (4) after warming to 136°K. Curve (5) 
is the difference of curves (2) and (1). Curve (6) is the difference 
of curves (3) and (2). Crystal thickness 3.1 mm. 





H, V, AND F CENTERS 


DISCUSSION 


Spin resonance and optical data establish that F and 
H centers and self-trapped holes are formed by ex- 
posing KCI to x rays at 10°K. If F’ centers are formed, 
their concentration is so small as to be undetectable 
optically. It is not known if the center responsible for 
the V, absorption band is formed. If it is not formed 
during x irradiation at 10°K, the present data indicate 
that it is formed on subsequent annealing at higher 
temperature. In the following, some speculations are 
offered to explain the observed bleaching and generation 
properties of the H center. 

Kinzig and Woodruff have posulated the formation 
of interstitial negative halide ions during x irradiation 
at 10°K. They assume that at 42°K the interstitial 
negative halide ion loses an electron and becomes an H 
center. The released electron may annihilate self- 
trapped holes or convert F centers to F’ centers. It is 
possible, however, that the center assumed by Kinzig 
and Woodruff to be responsible for the V,; absorption 
band is formed at 10°K. Since this center is, according 
to Kinzig and Woodruff, a chlorine molecule in a nega- 
tive ion vacancy, the capture by it of an electron will 
convert it into an H center. According to the present 
speculation, the electrons that yield the observed cur- 
rent at 43°K are responsible for the increase in the H 
center concentration at 43°K? by converting the Kinzig- 
Woodruff centers" into H centers. The observed de- 
crease in the concentration of self trapped holes at 
43°K is due to annihilation by electrons. These electrons 
are assumed to come from shallow traps which may or 
may not be interstitial negative halide ions. 

A tentative explanation of the observed effects at 
56°K may be offered in the following manner. It is 
assumed that the H center, an interstitial chlorine 
atom, becomes mobile at this temperature and diffuses 
to a neighboring F center where mutual annihilation 
occurs. The recombination energy ionizes the F-center 
electron which is the cause of the 56°K current peak. 
A self-trapped hole is left at or near the site of the 
original F center. The observed increase in the concen- 
tration of self-trapped holes at 56°K is explained in 
this manner. It is also possible that mobile H centers 
diffuse to negative ion vacancies and combine with 
them. Self-trapped holes will be formed by such a 
reaction. It is necessary to assume that the freed 
electrons react with hole centers and not with F 
centers to explain the nonappearance of the F’ band 
at 56°K. 


" This is the chlorine molecule in a negative ion vacancy. 
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Fic. 5. Visible and near infrared absorption spectrum of KCl 
exposed to x rays at 10°K and annealed at higher temperatures. 
(1) after irradiation with x rays at 10°K, (2) after warming to 
48°K, (3) after warming to 67°K, (4) after warming to 130°K. 
Curves (5), (6), and (7) are the differences between (2) and (1), 
(3) and (2), (4) and (3), respectively. Crystal thickness 2.7 mm. 
Note that the optical density scale is not the same for all curves. 


Kanzig and Woodruff have suggested that an elec- 
tron is thermally released from an H center at 56°K 
and that the electron is captured by a neighboring F 
center to form an F’ center. This suggestion predicts 
the appearance of the F’ band, and does not offer an 
explanation for the observed appearance of self- 
trapped holes. It further predicts that the V,; center of 
Kanzig and Woodruff, a chlorine molecule in a negative 
ion vacancy, is formed at 56°K as a result of the loss of 
the electron by the H center. On the other hand, the 
hypothesis given here for the disappearance of H 
centers at 56°K does not predict the formation of the 
Kianzig-Woodruff V," centers at that temperature. For 
this reason, it is suggested that these centers are formed 
during exposure to x rays at 10°K but it is not required 
that they are responsible for the V; absorption band. 
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Neutron diffraction observations have been made on powder samples of CrF, and CrCl, fr 
4.2°K. These materials, which have crystal structures similar to rutile but distorted fron 


1) 298° to 


tetragonality, 


become antiferromagnetic at low temperatures with different magnetic structures. For CrF, the magnetic 


unit cell is identical with the chemical cell and the moments at the corner sites are directed « 
those at the center of the cell. The magnetic unit cell of CrCl, requires doubling of the } ar 
orthorhombic chemical cell and the structure consists of ferromagnetic 
antiparallel. In neither case were the intensities compatible with a magnetic axis directed 
crystallographic direction. Unique magnetic axes could not be definitely established but the 
they lie parallel to the longest Cr-F and Cr-Cl bonds. Néel temperatures of 53 


for CrF, and CrCh, respectively. 


INTRODUCTION 


HIS investigation was undertaken to determine 
the existence of magnetic ordering in CrF, and 
CrCl, in which the magnetic ions have the 3d‘ electronic 
configuration. This configuration appears to play a 
unique role in determining the antiferromagnetic struc- 
tures observed in the cubic crystals MnF;' and LaMnO?? 
because of the simple overlap properties of the e, orbi- 
tals with the intervening anion p orbitals. 

In the chromous compounds which have distorted 
rutile structures the overlap of the cation d orbitals 
with the anion p orbitals is more complicated than in 
the manganese compounds and hence the 3d‘ configura- 
tion may play a less significant role in magnetic coup- 
ling. Nevertheless, it was considered of interest to com- 
pare the magnetic structure properties of these two 
classes of compounds with the same d-shell occupation. 


CRYSTAL STRUCTURES 


Chromous fluoride and chromous chloride crystallize 
in distorted rutile-type structures as shown in Fig. 1. 
For CrF, Jack and Maitland’ report a bimolecular 
monoclinic unit cell of space group P2)/c, in which the 
chromium ions are located at 0,0,0 and 4,},4 while the 
fluoride ions are at +(x,y,z) and +($+2,y—4$,$+2), 
with x= y=0.297 and s=0.044. The lattice constants 
4.732, b=4.718, c=3.505, and 8=96.52°. 
Recent x-ray results‘ for chromous chloride show a bi- 


are: @ 


molecular orthorhombic cell of space group Panm with 
the two chromium ions at 0,0,0 and 43,3,3 and the 
chloride ions at +(u,0,0) and +(u+4,}—v2,5). The 

6.638, b=5.984, and c=3.476 
and the combined x-ray and neutron data yield the 
parameters «= 0.36 and v=0.27. As expected from crys- 
tal field theory the distribution of anions about the 
cations in both compounds shows a large tetragonal dis- 


tortion (c/a~™~1.20) from cubic symmetry. 


lattice constants are @ 


1 E. O. Wollan, H. R. Child, W. C. Koehler, and M. K. Wilkin 
son, Phys. Rev. 112, 1132 (1958) 

2? E. O. Wollan and W. C. Koehler, Phys 

*K. H. Jack and R. Maitland, Proc 
232 (August 1957). 

*H. Yakel and R. Steele 


100, 545 (1955). 
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~ppositely to 
| ¢ axes of the 
011) planes with adjacent planes 
along a simple 
t lata suggest that 
and 20°K 


were observed 


EXPERIMENTAL 


The chromous fluoride was prepared by B. J. Sturm 
of the Oak Ridge National Laboratory by the reaction 
of metallic chromium with molten stannous fluoride.® 
The chromous chloride was a commercially available 
material further purified by vacuum sublimation. The 
samples were powdered to 100-mesh size, loaded in 
cylindrical aluminum cells 
temperature cryostat of the 
Temperature measurements wert 


ind mounted in the low 
neutron diffractometer. 
with 


made a cali- 


brated copper-constantan thermo ouple 


TABLE I. A comparison of the calculated and observed 
intensities for CrF 


N i¢ le ar 
Calculated* 


Magnetic 
culated® Observed 


hkl 
100 0108 
ooi¢ 
110 
101 
O11 
101 
111° 
200 020 
111° 
120 210° 
2014 
021° 
211 
2014 
121 
121 
002 
211 
220 
012° 
112 


Ubservec 


IRRR 


371 


4347 
313 


*® Using fcr =0.352 and fr= 

>» Average values of data take 
rected for thermal motion 

¢ Assuming a spin only mome 
netic axis parallel to the longest 

4 Magnetic only 

* Nuclear and magnet 


* B. J. Sturm, Oak Ridge National Laboratory Report, ORNL 
2681 (unpublished ) 
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ANTIFERROMAGNETISM IN CrF; AND CrCl; 








Fic. 1. Crystal structures of 
CrF, and CrCly The structural 
data for CrF, are taken from Jack 
and Maitland (reference 3) and 
those for CrCl, are results of Yakel 
and Steele (reference 4) 


Orthorh ; 
rthorhombic P,.0 


22473, b°4,72,¢+3,5 0*664, 6+5.98, ¢+3.46 
8-96.5", rey20.3 r= v*0.36, v0.27 


CrF, mium and fluorine, respectively. The parameters 
x=y=0.30 and z=0.03 were found to give the best 


Me. om _.» agreement with the neutron data and differ only slightly 
from CrF; at sample temperatures of 298° and 4.2°K from the x-ray values reported,by Jack and Maitland. 


are shown in Fig. 2. The pattern at 298°K is typical of The observed intensities in the table represent the 
a paramagnetic material and consists of the nuclear average of the 298° and 78°K data which have been 
Bragg reflections superimposed on an angularly de- corrected for thermal motion of the atoms. A Debye 
pendent paramagnetic background. A comparison of the characteristic temperature of 320°+25° was deter- 
calculated and observed nuclear intensities is given in mined from the neutron data and used in this correction. 
Table I. For the calculated intensities scattering ampli- ' The major discrepancies between the calculated and 
tudes of 0.352 and 0.55 10~-" cm were used for chro- observed values may be attributed to a preferred par- 


The neutron powder diffraction patierns obtained 
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Fic. 2. Neutron powder diffraction patterns of CrF; at 298° and 4.2°K. The single-headed arrows refer to the magnetic re- 
flections in the 4.2°K pattern while the double-hzaded arrows indicate the nuclear reflections which appear in both patterns. 
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Fic. 3. (a) The antiferromagnetic structure of CrFs. (b) The 
antiferromagnetic structure of CrCl». Only the phase relationships 
of the moments are shown; the axis of magnetization is discussed 
in the text. 


ticle orientation which enhances the (AkO) reflections 
by about 20%. 

In the 4.2°K pattern additional Bragg reflections are 
observed due to the development of long range anti- 
ferromagnetic order in the sample. These are apparent 
in Fig. 2 in which the double-headed arrows indicate 
the nuclear reflections present at both temperatures 
while the single arrows refer to the magnetic reflections 
in the 4.2°K pattern. The magnetic reflections are 
indexed on the same cell as the chemical cell and the 
condition for reflection is that the sum of the indices is 
odd. This corresponds to antiferromagnetic ordering 
in which the two magnetic ions of the unit cell are 
aligned antiparallel as shown in Fig. 3(a). This is the 
same magnetic structure as that reported by Erickson® 
for the other iron group difluorides which have similar, 
but undistorted, rutile structures. The presence of the 
(001) magnetic reflection in CrF, shows that the axis of 
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Fic. 4. Temperature variation of the (100, 010) magnetic 
reflection from CrF 3. 


*R. A. Erickson, Phys. Rev. 90, 779 (1953). 
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magnetization cannot lie along the c axis of the crystal 
and calculations show that it does not coincide with any 
of the simple crystallographic directions. For the calcu- 
lated intensities given in Table I the axis of magnetiza- 
tion has been taken parallel to the longest Cr-F bond. 
(There are two such bond directions and the corre- 
sponding axes yield equal intensities.) A spin-only mag- 
netic moment and the chromium form factor as 
deduced from the paramagnetic scattering (this is dis- 
cussed in a later section) have been used. The observed 
intensities are in satisfactory agreement when the pre- 
ferred orientation is taken into account. The observed 
intensity of the (111) reflection is low, but this particu- 
lar reflection has an unusually large experimental error 
because of the large nuclear component, and in addition, 
there is a 20% preferred orientation effect indicated in 
the nuclear intensity. Slightly better agreement can be 
obtained by reorienting the magnetic axis to directions 
which have less physical significance, e.g., the best 
agreement was obtained with the axis tilted 32° from 
the c axis in the (010) plane. 

The Néel temperature of CrF, was obtained by study- 
ing the intensities of the magnetic reflections as a func- 
tion of temperature, and Fig. 4 shows the temperature 
variation of the intensity of the (100, 010) magnetic 
reflection. The curve exhibits the usual Brillouin-type 
dependence with a transition temperature of 53°K. 


CrCl, 


The neutron powder diffraction patterns obtained 
from CrCl, at sample temperatures of 298° and 4.2°K 
are shown in Fig. 5. The nuclear reflections, indicated 
by the double-headed arrows, are consistent with the 


Taste II. A comparison of calculated and observed 
intensities from CrCl» 


Nuclear intensities Magnetic intensities 
Calc.* Obs.» hkl Calc.* Obs. 


110 174 169 011 589 543 
200 0 0 111 381 313 
101 031 108 120 


O11 131 
p+4 os 195 157 
210 ¥ 

231 
111 013 114 
120 ' 051 
211 113 
220 1Si 

311 
121 
310 
130 
221 603 544 
301 


716 


® Using fcr =0.352 and fc: =0.98 K10~" cm; also « =0.36 and » =0.27. 


> Average values of data taken at 298 
rected for thermal motion. 

¢ Assuming a spin-only moment, the chromium 
netic axis parallel to the longest Cr-Ci bond 


and 78°K which have been cor- 


form factor and the mag- 
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Fic. 5. Neutron powder diffraction patterns of CrCl, at 298° and 4.2°K. The single-headed arrows refer to the 


ic re- 


flections in the 4.2°K pattern while the double-headed arrows indicate the nuclear reflections which appear in both patterns. 


known structure, and a comparison of the calculated 
and observed nuclear intensities is given in Table IT. 
Scattering amplitudes of 0.352 and 0.98 X 10-" cm were 
used for chromium and chlorine, respectively, while the 
structure parameters were chosen as u=0.36 and 
v=(0.27. The observed intensities represent the average 
of the 298° and 78°K data which have been corrected 
for thermal motion with a Debye characteristic tem- 
perature of 260+20° that was determined from the 
neutron data. At 4.2°K, antiferromagnetic reflections 
were observed and these are indicated in Fig. 5 by the 


single arrows. These reflections are indexed on the basis 
of a magnetic unit cell with the same a axis as the chemi- 
cal cell but with the 6 axis and ¢ axis of the chemical 
cell doubled. Reflections are observed for which k and / 
are odd and 24+ k+-/=4n-+- 2 corresponding to the mag- 
netic structure shown in Fig. 3(b). 

The intensities of the first three magnetic reflections 
are not consistent with a magnetic axis directed along 
any of the simple crystallographic directions. The best 
agreement was obtained with the moments directed 
parallel to one or the other of the long Cr-Cl bonds. 
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35 
ANGLE (deg) 
Fic. 6. Paramagnetic differential scattering cross section for 
CrF, at 298°K. The value at zero scattering angle for the orbitally 
quenched Cr* ion is 1.16 barns/steradian/ion. 


This moment direction, a spin-only magnetic moment, 
and the Cr* form factor were used in calculating the 
intensities of the magnetic reflections given in Table II 
and the observed values are in satisfactory agreement 
with the model. The intensity of the (011) magnetic re- 
flection showed a Brillouin-type thermal dependence 
with a Néel temperature of 20°K. 


PARAMAGNETIC SCATTTERING 


The chromium form factor that was used in the in- 
tensity calculations of the magnetic reflections from 
these two compounds was determined from the para- 
magnetic scattering at room temperature. This analysis 
required a determination of the isotropic diffuse back- 
ground and the thermal diffuse scattering. The former 
was established by a comparison of the 4.2° and 298°K 
data with the assumption that the magnetic diffuse 


0 &, 

Fic. 7. The experimental Cr** form factor. These data are from 
the room temperature paramagnetic scattering of CrF; (solid 
circles) and CrCl, (open circles). The solid curve represents the 
experimental data and for comparison the dashed curve is the ex- 
perimentally determined Mn** form factor. 
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AND WOLLAN 

scattering was proportional to S at 4.2°K and to 
S(S+1) at 298°K. The thermal diffuse scattering was 
calculated with the Debye characteristic temperatures 
determined from the coherent nuclear reflections. Sub- 
traction of the isotropic and thermal diffuse scattering 
from the total diffuse scattering at room temperature 
gave the paramagneti The extrapolated 
values in the forward direction correspond to atomic 
moment values of 3.96+0.24 and 3.86+0.20 for CrF; 
and CrCl», respectively, in good agreement with the 
value expected for the Cr*? ion with the orbital moment 
quenched. Figure 6 shows the paramagnetic differential 
scattering cross section which was obtained for CrF». 
The errors, about one-half of which are due to the un- 
certainty in the determination of the isotropic back- 
ground, are given for representative points. The points 
plotted in Fig. 7 represent the ratios of the magnetic 
scattering cross section at various angles to that in the 
forward direction. The solid dots refer to the CrF, data 
while the CrCl, data, which were analyzed in a similar 
manner, are represented by the open circles. The errors 
indicated for representative points become much greater 


scattering 


ly to the errors in the de- 
termination of the thermal diffuse scattering. The solid 
curve, drawn through 


at the higher angles due larg: 


he experimental points, repre- 
sents the Cr** form factor while the dashed curve is the 
Mn*? form factor.’ By comparison the Cr** form factor 
is slightl:; compressed, although barely outside of ex- 
perime ntal error. Such a « ompre ssion would correspond 
to a 3d electron distribution slightly expanded relative 


to that of Mn*. 
DISCUSSION 


2 is the 


Cri same 


as that found for the other iron group difluorides. It 


would seem then that the 3d‘ 


The antiferromagnetic structure of 
configuration does not 


assume as significant a role in the magnetic coupling 


in these structures as in the previously mentioned cubic 
systems. From a comparison of the magnetic structure 
of CrF; and CrCl», 
netic coupling with electronic iration is observed. 
This comparison requires an examination of the crystal 
structures with particular emphasis on the 


however, a correlation of the mag- 


conngt 


nearest 
neighbors of the individual ions. In both crystals the 
chromous ions are surrounded by j 

torted arrangement of ions. This 
tetragonal distortion is presumably of the Jahn-Teller 
type and removes the orbital degeneracy. Since c/a>1 
for the ionic distribution the energy of the d,* orbital is 
to that of the d. y* orbital, and the 
occupied so that 
desc ribed as 


a tetragonally dis- 


octahedral halide 


lowered relative 
d,» orbital becomes preferentially 
the outer electron configuration can be 
(Bim dys, Cut d,? : 
For the magnetic int 
sider the immediat« 


venient to con- 
halide ions. 


erTac ti ms its 


surroundings of the 


7C. G. Shull and E. O. Wollan, in Solid-State Physics, edited 


Turnbu Academic Pre 


by F. Seitz and D 


s, Inc., New York, 
1957), Vol. 2, p. 211 





ANTIFERROMAGNETISM 


This provides a relatively simple grouping of ions which 
includes the nearest and next nearest cation neighbors. 
Each anion is surrounded by three cations which lie 
nearly in a plane and of which two are equidistant and 
the other at a 20% greater distance from the anion. 
From the previous discussion it is apparent that the 
singly occupied d,* orbital is associated with the longer 
cation-anion separation while the unoccupied d,*_,' 
orbital is associated with the shorter ones. It is observed 
that the two cations with short cation-anion separations 
are coupled antiferromagnetically in both structures. 
In CrF, these cations are next nearest neighbors (corner 
and body center sites) while for CrCl, they are nearest 
neighbors (corner sites along c). In the former the 
Cr-F-Cr angle is large enough (132°) for indirect ex- 
change involving o-type overlap of the orbitals but in 
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IN CrF, AND CrCl, 955 
the latter the relevant angle is so small (92°) that some 
other mechanism is probably required. One is forced 
then to consider such mechanisms as indirect exchange 
of the tag—p,. type or direct exchange involving 42, 
cation orbitals. An interpretation of these magnetic 
structures based on a comparison of the relative 
strengths of such interactions is at the present somewhat 
speculative and must await further developments of 


both theoretical and experimental nature. 
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Atomic Heat of Sodium Metal from 0.4 to 2°K* 
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The atomic heat of sodium metal was measured from 0.4 to 2°K using the magnetic refrigerator calorim- 
eter. The experimental data is given by C=1.327+-0.485 T* millijoule/mole-°K. No anomaly is observed 
in this temperature range. The experimental! value of the electronic specific heat and the Pauli spin para- 
magnetism measured by Schumacher and Slichter are used for comparison with the electronic band theory 
of sodium and with those modifications introduced by electron-electron and lattice-electron interactions. 


INTRODUCTION 


HE alkali metals, having one valence electron per 

atom and simple crystal structures, are expected 
to agree rather well with the various theoretical models 
for their solid-state properties. The suggestion by 
Rayne’ that an anomaly occurs in the specific heat of 
sodium metal near 0.7°K does not have an explanation 
in terms of these models. Since the magnetic refrigerator 
calorimeter’ is well adapted for specific heat measure- 
ments on large samples in the temperature region below 
1°K, an investigation of the specific heat of sodium 
metal under more favorable experimental conditions 
than used previously was undertaken below 1°K. 


EXPERIMENTAL 


In order to minimize spurious contributions to the 
apparent heat capacity of the sodium sample, con- 
siderable care was taken in the preparation of the 
sample. A.C.S. reagent grade sodium metal of stated 
purity 99.99% was vacuum distilled in order to remove 


* This research was supported in part by the U. S. Air Force 
under a contract monitored by the Air Force Office of Scientific 
Research of the Air Research and Development Command. 

1 J. Rayne, Phys. Rev. 95, 1428 (1954). 

*C. V. Heer and R. A. Erickson, Phys. Rev. 108, 896 (1957 


gaseous impurities and inclusions of the oxide. Since 
sodium metal readily attacks glass, the distillation was 
carried out in a stainless steel assembly which permitted 
the sodium to be deposited directly into a thin-walled 
copper vessel. After deposition of the liquid metal into 
the container, the temperature was gradually reduced 
to allow the sample to anneal. Further handling of the 
sample was done in an argon atmosphere. A large 
sodium metal sample of 2.71 moles was prepared in a 
2.11-mole copper vessel in this manner. 

Temperature measurements were made with a Speer 
479 ohm-1/2 watt carbon resistor and heat was supplied 
electrically by a Manganin heater. The carbon resistor 
and heater coil were inserted in separate copper inserts 
which were a part of the copper vessel as shown by K 
and L in Fig. 1. Thermal bonding to the copper was 
provided by General Cement No. 56-2 varnish. Since 
the heat capacity of this assembly of heater, thermom- 
eter, and copper container wes estimated as 20% of that 
of the sodium, a heat capacity measurement was made 
prior to filling. The sample assembly is rigidly mounted 
inside a copper shield as shown in Fig. 1, and the shield 
is cooled to 0.3°K by means of the magnetic refrigera- 


tor.” Over the temperature range in which heat capacity 
measurements were made the effects of the residual 
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Fic. 1. Sodium sample as- 
sembly. J—sodium sample; 
I—copper sample container; 
E—fiber mount; C—copper 
sample shield; K—thermom- 
eter; L—heater; O—thermal 
link. 























helium gas is minimized by the low temperature of the 
shield. Thermal contact is made between the shield and 
sample container via No. 20 copper wire with a ratio of 
area to length of A/L~5X10~ cm. Thermal contact 
between the sodium metal and either the heater or 
thermometer was assured by the direct deposition of 
the liquid metal on their copper jackets. The difference 
in the thermal expansion coefficient of copper and 
sodium insured that this thermal contact would be 
maintained to the lowest temperatures. 

Heat capacity measurements were made from the 
change in the rate of cooling by the introduction of 
known amounts of Joule heating.’ A continuous record 
of the resistance thermometer emf was obtained with 
a recording Brown potentiometer (0-100 microvolts) in 
series with a Rubicon Type B potentiometer. A heating 
cycle at 0.72°K is shown in Fig. 2. From A-B the sample 
cooled at the rate of 0.2210 degree/second. The 
heater was switched on at B and off at C providing 
2040 ergs of heat in a period of 38.5 seconds. C-D repre- 
sents the subsequent cooling rate. EFG gives the net 
change in voltage across the carbon resistance thermom- 
eter, and F was taken as the average voltage. This 
change corresponds to a change in temperature AT 
= 0.046°K at a mean temperature of 0.72°K. 

Carbon resistance thermometers were calibrated 
against the vapor pressure of the helium bath in the 
1-4°K temperature range using the Tz55 scale.‘ The 
calibration data was fit to the equation 


Z (a log io) (logi:oR-5)?, (1) 


with a=0.11209 and 6= 2.69277 for the sodium run. A 
shift of the order of 1% in a and } occurred between the 


s J. K. Logan, J. R. Clement, and H. R. Jeffers, Phys. Rev. 105, 


1427 (1957). 
*H. van Dyk and M. Durieux, Physica 24, 1 (1958). 
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T *0.721°K 
AT *0.046 °K 
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Fic. 2. Heating cycle. ABCD record during a 
heating cycle; BC—heat input of 53 ergs/second; F—mean tem 
perature of 0.721°K; EFG—temperature change AT =0.046°K 


temperature 


run on the empty and filled container. For temperature 
measurements below 1°K the temperature was obtained 
by an extrapolation of Eq. (1) down to 0.35°K. At this 
temperature the sample shield thermometer agreed with 
the magnetic susceptibility measurements on the man- 
ganous ammonium sulphate reservoir salt to within 10 
millidegrees. The sample thermometer reached a lowest 
temperature within 20 millidegrees of that indicated by 
the magnetic thermometer and the extrapolated tem- 
peratures of the sample and sample shield thermometer 
agreed within 10 millidegrees at this low temperature. 
The error made in estimating the thermodynamic tem- 
perature from the 
ments is of this same order of magnitude, i.e., the shape 
correction® and the (TLor*—7 tion.* Thus errors 
in temperature measurement of the order of 5% at 0.4° 
and 2% at 0.65° 

Results of a least squares analysis of 40 data points 


magnetic susceptibility measure- 


corres 
are expec ted 


for the copper container plus sodium sample gave a 
total heat capacity of 


Crotat = 5.397 + 1.5007 


millijoule/°K. A separate analysis on the heat capacity 
of the copper container below 1°K yielded a term linear 
in temperature with ycu=0.80 millijoule/mole—°K. 
This value is intermediate to the experimental values 
given by Rayne’ and Friedberg, and 
Goldman.’ The value of 8p = 348°K was taken from the 
latter reference. Subtraction of the 
copper vessel assembly yields the fol 
for the atomic heat of sodium metal,’ 


Cya= 1.32T7+0.485T* (millijoule/mole°K) 2) 


*D. de Klerk, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 15 

* A. H. Cooke, Proc 

71. Estermann, S. A 

* This value for the atomic heat metal was reported 
by us at the Fourteenth Calorimetry Cx unpublished ). 
N. E. Phillips reported at this conference a value of y=1.45 and 
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lowing equation 


62, 269 (1949 
Goldman, Phys. Rev. 
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of sodium 


mierence 





ATOMIC HEAT OF Na 
The lattice or cubic term in the atomic heat yields a 
6p= 158 which is in excellent agreement with the value 
obtained by Roberts’ at higher temperatures. The 
atomic heat for sodium metal is shown in Fig. 3 and the 
experimental points indicate the accuracy. 


DISCUSSION 


Measurements of the atomic heat of sodium below 
2°K allow the coefficient of the linear term, 7, to be de- 
termined with considerable accuracy. From Eq. (2) a 
value of y=1.32 millijoule/mole—°K is obtained. As- 
suming one valence electron per atom, this can be com- 
pared with the Sommerfeld free electron model of 
= 1.095, where the density at 77°K is used (p= 1.0066 
g/cm*).” If the lattice structure is introduced via a 
density of states or effective mass approximation the 
two values are in agreement with m*/m=1.21. Either 
the free electron model or the effective mass model lead 
to a ratio of the Pauli spin paramagnetism to the 
specific heat per unit volume given by, 


(xo/Yo) = (3up?/x*h?*). 


The measurements of Schumacher and Schlicter" of the 
spin paramagnetism of x,=0.95X 10~* cgs by electron 
resonance when combined with the above value of y 
allow the experimental ratio to be computed, and a 
value of 


(x/xo)/ (y/vo)= 1.20 


is obtained. The deviation of this ratio from unity is a 
measure of the failure of the free electron model and 
those electronic band models in which the predominant 
effect is a change in density of states at the Fermi sur- 
face or an effective mass modification. Buckingham and 
Schafroth” have estimated the effect of the lattice- 
electron interaction on the atomic heat and spin para- 
magnetism. Both are increased over the free electron 
values by (1+), f~0.2. This correction improves the 
agreement with the experimental data, but fails in the 
same manner as the effective mass modification to 
account for the ratio between spin paramagnetisin and 
atomic heat. An improvement in agreement between 
the experimental ratio and the theoretical model re- 
quires the introduction of the electron-electron inter- 


*L. M. Roberts, Proc. Phys. Soc. (London) 70, 744 (1957). 

© Handbook of Chemistry and Pkysics, edited by C. D. Hodgman 
(Chemical Rubber Publishing Company, Cleveland, 1958), 39% ed 

“ R. T. Schumacher and C. P. Slichter, Phys. Rev. 101, 58 
(1956). 

4M. J. Buckingham anc M. R. Schafroth, Proc. Phys. Soc 
(London) 67, 828 (1954). 
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Fic. 3. Atomic heat of sodium. O—experimental data; 
A—data of Roberts, reference 9. 


action.” The calculation of Pines” in which the effect 
of electron-electron interaction is taken into account by 
means of the “collective electron” approach is in poor 
agreement. The change in the density of states reduces 
the specific heat below the free electron value while the 
short range Coulomb correlations between electrons of 
antiparallel spin and the correlation energy of a free 
electron gas combine to increase the spin paramag- 
netism. The agreement with the experimental data can 
be considerably improved by combining the results of 
Buckingham and Schafroth with those of Pines. An in- 
crease in the value of 8 by 10% in the “collective- 
electron” approach and then direct multiplication by 
(1+) for the lattice-electron interaction yields good 
agreement for both y and x with an effective mass ratio 
of m*/m=0.98 taken from cohesive energy studies. 
Since the validity of this procedure may be questiona- 
ble, it is not pursued in this paper. 

Below 36°K a change in crystal structure from body- 
centered cubic to hexagonal close packed"* is expected 
to occur for a part of the sodium sample. Since no 
change in density occurs during the transformation, the 
effect on the electronic specific heat is small; and since 
the estimated fraction of hcp lattice is of the order of 
5% no detectable effect is expected. Martin’* estimates 
the energy involved ir the transition as 400 joules/mole. 
Sample isolation below 1°K indicates that no anomalous 
heating occurs, and that the rate of transformation is 
negligible below 1°K. The lattice specific heat is also 
insensitive to the transfer of a small percentage of the 
material to the hcp structure. 


“4 E. Wigner, Trans. Faraday Soc. 34, 678 (1938); E. P. Wohl- 
farth, Phil. Mag. 41, 534 (1950); J. B. Sampson and F. Seitz, 
Phys. Rev. 58, 633 (1940). 

“D. Pines, Phys. Rev. 92, 626 (1953); Solid-State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1955). 

% C. S. Barrett, Acta. Cryst. 9, 671 (1956). 

*D. L. Martin, Phys. Rev. Letters 1, 4 (1958). 
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The heat capacities of sodium and potassium have been measured from about 
No anomaly was observed in either case: the heat capacity could be repr 
linear in temperature and a cubic term. Values of the Debye temperatures 


duction electrons are given 


HE alkali metals are interesting examples for a 

comparison of the electronic heat capacity, y7, 
with theoretical predictions. The experimental situation 
is complicated by the low Debye temperatures of the 
heavier members of the series and by the existence of a 
martensitic transformation in lithium and sodium.! 
Roberts? has shown that for potassium the 7* region of 
the lattice heat capacity is not reached above 1°K. In 
the case of sodium, Rayne’ has observed an anomaly in 
the heat capacity at 0.9°K which he associated with the 
martensitic transformation. As part of a program to 
obtain the effective mass ratios of the conduction eilec- 
trons in the alkali metals, we have made heat capacity 
measurements on sodium between 0.14° and 1.4°K and 
on potassium between 0.17° and 1.1°K. 

Samples of 99.99% purity were cast into the calorim- 
eters under an inert atmosphere. Temperature measure- 
ments were based on an extrapolation of the suscepti- 
bility of copper potassium sulfate according to a 
Curie-Weiss law. Normal state measurements on alumi- 
num‘ and zinc’ by the same method gave results which 
were in agreement with expectation above 0.3°K but 
which were 10% higher than expected at 0.15°K. This 
discrepancy was assumed to be a consequence of differ- 
ences between the magnetic and thermodynamic tem- 
peratures. Figure 1 shows the total heat capacity of 
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Fic. 1. C/T vs T°. C is the heat capacity of sample plus calorim- 
eter per mole of sample. The corrections to C/T for the calorimeters 
were estimated from the known heat capacities of the material 
used (largely copper) and are 0.49+-0.0367? and 1.02+0.077T? 
millijoules/mole deg? for sodium and potassium, respectively. 
*This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

1C. S. Barrett, Acta Cryst. 9, 671 (1956). 

2L. M. Roberts, Proc. Phys. Soc. (London) B70, 744 (1957). 

3 J. Rayne, Phys. Rev. 95, 1428 (1955). 

‘N. E. Phillips, Phys. Rev. 114, 676 (1959). 

5 N. E. Phillips, Phys. Rev. Letters 1, 363 (1958) 


sample and calorimeter. In both cases C/T deviates 
from linearity in 7* by the same percentage as it did 
for aluminum and zinc. 

Within the temperature range of the measurements, 
the sodium sample shows no heat effect that can be 
attributed to the martensitic transformation.® This is in 
accord with the x-ray measurements! which show that 
the reverse transformation does not start below 40°K. 
The difference between these results and those of Rayne*® 
is presumably related to the sensitivity of the marten- 
sitic transformation to strains and thermal treatment. 
The data give values for the Debye temperature, y, and 
the effective mass ratio of 156°K, 1.45 10~* joules/mole 
deg’, and 1.33, respectively 
averages for the cubic 
Their evaluation for either phase alone would require a 
simultaneous determination of the amounts of the two 
phases. This might be achieved by extending the meas- 


These values are, of course, 
d hexagonal martensite phases. 


urements to high enough temperatures to measure the 
heat of the reverse transformation’ or to low enough 


temperatures to observe the nuclear quadrupole heat 


capacity which can be expected in the hexagonal phase.® 

In potassium there is transformation 
above helium temperatures' and no indication of one 
was found in the present measurements. We find for 
the Debye temperature, y, and effective mass ratio 
89.9°, 2.2X10-* joules/mole deg* and 1.3, respectively. 
In this case there is a possible error of about 


no martensitic 


5% in ¥ 
produced by an uncertainty in the heat capacity of the 
empty calorimeter. 

Finally, we wish to point out that the similarity of 
the deviations from linearity of the C/T ‘vs T* plot for 
sodium, potassium, aluminum, and zinc supports the 
original conclusion that the effect is produced by errors 
in the temperature scale and is not a property of the 
samples. In particular, it is improbable that the meas- 
urements on 1 nuclear quadrupole heat 
capacity as suggested by Seidel and Keesom,’ and there 
is then no basis for their estimate of the quadrupole 
coupling constant or their reevaluation of the super- 
conducting state parameters 


zinc show 


* Similar results above 0.4° have been obtained by R. E. Gaumer 
and C. V. Heer [Fourteenth Calorimetry Conference, Yale Uni- 
versity, September, 1959 (unpublished) ] 

7D. L. Martin, Phys. Rev. Letters 1, 4 (1958). 

*A heat capacity contribution of this type has been observed 
in rhenium [P. H. Keesom and C. A. Bryant, Phys. Rev. Letters 
2, 260 (1959)], bismuth [N. E. Phillips, Phys. Rev. 118, 644 
(1960) ] and in gallium [N. E. Phillips (to be published) 1. 

® G. Seidel and P. H. Keesom, Phys. Rev. Letters 2, 261 (1959). 
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Current noise and photoconductivity measurements taken under uniform 5200 A illumination on CdS 
single crystals are used to derive the energy distribution and frequency factor of shallow traps in the range 
0.3 to 0.6 electron volt below the conduction band for samples of different CuC! impurity content. Trap 
densities varying from 10" to 10’ cm~* ev and total trap concentrations of 10'* cm~* with discrete levels 
at 0.36, 0.43, and 0.60 ev below the conduction band are observed. In a moderately doped, good photo- 
sensitive crystal, the traps also have a continuous distribution in energy and all have the same frequency 
factor, 10" sec“, which suggests the traps are structurally similar. The results imply that a photoelectron 
may experience several thousand retrapping transitions on the average before recombining. It is possible to 
account semiquantitatively for the 1/f noise spectrum observed in some crystals at high frequencies in 
terms of the near exponential trap distributions and constant frequency factor derived from low-frequency 


noise measurements. 


I. INTRODUCTION 


HE photoconductive properties of cadmium sulfide 
are known to be a sensitive function of the nature 
and distribution of trap levels in the forbidden band.' 
Information about these levels has been derived from 
such measurements as photoconductivity, thermally 
stimulated currents, space-charge limited currents, and 
thermoluminescence. However, many details of the 
trapping kinetics are not yet well understood. This 
paper reports results of coupled photoconductivity and 
current noise measurements on CdS which provide new 
information about these processes. ' 

Electrical noise in CdS has been previously reported* 
and analyzed? in terms of trapping transitions. Here we 
attempt to extend these ideas and derive a more detailed 
understanding about electronic transition probabilities 
between the conduction band and shallow trapping 
states. Electrical current noise measurements are par- 
ticularly suitable for this since the noise is due to fluctu- 
ations in the number of conduction electrans, and 
trapping transitions cause such fluctuations. Further- 
more, the measurements are made under steady-state 
conditions in contrast to temperature drift experiments 
conventionally used to derive trap escape probabilities 
in insulating solids. 

Current fluctuations in single crystals of CdS are 
determined under uniform, monochromatic illumination 
of wavelength near the photoconductive peak. The 
photoelectrons in the conduction band experience trap- 
ping and retrapping in levels near the conduction band 
and finally disappear through recombination to deeper 
lying states. The observed current fluctuations are a 
measure of these effects. Variation of illumination in- 
tensity sweeps the quasi-Fermi level through the trap 
level distribution, thus altering the contribution of the 
various states. Throughout the work it is assumed that 


* Supported by the Office of Naval Research. 

1A. Rose, RCA Rev. 12, 362 (1951). 

*K. M. Van Vliet et al., Physica 22, 723 (1956). 

*K. M. Van Vliet and J. Blok, Physica 22, 525 (1956). 


the trap levels examined are simple traps and that they 
are in thermal equilibrium with the electrons in the 
conduction band. 

The current noise results coupled with density of 
states data yield a description of the trap escape proba- 
bilities and the average number of times a conduction 
electron is trapped before recombining. Furthermore, 
this description is capable of predicting fine structure 
in the noise spectra which is in agreement with 
observations. 


Il. EXPERIMENTAL TECHNIQUE 


The specimens studied were single crystals produced 
by the standard vapor phase technique, CuCl doped 
during growth, and several millimeters in the largest 
dimension as shown in Table I. Sample D was not in- 
tentionally doped and grew in the shape of a hexagonal 
rod while A, B, and C contained increasing amounts of 
doping and were flat plates. Crystals B and C came from 
the same growth batch. The specimens were provided 
with soldered indium electrodes which proved to be low 
noise with the exception of those on sample D. The 
spectrum for this crystal exhibited 1/f noise over the 
entire frequency range, which is attributed to poor con- 
tacts. The other specimens showed no low-frequency 
1/f noise down to the lowest frequency of interest. 

The circuit of Fig. 1 was used for both noise and 
photoconductivity measurements. Only a single mercury 
cell supplied the current in order to be certain that 
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Fic. 1. Sketch of experimental arrangement. 


field-induced carrier multiplication effects were negligi- 
ble. Noise voltages developed across the wirewound load 
resistor were measured with a straightforward tunable 
amplifier-voltmeter system giving a true rms indication 
of the noise voltage. The system was periodically cali- 
brated against the Nyquist noise of known resistors. 
Noise due to the mercury cell was shown to be negligible 
by replacing the crystal with wirewound resistors and 
determining that only Nyquist noise was present. 

Illumination was supplied by an 18-ampere tungsten 
ribbon lamp fed from storage batteries. A 5200 A inter- 
ference filter was used exclusively in this work. Except 
for the 5200 A radiation, the crystals were otherwise 
shielded from illumination and were generally kept in 
the dark when not in use, although no spurious effects 
from exposure to white light were noticed. For photo- 
conductive decay measurements, the light was chopped 
at a 4 second rate by rotating a glass microscope slide 
through the beam at the focal point. This produced a 
4% change in intensity which was sufficient to detect 
except at the very lowest intensities. Here the glass was 
replaced by an opaque sector. Intensity of the 5200 A 
illumination at the sample position was calibrated with 
an Eppley thermopile. 

The photoconductive decay time r»9 was determined 
with a Tektronix Type 536 oscilloscope connected across 
the load resistor. Oscilloscope photographs were used to 
record the traces which were then plotted on semi- 
logarithmic paper. These plots showed good exponential 
character and decay times were determined from their 
slopes. Such measurements were made for illumination 
intensities yielding dc photocurrents in the range 10~ to 
10° microampere. The photocurrent was determined by 
measuring the dc voltage drop across the load resistor 
with a HP 425A microvoltmeter. For each intensity the 
position of the electron quasi-Fermi level below the 
conduction band was computed from the sample geome- 
try and resistance, assuming an electron mobility of 
200 cm?/volt-sec and a conduction band density of 
states of 10" cm~*. The variation of r» with quasi-Fermi 
level position for each of the crystals is shown in the 
upper curves of Fig. 2. In general ro decreases as the 
quasi-Fermi level rises higher in the forbidden band. 
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The conduction band lifetime r, is calculated from the 
same measurements using the expression r,.=m/nz, 
where mq is the conduction band electron concentration 
determined from the conductivity and mz, is the rate of 
production of electron density due to photon absorption. 
A value for n, was obtained from the rate of 5200 A 
photons absorbed in the sample and an assumed unity 
quantum efficiency. The rate comes from calibration of 
the light source and measurement of sample absorption 
by determining the intensity of light transmitted 
through the sample. For these specimens approximately 
50% absorption was present, which indicates that 
photoelectrons are produced reasonably uniformly 
throughout the crystal. As shown in the lower curves of 
Fig. 2, r. tends to approach ro at higher illumination 
intensities. 

Such measurements may also be used to calculate the 
photoconductive gain, G=(i/e)/n,V, where 7 is the 
photocurrent, ¢ the electronic charge, and V the sample 
volume. The calculated gains in Table I show that 
crystal A is most sensitive, which was expected from the 
approximate CuCl concentration. These gains are much 
lower than those usually quoted in the literature due to 
the very low applied voltage. Assuming the gain is pro- 
portional to voltage through decrease in electron transit 
time, crystal A would have a gain of 3X 10° at 100 volts, 
which is more nearly like the values usually given. 
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Fic. 2. Photoconductive decay and conduction 

band lifetime r, of CdS single crystals as a function of the position 

of the quasi-fermi level below the conduction band and under 

5200 A illumination. Data for crystal B is not shown for clarity. 
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FREQUENCY FACTOR AND 


Ill. PHOTOCONDUCTION NOISE 


Van Vliet and Blok have shown that under certain 
assumptions the current noise density S; of CdS single 
crystals with a single trap level may be expressed by* 
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where (Am*) is the variance of the conduction band elec- 
tron density, w is the anguiar frequency, 72 is the relaxa- 
tion time associated with the trap, a is a constant de- 
scribing the generation rate from traps, and the other 
terms have been previously defined. Equation (1) may 
be qualitatively understood as showing in the first term 
noise due to transitions from the system of conduction 
band and associated trap to the system of valence band 
and associated levels while the second term expresses the 
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Fic. 3. Current noise spectra of crystal A at different 5200 A 
illumination levels. The approximate 1/f behavior at high fre- 
quencies should be noted. 
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Fic. 4. Current noise spectra of crystal B at different 
5200 A illumination levels. 


noise due to transitions within the first system. Meas- 
urements® show that the turnover frequency of the re- 
laxation spectrum given by the first term is in good 
agreement with the photoconductive decay time as 
would be expected on this picture. 

Current noise spectra at different illumination in- 
tensities for crystals A, B, and C are shown in Figs. 3, 4, 
and 5, and are qualitatively similar to those reported by 
Van Vliet. Crystal A exhibits a low-frequency relaxation 
spectra with a turnover below 10 cps and 1/f noise at 
high frequencies which will be attributed to shallow 
trapping transitions. The low-frequency extent of the 
1/f noise component decreases as the quasi-Fermi level 
approaches the conduction band. Crystal C shows a 
similar }ow-frequency relaxation spectrum but little if 
any 1/f noise is seen. Rather, a second relaxation process 
appears at 1750 cps when the quasi-Fermi level is near 
0.41 volt below the conduction band. The spectra for 
crystal B appear to be intermediate between those of A 
and C in character. Qualitatively, these results suggest 
that the first term of Eq. (1) accounts for the major 
contribution to the observed spectra and that high- 
frequency fine structure is generated by the second term. 
The 1/f noise in crystal A suggests a distribution of 
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Fic. 5. Current noise spectra of crystal C at different 5200 A 
illumination levels. The additional relaxation process at 1300 cps 
when Er=0.41 volt is shown dotted. 


trapping states in energy while the single process in 
crystal C implies a single dominating level near 0.4 ev 
below the conduction band. 

When wr2<wr7o< 1, that is, at low frequencies, Eq. (1) 
reduces to 


S;= (4F7(An*)ro9)/neV, (2) 


from which the total fluctuation, (An*)/mo, may be de- 
rived in terms of the experimental data. From variation 
of the noise with illumination, the magnitude of the 
carrier fluctuations with quasi-Fermi level position is 
determined as shown in Fig. 6. The open data points in 
the figure are for increasing illumination intensities while 
the solid data points are for decreasing intensities. The 
noise magnitude appears to be satisfacrorily insensitive 
to illumination history. Further evidence for this is that 
the noise levels of Fig. 6 are in good agreement with 
those of Figs. 3, 4, and 5, which were taken several days 
apart and after much different illumination histories 
with regard to exposure to white light and time in the 
dark, etc. 


Since it is expected that (An*)/no~1 for a Gaussian 
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process, the large values shown in Fig. 6 may imply 
that more electrons than those in the conduction band 
participate in the noise process. Following Van Vliet’s 
suggestion,’ these are assumed to be in shallow trapping 
levels and the data of Fig. 6 seems to be direct evidence 
for multiple retrapping in these levels. 


IV. RETRAPPING 


The observed low-frequency turnover corresponding 
to ro, the increased noise magnitudes above that of 
photon noise and a simple recombination time, and the 
origin of fine structure can be interpreted by applying a 
simple retrapping model to Burgess’s G-R theorem.‘ 
The model makes use of the fact that the hole lifetime is 
very short in CdS and hence that the contribution to the 
conductivity is negligible. Burgess derives an expression 
for the variance of m electrons in the conduction which is 
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by solving the general equation 
dP(n)/dt=r(n+1)P(n+1 
1)P(n—1 


+ g(n [r(n)+g(n) |P(n), 


where P(n) is the probability that there are precisely n 


electrons in the conduction band and g(p) is the genera- 


conduction band when 
the steady-state concentration is mo. r’(mo)—g’ (mo) 


tion rate of electrons into the 


= (dr/dn)no— (Og/n)no is a measure of the time to come 
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Fic. 6. Variation of the carrier fluctuations as a function of the 


quasi-Fermi level position points are for increasing 
illumination and solid data points are for decreasing illumination 


Onen data 


‘R. E. Burgess, Physica 20, 1007 (1954); also Proc. Phys. Soc 
(London) B69, 1020 (1956 





FREQUENCY FACTOR 

If the intensity of the radiation is slightly changed, a 
new steady state concentration of electrons is reached 
after a time r, 


(An*) = g(mo)r-. (3) 


A well-known property of photoconductive insulators 
is that ro is normally much larger than 7, except possibly 
at very high intensities of radiation, so that ro and r, 
can be considered to be related by 


m+ 


m 
ro=D, tet DL ree= tet te. (4) 


at | i=] 


That is, an electron in the conduction band is bound 
after a time re; and is subsequently released back to the 
conduction band in a time, r:,; from the bound or trapped 
state. 7, is the total trapped time. 
This process repeats m times, on the average, or until, 
m+1 


>. Teg= Tey 


at which time it disappears through recombination. The 
total average time which elapsed since initial generation 
by photon absorption is measured by the decay con- 
stant. However, the generation rate into the conduction 
band is now the sum of the photoexcitation rate, 
n_=(no/r.), plus the excitation rate from the trap 
states. This rate may be expressed as the ratio of the 
total number of electrons in the traps, Ao, divided by the 
average time in the traps. Therefore, 


g(Mo) = Ny te+mhy/ (ro— Te). (5) 


Similarly, the rate of disappearance of electrons from 
the conduction band, r(m9), is the ratio of the number in 
the conduction band divided by the average time in the 
conduction band, or 


r(no)=(m+1)no/r,. (6) 


Under steady-state conditions g(mo)=r(m9), so ho may 
be expressed in terms of the photoconductive experi- 
mental data as 


ho= no(to—Te)/ Te 
Combining Eqs. (5), (6), and (3) yields 
(An*)/no= (m+1) (8) 


which may be used to determine the average number 
of trapping transitions m from the experimental noise 
measurements. 

The total electron concentration in traps and the 
average number of trapping transitions are shown in 
Figs. 6 and 7. The trapped electron density increases as 
the quasi-Fermi level rises, as does the number of tran- 
sitions. In particular, Fig. 6 indicates that an electron 
may make several thousand transitions before recombin- 
ing. Equations (7) and (8) show how photoconductivity 
data and noise measurements lead to information about 
the presence of traps and trapping kinetics, respectively. 
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Fic. 7. Variation of the total concentration of electrons in traps. 


In addition, however, to the steady-state generation 
and recombination rates from shallow traps which helps 
to account for the noise magnitude at the low-frequency 
end of the power density spectrum, there are fluctua- 
tions in the individual capture and release times. The 
fine structure of the power density spectrum can be 
interpreted on this model as fluctuation in these average 
times, which accounts for the departure from the simple 
i/f? relationship at high frequencies. 


V. TRAP DENSITY AND FREQUENCY FACTOR 


The energy distribution of trapping levels may be 
expressed in terms of the photoconductive observables 
by computing approximately the total number of elec- 
trons in traps: 


ho( Er) = f 
0 


where the zero of energy has been taken at the top of the 
valence band, Eg is the forbidden bandwidth, N,(E) is 
the energy density of traps at E, f(£,£,) is the fermi 
function, Z» is the quasi-Fermi level, and the functional 
dependence of he has been indicated. This approach 
assumes that the coefficient of the exponential in the 
Fermi function is unity, which while not quite accurate 
for simple traps,’ is sufficiently good for present 
purposes. ® 

*E. Spenke, Electronic Semiconductors (McGraw-Hill Book 
Company, Inc., New York, 1958), p. 387. 

* J. R. Haynes and J. A. Hornbeck, Photoconductivity Conference 
(John Wiley & Sons, Inc., New York, 1956), p. 336. 


£a 


N AE) f(E,Er)dk, (9) 





BROPHY AND 


CRYSTAL 





c 


TRAPS / CM *y VOLT 


TRAP DENSITY, 





1 1 
0.4 0.5 0.6 
OEPTH BELOW CONDUCTION BAND, VOLTS 








Fic. 8. Energy distribution of traps in Cds crystals 


Integral equation (9) may be formally solved if 
ho(Er) is known over the entire range of the definite 
integral, but present experimental data are available 
only for a limited part of the range. An approximate 
solution is obtained by differentiating both sides of (9) 
with respect to Ey and observing that 0//0E, is strongly 
peaked at E= Ey. It is assumed that the major contri- 
bution to the integral comes at this point and N,(£) is 
taken out from under the integral sign as N,(Er). Thus 
N (Er)=dho/dEr, which by Eq. (7) becomes 


no {To d fTo 
N (Er) (2-1) +n (=), (10) 
kT \r. dEr\r- 


where & is Boltzmann’s constant and T is the absolute 
temperature. 

Rose’ has suggested a solution to (9) which is essen- 
tially the first term of (10) and therefore (10) may be 
looked on as an improved solution. However, the value 
of the second term in (10) is comparable to the first, so 
that it is not a small correction. For example, apart 
from the factor (1/7), the first term is plotted in Fig. 7, 
which thus represents V,(Z) using Rose’s solution, and 
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agrees with other such presentations.’ N,(Z) derived 
from Eq. (10) and plotted in Fig. 8 shows marked 
departures from Fig. 7. 

Figure 8 indicates levels at 0.36 and 0.60 ev which 
have been observed in thermally stimulated current 
experiments® on pure crystals. In addition, crystal C 
shows a strong level at 0.43 ev which is not so dominant 
in the others but which agrees with the spectra for this 
crystal as discussed in Sec. III. The trap density for 
crystal B shows a slight tendency for a concentration of 
levels at 0.44 ev. Samples A, B, and D also have a near 
exponential distribution of traps below 0.36 ev. Because 
of the success of Eq. (10) in deriving discrete levels in 
good agreement with results from thermally stimulated 
currents, it appears that this is a considerably more 
satisfactory way to obtain N,(£) from photoconduc- 
tivity data than that previously used. 

Following the same technique, the generation rate 
from traps may be written as, using Eqs. (5) and (7), 


Ea 
mno/ T -f NAE)P(E) f(E,EpjdkE, (11) 


) 


where P(E) is the trap escape probability of the traps 
at E. Here again the integral equation may only be 
solved in approximation and the same procedure used 
for Eq. (9) is followed. This leads to 


Ec—Er 
P(Er)=S(Er) exp( ) 
kT 
N. |—(“) d (= 
: N.(Ep) kT \ 7. dEr\rt- 
Ec—Erv 
xexp(- — ). (12) 


where N, is the conduction band state density, and the 
usual exponential form for P(£) is derived directly by 
this technique. S(Z£), the frequency factor, is thus the 
coefficient of the exponential on the right side. 
Calculations according to (12) are presented in Fig. 9 
In crystal A the frequency factor of the traps appears to 
be constant, which may indicate all these traps have the 
same origin. The frequency factor of crystal C ap- 
proaches that of A near the position of the 0.41-ev dis- 
crete level. This may be an indication that this discrete 
level is structurally the same as the distributed levels in 
crystal A, which is qualitatively in agreement with the 
known impurity concentrations of the two crystals. A 
peak in the S(Z£) curve at 0.41 ev is also found for crys- 
tal B. The agreement in magnitude of S(£) at this point 
for the three crystals should be noted in view of the 
large differences in trap densities and noise magnitudes 
shown previously. 
7H. B. DeVore, RCA Rev. 20, 79 (1959 
*R. H. Bube, J. Chem. Phys. 23, 18 (1955) 
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It is tempting to interpret these results as evidence 
for the same trap origin in all three specimens which 
tends to be at a discrete energy in the lightly doped 
crystals and broadens to an exponential distribution in 
more heavily doped crystals. A sufficiently reliable 
spectrochemical analysis is not presently available to 
quantitatively support this picture. It is interesting to 
note that the frequency factor of the 0.36-ev traps ap- 
pears to be a strong function of impurity content. The 
magnitude of the frequency factors here derived are 
considerably greater than those obtained from thermally 
stimulated current results* but such data are notoriously 
difficult to analyze accurately. Nosie measurements do 
not suffer from the same restrictions. 

The approximations introduced in obtaining Eqs. (10) 
and (12), together with the errors inhezent in graphical 
differentiation of experimental data, makes this analysis 
somewhat uncertain, particularly in the case of crystals 
B and C. For example, the maxima near 0.4 ev in Figs. 8 
and 9 do not fall at the same place, as intuitively it 
seems they should. Assuming that only two discrete 
states, located at 0.36 and 0.43 ev (Fig. 8) are active 
in crystal C, it is possible to carry out an analysis similar 
to that represented by Eqs. (9) and (11) to determine 
the trap concentrations and frequency factors. This re- 
sults in 3.410" traps/cm’ at 0.43 ev and 8.510" 
traps/cm* at 0.36 ev and frequency factors in substantial 
agreement with those of Fig. 9. Since this discrete state 
technique does not employ the approximations leading 
to Eqs. (9) and (12), except in suggesting the presence 
of discrete states through Fig. 8, this agreement seems 
to lend support to the validity of the approximations 
introduced. 


VIL. RETRAPPING NOISE 


The preceding analysis arises from a knowledge of the 
carrier fluctuations determined only from low frequency 
noise measurements interpreted in terms of the first 
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term in Eq. (1). The noise spectra in Figs. 3 and 5 
display additional features at high frequencies which are 
attributed to details of transitions between the traps 
and the conduction band as represented by the second 
term of Eq. (1). If this picture is correct the trap dis- 
tributions and frequency factors presented above should 
be able to account for the remaining features of the 
spectra. 

In Fig. 5 a single relaxation process is observed when 
the quasi-Fermi level is near 0.4 ev below the conduction 
band which is at the position of a maximum in the trap 
density shown in Fig. 8 and as derived from photo- 
conductivity measurements alone. It is tempting to 
associate the relaxation time derived from the turnover 
frequency in the spectra, 9X10~* second, with tran- 
sitions to this nearly discrete level. From the G-R 
thecrem, the ratio of the total low frequency noise to 
the trapping noise is ror./r7 if the generation rate from 
traps dominates. Using the values given this ratio is 
3.6 10° compared to that observed in Fig. 5 of 5X 10°. 

Also, the frequency factor should be of the order of 
ov, where o is the trapping cross section and » is the 
electron thermal velocity. Taking 4X10" sec for S 
from Fig. 9 and a thermal velocity of 10’ cm/sec, the 
calculated cross section is of the order of 4X 10~"* cm’, 
which seems to be a reasonable value for neutral trap- 
ping. The spectra show the extra relaxation process only 
when the quasi-Fermi level is in the vicinity of the trap 
level which is qualitatively understandabie in terms of 
electron population in the level. 

The high-frequency portion of the spectra of crystal A 
show a 1/f noise behavior which is also attributed to 
retrapping. It has been suggested a number of times 
that by superimposing spectra of the form r(1+-#*r?)—" 
with the time constants distributed proportional to 1/r, 
a 1/f spectrum results. It may be shown? that an ex- 
ponential energy distribution of identical states can lead 
to 1/f noise on this picture. The trap distribution for 
crystal A has a near exponential distribution below 
0.36 volt. Furthermore, the average slop of this portion 
of the curve (Fig. 8) is —38 volts“, which is the proper 
value to obtain a 1/f spectrum at room temperature. 
The constancy of the frequency factor (Fig. 9) at 
3 10" sec for these states is also a necessary require- 
ment satisfactorily fulfilled. 

The 1/f spectrum is generated only by those traps 
above the quasi-Fermi level, which means that as the 
quasi-Fermi level is raised, the low-frequency limit of 
the 1/f behavior should move to higher frequencies. 
Qualitatively, the deeper traps have smaller transition 
probabilities, which implies slower relaxation times and 
as contributions are eliminated the lower frequency 
transitions are reduced. It is expected therefore that a 


* A. L. McWhorter, Semiconductor Surface Physics (Universit 
of Pennsylvania Press, Philadelphia, Pennsylvania, 1957), p. 213; 
also published as Lincoln Laboratory Technical Report No. 80, 
Massachusetts Institute of Technology, Cambridge, Massachu- 
setts, 1955). 
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Tasie II. Observed and calculated lower limit 
of 1/f noise in crystal. 


Er fr r 
volts cps sec? 


0.32 1200 3.2 108 
0.38 500 3.0X 108 
0.41 200 9.3 10 
0.46 50 14X10 


correlation between the quasi-Fermi level position and 
the low-frequency appearance of 1/f noise exist, as is 
observed in Fig. 3. 

The approximate frequency of such a cutoff may be 
obtained for each of the spectra of Fig. 3 by extrapolat- 
ing the low-frequency 1/ f* trend to the intersection with 
extrapolation of the high-frequency 1/f behavior. As 
shown in Table II, this intersection point indeed pro- 
ceeds to higher frequencies as the quasi-Fermi level 
approaches the conduction band. Assuming that the 
turnover frequency associated with traps at the quasi- 
Fermi level is proportional to the trap escape probability 
divided by 2, the ratio of this frequency to the ob- 
served cutoff frequency is computed and shown in 
Table IT. The ratio appears to be roughly constant and 
of the order of 10. Thus, there is at least semiquantitative 
experimental evidence for the exponential state distri- 
bution leading to 1/ f noise, a matter of some interest in 
the general problem of 1/f noise in semiconductors. 

It should, of course, be possible to account even more 
quantitatively for the spectra in terms of trapping tran- 
sitions and there is some evidence in the present data 
that this is possible. While the average slope of the trap 
distribution is — 38 volts~, there is a break in the curve 
at 0.44 volt shown in Fig. 8. Correspondingly, the noise 
spectra of Fig. 3 indicate that the high-frequency por- 
tions are more nearly 1/f at high light intensities when 
the quasi-Fermi level is above this position. It appears 


AND 


R 


that more detailed interpretation must await more 
reliable data on the trap distribution than those achieved 
by the present technique. One wonders if the proper 
slope to account for 1/f noise is fortuitous agreement, 
if the method used to derive the trap distribution preju- 
dices the results to this value the measurements 
are taken at room temperature, or if the kinetics of the 


since 


trapping processes automatically lead to these results. 
Clearly, repetition of these measurements at lower tem- 
peratures should help answer these questions. 


VIII. SUMMARY 


Through the use of combined current noise and photo- 
conductivity measurements, it is thus possible to derive 
a coherent picture of transitions between the conduction 
band and shallow traps in single crystal cadmium sulfide. 
In particular, values for trap frequency factors can be 
obtained under steady-state conditions which appear 
more reliable than those realized from thermal stimula- 
tion experiments. Furthermor: 


lence 


, the noise measurements 
for multiple retrapping. 
In this analy sis electrons are pre sumed to recombine 
only from the conduction band and to communicate 
with other trapping stat 


evi 


appear to be direct 


es only through the conduction 
band. Extension of the analysis to allow such transitions 
directly would seem to be warranted. However, it seems 
experiment must 
await more reliable determination of the trap distribu- 


that quantitative comparison wit! 


tions. To this end experiments at low temperatures are 
highly desirable 

It has been demonstrated semiquantitatively that the 
1/ f noise component is due to an exponential distribu- 
tion of identical traps, a matter of some interest in the 
general problem of 1/f noise in semiconductors. Here 
again it seems that a comple 
tive agreement must await 
about the trap distribution 


tely satisfactory quantita- 
more precise information 
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A transport theory is given for electrons and holes in space-charge layers at semiconductor surfaces. For 
diffuse surface scattering, the effective surface mobilities may differ significantly from the bulk mobility for 
any strength of space-charge layer. Agreement with Schrieffer’s formulas is found only for strong space- 
charge layers, and the discrepancy is explained. The results are extended to cover an arbitrary degree of 
diffuseness of surface scattering and to cover samples of small thickness 


1. INTRODUCTION 


T is well known! that it is possible to induce in a 


semiconductor a surface space-charge layer con- 
taining enough additional carriers to alter strongly the 
conductance parallel to the surface. Schrieffer’ has 
presented a transport theory for this situation, taking 
into account the decrease of mobility due to diffuse 
scattering from the surface. His treatment follows, in 
general, the analyses of Fuchs’ and Sondheimer* of 
the conductance of thin metal films, but introduces the 
additional feature of a space-charge potential into the 
Boltzmann equation and into the equilibrium distri- 
bution function. In Schrieffer’s theory,? however, the 
space-charge potential was approximated by a formula 
that suppresses the bulk current. The resulting formula 
for the mobility of the induced carriers is then satis- 
factory only when they are in deep potential wells at 
the surface. 

Several attempts have been made to improve on 
this theory by taking into account the presence of the 
bulk current. Zemel® and Flietner*® treated a truncated 
linear potential, and Frankl’ treated the Poisson 
potential, all for infinitely thick slabs. 

The present paper gives a surface transport theory 
retaining the exact Poisson potential, but otherwise 
following Schrieffer in the use of constant effective 
mass, constant relaxation time, and nondegenerate 
statistics. The case of a thick slab with completely 
diffuse surface scattering is treated in Sec. 2. The total 
current is shown to consist of a bulk current term plus 


‘J. Bardeen, Phys. Rev. 71, 717 (1947); W. Shockley and 
G. L. Pearson, Phys. Rev. 74, 232 (1948); W. L. Brown, Phys. 
Rev. 91, 518 (1953); J. Bardeen and S. RK. Morrison, Physica 20, 
873 (1954). 

2 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 

*K. Fuchs, Proc. Cambridge Phil. Soc. 34, 100 (1938). 

* E. H. Sondheimer, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1952), Vol. 1, p. 1. 

* J. N. Zemel, Bull. Am. Phys. Soc. 3, 255 (1958). 

*H. Flietner, Ann. Physik 3 396 (1959). 

7D. R Frankl, Bull. Am. Phys. Soc. 4, 179 (1959). 


a term containing the product of the surface excess of 
carriers and their effective surface mobility ys. 

This ws agrees with Schrieffer’s result for deep 
potential wells, as expected. However, contrary to 
what is usually expected, us may be appreciably less 
than the bulk mobility, 1, even when the well is shallow 

. or inverted. The formulas are evaluated for the par- 
ticular case of electrons and holes in germanium and 
silicon at room temperature and presented graphically. 
It is pointed out that in some circumstances ys is not 
a true mobility and that, in fact, it may be negative. 

In Sec. 3, the theory is extended to cover slabs whose 
thickness is comparable to the electrostatic screening 
distance, and whose surface scattering may not be 
entirely diffuse. 

In Sec. 4, the formulas are discussed. A rough 
intuitive argument is presented to describe the main 
physical features of the theory. The reader not inter- 
ested in the mathematical details of the Boltzmann 
theory may get most of the physical picture from this 
section. 


2. BOLTZMANN THEORY FOR THICK SLABS 


We consider a slab whose thickness 2d is much 
greater than the electrostatic screening distance* 
Lp= (xkT/8rn,e*)'. If an electric field EZ, is induced 
normal to the surface z=0 the resulting equilibrium 
electrostatic potential w (in units of kT/e) goes from 
the surface value ug at z=0 to the bulk value ug for 
z>>Lp. Measuring the potential relative to the intrinsic 
Fermi level, the variation in w is related to the variation 
of the carrier concentrations by 


pune. (2.1) 


Schrieffer® shows that the Boltzmann equation (in 
the ohmic approximation) for the electron distribution 
function f in the presence of a small uniform electric 
field £,, parallel to the surface, can be readily solved 


n=n,e", 


. W. Shockley, Bell System Tech. J. 28, 435 (1949). 
967 
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Fic. 1. Domains of 
solutions of Boltz- 
mann equation; (a) 
for electrons at- 
tracted to surface, 
(b) for electrons re- 
pelled from surface. 





by transforming from ordinary (z,v,) space to a (»,9,) 
space where 
v(z,v,) = mv?2/kT— (u— up). 


(2.2a) 
The Boltzmann equation then takes the form 
(8/av.) fre® = fur(0/an,)e, (2.2b) 


(v= const), 
where 


fi = {— fo, 


fo=ni(m/2xkT) exp(u—mv*/2kT), 


(2.2c) 
(2.2d) 


(2.2e) 


fu=—erE we fo/kT, 


K=K(0,4,0,1) f mdv,/erE,, (v=const). (2.2f) 


We adopt, with Schrieffer? the b.c. (boundary 
condition) of random surface scattering at z=0 (a 
more general! condition is used in Sec. 3) 


fi (vss) — 0, 


where v,s is the z velocity of electrons leaving the 
surface z=0 with “energy” » given by 


(2.3) 


v=mv,s"/2kT—(us—up), 25>. (2.4) 
However, (2.3) does not determine /, completely. For 
electrons not bound in the surface potential well an 
additional b.c. is needed. The reason for this may be 
seen as follows: The domain of integration of (2.2b) is 
the strip in the (»,»,) plane bounded by the parabolas, 
Eq. (2.2a), for s=0 (w=ug) and s=s, (u=ug), shown 
in Fig. 1. Equation (2.3) fixes f,; everywhere on the 
locus of v,s (heavy lines in Fig. 1) and integration of 
(2.2b) along contours y= const (vertical lines in Fig. 1) 
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generates f,; at all accessible interior points of the 
domain, viz., the shaded regions of Fig. 1. 

Thus, an additional b.c. is needed for the unshaded 
regions,’ and here we set 


fi(—t.a) = fr (2.5) 


where 1,8 is the z velocity of electrons in the bulk with 
“energy” given by 


v=mv,5°/2kT, v,—>0. (2.6) 


This condition, which is consistent with (2.3), requires 

fi: to approach, as z—+d, the distribution function 

given by the theory of bulk mobility. 

The solution of (2.2b) satisfying (2.5) and (2.3) is 

hi=full—h), (2.7a) 

where, for us> uz, 

h=exp[ —K(v,,0.s)] for »<0, 

h=exp[—K(o,,0.s)] for v>0 

h=0 for »v>0 


(2.7b) 
(2.7c) 
(2.7d) 


and 2,>0, 


and »v,<0, 
and, for us<up 


h= exp[— K(0,,0.s)] for 


v>Up—ts 


and 2,>0, (2.7e) 
h=0 for v>Uup—Usg 
and 


v,<0, (2.7f) 


h=0 for (2.7g) 


The behavior of f; near the other surface s=2d is 
easily gotten from (2.7) by symmetry arguments. 

The electron current density and the electron current 
in a unit strip are 


a 2 2 
f av. f av, dv, (—ev-f1), 
2 x - 
4 
| of jx(z)dz 
i 


= 2eEmpy,(m 2k) f dz 


vs up ts. 


je(z)= (2.8) 


D 


x f dv,(1—h) exp(—v), (2.9) 


where u,=er/m is the bulk mobility. The first term of 
(2.9) may be integrated once directly, and the second 
term may be integrated once after transforming the 
integration variables to (»,,v). Note that the trans- 
formation Jacobian is kTu,/e) (0K /dv,) and that 
K (0.3,02s) = ©. After some manipulation one finds 

(2.10a) 
*In Schrieffer’s approximation, only the accumulation layer 


for electrons is treated, and the parabolic strip is of infinite width, 
so that no additional b.c. is needed 


I. 2eEnpu,(d —.) —_ 2eEuunsAN, 
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d 


av= f dz (n—mnpg) (d— «) 


(2.10b) 


is the surface excess of electrons," 
An= 1 (RT /20m)! (2.10c) 


is a thermal mean free path, and yas is the effective 
surface mobility, given by 


MaS =prl I nit (An%p AN) (e*s-*“8— 1)], 


Antes o ' 
Mas u.(1- — f e7"(1— eX (es) ar), 
AN un~-us 


Us> Up. 


Us<tup, (2.10d) 


(2.10e) 


Kingston and Neustadter™ have given a convenient 
graphical solution of the Poisson equation for surface 
space-charge situations such as the present one (i.e., 
uniform donor and acceptor concentration, complete 
ionization, nondegenerate statistics) : 


(eLp/kT)E,=F(Au,ug)= —F(—Au, —upg), (2.11a) 


where 


Au 
F(Au,ug) =2 sinh 


sinhAu—Au})?* 
x | cosh] 1+ tanh - lI ° (2.11b) 
coshAu— 1 


and Au=u—ug. The surface excesses of electrons and 

holes are then expressed as 
AN=n,LpG(—us, — up), 
AP=n,LpG(us,us), 


(2.12a) 


(2.12b) 
where 


us~—up 
G(—ts, —up)= eres f d(Au)(e4*—1)/ 
: F(Au,ug). (2.12c) 


Using these solutions of Poisson’s equation we may 
re-express (2.10) as 


y e“8(d,/Lp) 
a ad mapernmmeanmamanaeen 
G(—ts, — tp) 


[een] 
(us< tp), (2.13a) 


e“®(,./Lp) i) 
Bns/tn=1— — f dve~*(1— 2s) 
G(—ts, —tUg) Jup—us 


~~ (2.13b) 
” R. H. Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 


1955). 
"C. G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
1955). 


(us> Up), 
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where 
“s~“5 
2K = —(Lo/dale f d(Au)(Au+v)-/F <0, 
. (2.13c) 


The corresponding formulas for u»s/u, for holes may 
be obtained from (2.13) by replacing ug and up by 
—tus and —wpg, respectively, vy by —»v in (2.13c) and 
n by p, throughout. 

We have evaluated yas/u, and u,ps/u, numerically 
for a range of values of us and ug for germanium and 
silicon. Using the data compiled by Conwell” for the 
conductivity effective masses and drift mobilities of 
n-Ge and n-Si one finds (at 300°K) 


Lp/An= 33.3 (Ge), =2270 (Si). 

Also we use 
Lp/Xpn= 54.8 (Ge), 
Lp/\p= 18.3 (Ge), 


=4610 (Si) (heavy holes), 


(light holes). 


Here we obtained the mobilities of the light and heavy 
holes in germanium from the formula 


p= (Praspat Puspi)/ (pit pa), 


using the ratio p,/p,=0.0423 given by Lax and 
Mavroides” and using the ratio pw p:/up,=8 estimated 
from the magnetic field dependence of the Hall co- 
efficient by Willardson, Harman, and Beer“ and from 
magneto-surface experiments by Zemel and Petritz.'* 
The corresponding situation in silicon is somewhat 
obscure, but we provisionally represent p-type silicon 
in this calculation by neglecting the light holes. 

Programs for evaluating us/~ numerically from (2.13) 
have been written by Thomas'* for an IBM 704 com- 
puter and A. Brown"’ for a Bendix G15D computer. 
These results are presented in Figs. 2-6 in a somewhat 
unconventional form, suggested by Brattain,’ that 
minimizes the amount of interpolation needed to 
obtain the usuai plot of ws/u vs us for arbitrary values 
of up. The latter is illustrated in Fig. 7 for light holes 
in germanium at 300°K. 

The values of Lp/d in Figs. 2-6 cover a sufficiently 
broad range that most practical cases can be handled 
by interpolation with respect to this parameter, re- 
membering to change the signs of ug and ug whenever 
the sign of the carrier charge is changed. 


(2.14) 


3. THIN SLABS 


We now consider a semiconductor slab having 
surface charge density w on both faces, counterbalanced 


%B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955). 

“ R. K. Willardson, T. C. Harman, and A. C. Beer, Phys. Rev. 
96, 1512 (1954). 

% J. N. Zemel and R. L. Petritz, Phys. Rev. 110, 1263 (1958) 

%* E. G. Thomas, U. S. Naval Ordnance Laboratory Report 
NAVORD-6754 (unpublished). 

1” A. Brown (private communication). 

“ W.H. Brattain (private communication). 
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Fic. 2. Surface mobilities of holes with Lp/A=18.3, e.g., light holes in 


by an internally distributed space-charge. (Such a 
situation might result, for example, from exposure of 
the slab to some gaseous ambient.) When the slab 
thickness 2d is mot large compared to the screening 
length Lp, the space-charge may extend entirely across 
the slab. Then the potential u=In(m/mn,) will differ 
from the bulk value uz even at the slab center, and u 
will everywhere depend upon the surface value us. We 
now treat the electron transport in this situation, 
introducing, furthermore, the possibility that the 
surface scattering may not be entirely diffuse. 

If a small uniform electric field E, is applied parallel 
to the surface, the distribution function will be sym- 
metric about the midplane z=d. We can then confine 
our attention to the region 0<z<d, noting that the 
boundary condition (2.5) has to be replaced here by 


fi (2a) = fi(—), (3.1) 


where mv,//2kT = v+ (ua— up). For the boundary con- 
dition at s=0 we use Fuchs” simple scheme of inter- 
polating between the model of completely diffuse 
surface scattering, viz. : 


Si(ves)=0, (2.5) 


and the model of s 
(3.2) 


Fuchs? introduces at 
that 


nterpolation parameter w, such 


0<w,.<1 (3.3) 


(V5) = Wa Vs), 


Fuchs interprets w, as the probability that an electron 
| \ 


striking the surface will be specularly reflected. 
The solution of the Boltzmann equation 
satisfying (3.1) and (3.3) is 


(2.2b) 


(3.4a) 
where for us> up, 


(1—w,) exp| 
h.= 


1—w, exp[ 2K 


expL -K T 
~ Wn exp| 2K 
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Fic. 3. Surface mobilities of electrons with Lp/\ = 33.3, e.g., electrons in germanium at 300°K. 


—t,3)+2K (0,8,24) | 
1—w,, exp[2K (0,5,?.4) | 


(1—w,) expl—XK(v,, 


for v>tpg—Uga, 2,50, (3.4d) 


and, for us<up 


h-=0 for v<ug—ts, (3.4e) 


(1—w,) exp[— K(1,,0,5) ] 
h,=— 
1—w, exp[ 2K (0,5,%2a) | 


for v>Up—ts,0,>0, (3.4f) 


(1—w,) exp[—K(2,, —0,5)+2K (0,5,%a) | 
h,.=- at 
1—w, exp[ 2K (0,5, sa) | 


for v>tUp—ts,0,<0. (3.4g) 
The everpresent factor (1—w,) in A, serves as a re- 
minder that A, describes the momentum dissipation 
by the surface scattering mechanism. The modulation 
of this dissipation by the surface electric field is less 
apparent but can be seen to occur via the functions KX. 

The current (per unit strip of y direction) is com- 


puted as in Sec. 2, 
(2.10a)"*: 


resulting in an expression similar to 


I, = cE Nppel 2d—2r.(1—w,) |4+2eEsinshaN, (3.5a) 


where 


d 
av f dz(n—nz), 
0 


(1 . Warne 
1— (es up — | 
AuaN 


“4 dy expl —v+2K,(0.5,0) ] 
1—w, exp 2K,,(0,8,0]) 


(3.5b) 


Mas ‘bn 


up 

—(1l—z of 
‘B~“s 

“ 

~iie w.){ 
B-* 


dy expl— y+ oer) 
ug 1—w, exp 2K a(0_8,%sa) | 


(3.5c) 


® Note added in proof: When >. Sd and 4gN-+0 one can show 
that pas4gW remains finite and J, remains positive. 


uUs> Up, 
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3. 4. Surface mobilities of holes with Lp/A=54.8, e.g., heavy holes in germanium at 
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Fic. 6. Surface mobilities of holes with Lp/A= 4610, e.g., holes in con at 300°K 


Wa)AaMp When 
e(“s—“B) — 1 
AN 


* dv exp[—»+2K,(v,8,tea)]\\__ these formulas simplify s 
Wai e = + . 
us —uRp 1 — Ws exp| 2K n(Ues,Ued) j 2A 


usStg. (3.5d) except for the few electrons having »>>1. Equation 


(3.6b) 
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Fic. 7. Surface 
mobilities of holes 
with Lp=18.3, data 
of Fig. 2 plotted in 
conventional man- 
ner. 
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(3.5) then yields 


(1—w,)A,Mp 
: d (oot 
AN 


“ua~~d dy exp[ —v+2K,(028,0) | 
-(1-w.) f ) 
“ 1—w, exp[2XK,(0,5,0) ] 


Rus 


for us> Up, (3.7a 


(1—w,)A,Mp 
le us “s)— 1) 


AaN 


for tUs<tg. (3.7b) 

These formulas may be written in a form analogous 
to (2.13) if we extend the formalism of Kingston and 
Neustadter” to cover the electrostatistics of slabs of 
finite thickness. The solution of Poisson’s equation now 
has to satisfy the symmetry condition 


E,=0 at s=d. (3.8) 


The electric field EZ, is then given by 


F (Au,ua,up)=kTE,/eLp 


= —F(—Au, —t%e,—us), (3.9a) 


where 

Au 
F(Au,tsa,4g) = 2 sinh-— cosh 1+tanhu, 
2 


sinhAu— Au(sinhu,/sinhw,) ' 
«| a=) ree 


coshAu— 1 


This is a somewhat more cumbersome calculation than 
that for a thick slab inasmuch as some preliminary 
numerical calculation is necessary here even to get us 
and ug. These are determined from the auxiliary 


formulas 
d 


ud 
i- f dz -L f du/F(Au,tta,ug), (3.10) 


and (Gauss’ law) 


F(A gu,ua,tp) w/2neLp 


(3.11) 


where w is the surface charge density on each face. 
The analog of (2.12) for the electron and hole excesses is 


(Agu=tus— tp), 


d 


a= f dz (n— 
9 
n,LpG(— ts, 


(p— Ps) 


Np) 
(3.12a) 
(3.12b) 


—ta, — up), 


niLpG(uUg,a,Up), 
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where 


G(~—ts, — ta, — Up) 


ugs—uB d(Au)(expAu— 1) 
=e f — . 
F (Au,tta,Up) 


(3.12c) 


ud vB 


Using (3.12), we find analogs of the thick slab formulas 
(2.13): 


(1—w, )e“#(A,,/Lp) 
Uns/Mn=1— 
G(—ts, —ta, — tp) 


{es “B— 1— (1—w,) 


“a—“d dy exp[ —v+2K,,(025,0) | 


1—w, exp[2K,(0,5,0) | 


(3.13a) 


(d>An, Us= Up), 


(1—w, )e“#(X,,/Lp) 
[eve-v9— 1] 


G(—ts, —ta, — Up) 


(d>>An, Us<up). (3.13b) 
Here K,, is as defined in (2.13) except that F(Au,ug) 
is replaced by F (Au,ua,ug). The corresponding formulas 
for holes are obtained by the same process as in the 
thick slab case, described after formulas (2.13). 


4. DISCUSSION 


The formulas derived in Sec. 2 can be made plausible 
by the following rough arguments. Consider a slab of 
thickness 2d with electron concentration mg and, on 
each face, a square potential well of width Z having 
additional concentration An. The effect of the surface 
scattering can be represented as producing a “stagnant 
layer” at each face. For the bulk carriers, not confined 
in the well, the thickness of this layer should be of the 
order of the bulk mean free path A, whereas for the 
excess carriers, confined in the well, the layer will have 
some other thickness /, to be determined. The total] 
electron current per unit strip will than be 


T,=2eE mnpu,(d—A)+2eE,(LAn)y,(1—1/L), (4.1) 


which essentially agrees in form with Eq. (2.10a). Now, 
as an estimate, we set /= gl, where g is the probability 
that the electrons in the well collide with the surface 
rather than in the bulk. For all the electrons starting 
at depth z, this probability is 


} exp(—2z/A)+4 exp[— (2Z—2)/A], 
and, averaging over 2, we find 


g= (A/2L)[1—exp(—2L/a)]. 


RANKL, 


AND ZEMEL 


Hence, the bracketed factor in (4.1) becomes 


Mas= Mall — (A/2L) (1— 67?) ]. (4.2) 


The Boltzmann result (2.13b) can be identified as a 
suitable energy average of (4.2) by rewriting (2.2f) in 
the form 
dz 
(4.3) 
A 


The foregoing treatment, though instructive, suffers 
from the defect of relaying on an artificial separation 
of the carriers into two sets. Actually, the surface 
mobility formula includes not only the current con- 
tribution of the excess carriers, but also an alteration 
of the mobility of the bulk carriers brought about by 
the bending of their trajectories toward or away from 
the scattering surface. The competition between these 
two effects may be seen if we rewrite u»s in the form 


(Appendix A) 


MaS Ants if : 
Ma AN B-us ; 
es Be erme 


for electrons when us 


2K a 


>up. The first term is always 
positive, while the second is negative because 0,>,8 
when us> uz. It is the latter term that is responsible 
for the sharp decrease in yas when usp, apparent 
in some of the curves of Fig. 7. If Lp is sufficiently 
small, it is even possible for u,s to become negative 
when the bands are nearly flat 

Although the formulas for depletion differ from those 
for accumulation, was is a continuous function of ug 
at us= up. The limiting value is 


Noting that the true 
Lp(coshug) i it is 


bulk screening distance is 
that the flat-band surface 
mobility becomes negative when the bulk screening 


clear 


distance becomes less than \,, so that the space-€ harge 
region is narrower than the “stagnation layer. 
such cases as is not a true mobility 


” 


In 
In fact a strict 
local proportionality between current density and field 
does not exist when the field varies appreciably within 
\: instead the current density at a point is influenced 
by the field strength at all points within a few mean 
free paths. 


APPENDIX A. ALTERNATE FORM OF wpys 


Integrating both terms of (2.9) in the (»,,¥) co- 
ordinate system one finds, for us> up 





SURFACE TRANSPORT IN SEMICONDUCTORS 


T,=2eE Mapper 


0 
x(f 
uB—us 


+f dv e~*e~*= "42K (0an508)—1}). (A.1) 
0 


2S mv, d 
Kalen) =— f -f dz/rv, (A.2) 
2B erE, 0 
d 4 dz /s—VsB 
-—-f =(~ ). (A.3) 
TUB 0 T 0,028 


Thus, for d>d,, the first term of the second integral in 
(A.1) vanishes, and, noting that y= m,,/2kT, (A.1) 


becomes 
nev». 


1, = 2eEgpin(d—n) + 2k AN un 
dy e~*[eXn(vs.) — 2K, (0,5,0)—1] rneroy ra H 


AN 
0 
x| f dveé [eX —2K,—1] 
up-us 


But 


” 4 dz /tsp—s 
+2 f ave f -(= “I, (A.4) 
0 ee UVR 


from which (4.4) follows. 
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Zeeman Effect of Impurity Levels in Silicon* 
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Completely resolved Zeeman spectra for the bismuth donor in silicon including optical transitions from 
the 1s donor ground state to the excited states 2p, 2p,, 3po, 4po, 3p, Spo, 464, and Sp, are presented. The 
transitions were observed at liquid helium temperature, using linearly polarized radiation alternately parallel 
and perpendicular to the magnetic field, and field intensities up to 38.9 kilogauss oriented along each of the three 
principal crystallographic axes. Both linear splitting of the p, states and a quadratic dependence on field 
were observed. The use of impurity Zeeman spectra is demonstrated for evaluating effective mass param- 
eters, determining the nature of energy bands and finding and identifying impurity excited states. The 
transverse cffective mass for the electron in silicon was found to be (0.1864-0.006) me in agreement with 
recent cyclotron resonance results. From Zeeman slitting, electron effective masses wp to 0.5 mo can be 
measured to within +4% at infrared frequencies in a field of 40 kilogauss. The behavior in a magnetic field 
of the first two donor excited states could be explained by treating the magnetic terms of the Hamiltonian 
as a perturbation to first order. Interactions among the higher closely-spaced Zeeman levels were observed 
above 20 kilogauss and were evaluated with a second-order treatment. The Zeeman structure for the alumi- 
num acceptor reflected the complexity of the valence bands and the acceptor ground state and was in quali- 
tative agreement with the theoretical results of Kohn and Schechter. Transitions were observed to eight 
excited states converging to the series limit. Evidence is given for the degeneracy of each state. 


I. INTRODUCTION indicated that the Zeeman splitting should be resolvable 
by spectroscopic techniques. For germanium, a linear 
splitting for the transition 1s — 26,(m=+1) for 
both As and P impurities was reported by Fan and 
Fisher,‘ and similar measurements in the far infrared 


T has been realized that measurement of the Zeeman 
effect of the excited states of the monovalent donor 
and acceptor impurities in semiconductors offers a 
means of studying the energy band structure and the : ; , > 
effective masses of carriers. Theoretical evaluation’* "8!0% WETe also reported by Boyle* for As Impurity. 
of the linear Zeeman effect for donors in Ge and Sihad 1*@nsitions from the ground state to quantized mag- 
FOE netic levels in the conduction band were also observed 

* The work reported in this and the effective mass of the electron was determined. 
neemnne, » sear fer Stee For silicon, both linear and quadratic Zeeman effects 


© was pericrmed by Lincoln 
operated by Massachusetts 
Institute of Technology with the joint support of the U. S. Army, 


Navy, and Air Force. 

'B. Lax, R. D. Puff, and W. H. Kleiner, Bull. Am. Phys. Soc 
3, 31 (1958). 

*R. R. Haering, Can. J. Phys. 8, 1161 (1958) 

* B. Lax, L. M. Roth, and S. Zwerdling, J. Phys. Chem. Solids 
8, 311 (1959). 


‘were observed for the bismuth donor’ and a preliminary 

Zeeman spectrum for Si(Bi) was presented by Zwerd- 
*H. Y. Fan and P. Fisher, J. Phys. Chem. Solids 8, 270 (1959). 
*W. S. Boyle, J. Phys. Chem. Solids 8, 321 (1959). 
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ling, Button, and Lax.* More extensive theoretical work 
has been reported’ which involves both the linear and 
quadratic Zeeman effects and takes into account the 
interaction between higher excited states in the presence 
of a magnetic field. 

The theory of the Zeeman effect for the ground state 
of acceptors has been treated by Kohn.* For the higher 
excited states of acceptors the theory is much more 
complicated, and although it has been formulated,’ the 
results are not yet available. The experimental data of 
Fisher and Fan” for acceptors in Ge show twofold split- 
ting of the ls — 2p® and 1s — 2p transitions with a 
quadratic shift in the latter." 

The purpose of this paper is to present a complete 
Zeeman spectrum for the bismuth donor in silicon in- 
cluding all of the excited states up to 5p, and also for 
the aluminum acceptor including all of the excited states 
previously observed at zero magnetic field.* The anisot- 
ropy of these levels will also be reported for both im- 
purities. Magnetic field intensities up to 38.9 kgauss and 
linearly polarized radiation were used. The donor spec- 
trum was completely resolved and both the linear and 
quadratic field-dependence of the excited states were 
determined. The effects of the interaction between ad- 
jacent states in the presence of a magnetic field were 
also observed and evaluated. In the acceptor spectrum, 
the 38.9 kgauss field was not sufficiently large to resolve 
the structure in all levels but indications of twofold and 
fourfold splitting were detected and the quadratic de- 
pendence on field was evident for the highest excited 
States. 

The Zeeman spectra for the donor excited states ob- 
tained from these experiments permitted the identifica- 
tion of the transitions from the ground state to the 
various excited states by comparing the behavior of the 
levels in a magnetic field with a first-order theory. 
Furthermore, the transverse effective mass of the elec- 
tron determined from the linear Zeeman splitting was 
in excellent agreement with the microwave cyclotron 
resonance result. The degeneracies and relative energies 
found for the acceptor excited states were consistent 
with the zero-field theory of Kohn" and Schechter." 


Il. THE PHYSICAL PHENOMENON 


The theory of the linear and quadratic Zeeman effects 
of impurity levels in a semiconductor can be illustrated 


*S. Zwerdling, K. J. Button, and B. Lax, Bull. Am. Phys. Soc. 
4, 145 (1959) 

™W. H. Kleiner, R. N. Brown, and B. Lax, Bull. Am. Phys. 
Soc. 4, 144 (1959). 

®*W. Kohn (private communication). 

* W. H. Kleiner (private communication). 

” P. Fisher and H. Y. Fan, Phys. Rev. Letters 2, 456 (1959). 

" This notation is that of W. Kohn, Solid State Physics, edited 
by F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1957), Vol. 5, p. 303, Table VII. 

“H. J. Hrostowski and R. H. Kaiser, J. Phys. Chem. Solids 4, 
148 (1958). 

%D. Schechter, “Theory of shallow acceptor states in Si and 
Ge,” doctoral thesis, Department of Physics, Carnegie Institute 
of Technology, Pittsburgh, Pennsylvania, 1958. 
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by considering the theory for a charge carrier having a 
spherical energy surface. The Schrédinger equation has 
the familiar form 


h? hwo, 9 m*e 
ean 

2m* 2i do 8 
where m* is the effective mass of the carrier, o,=¢eB/m*c 
is the cyclotron frequency (Gaussian units) in the mag- 
netic field B, and « is the infrared dielectric constant of 
the host crystal. The first term on the left of Eq. (1) 
is the usual momentum term. The second term, which 
is linear in the magnetic field, is responsible for the 
ordinary linear Zeeman splitting. The third term is 
associated with the diamagnetic, or quadratic, Zeeman 
effect. The circumstances of interest are those for which 
the terms involving the magnetic field can be treated 
as a perturbation. It is then permissible to use the zero- 
field wave functions to evaluate the change in the eigen- 
value due to the magnetic field. The zero field wave 
functions for p states are proportional to e™* where m 
is the azimuthal quantum number of the angular 
momentum. Applying the second term of Eq. (1) to y 
yields the energy shift for each p state 


e 
r° sin°é— )y=s (1) 
Kr 


A&,,= mhw,/2 (2) 


which is linear in the magnetic field and nonvanishing 
only for m= +1. Since the transitions at low tempera- 
ture are those from the 1s ground state to these p-states, 
then a linear splitting can occur only for Am= +1. The 
degeneracy of the p, states is removed by the magnetic 
field, and the split by the magnitude 
A&,=hw,. Therefore, the effective mass of an isotropic 
carrier can be measured directly from the linear Zeeman 
effect. However, in order to observe the transitions in- 
volving Am= +1 spectrometrically, it is necessary that 
the electric vector of the radiation have a component 
along the oscillating electric dipole moment associated 
with the p, states. Since, for the latter, the dipole 
moment oscillates at right angles to the magnetic field, 
then the transitions will occur in plane polarized radia- 
tion only for E. B, where E is the electric vector of the 
incident radiation and B is the dc magnetic field. Similar 
reasoning indicates that for E)|B, transitions are in- 
duced only to the fo states for which Am=0, and there 
is no linear dependence on field as shown by Eq. (2). 
Measurements with polarized radiation would thus im- 
prove experimental the polarized 
spectra are mutually exclusive and overlapping of lines 
is greatly reduced. 

At higher fields, the quadratic term becomes effective. 
It can be shown" that, for =1, m=O (po states) 


States are 


resolution since 


hte? n? 
Aé n*—1). (3) 
em* 8 
4 See, for example, J. H. Van Vieck, The Theory of Electric and 
Magnetic Susceptidilities (Oxford University Press, London, 1932), 
p. 178. 
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Therefore, the quadratic Zeeman effect varies inversely 
as the cube of the effective mass and directly as the 
square of the dielectric constant for different host mate- 
rials. The quadratic shift with field also becomes in- 
creasingly more important for the higher excited states 
for which it varies as n*. 

The above analysis can be applied only qualitatively 
to silicon because the band structure is more complicated 
for both donors and acceptors. The conduction band 
consists of six minima along the (100) axes and the 
constant energy surfaces in momentum space are rep- 
resented by ellipsoids of revelution about these axes. 
The theory of the donor states has been considered 
previously at zero field.“ The Hamiltonian, including 
magnetic terms, can be written in the form 


A=4r XB is the magnetic vector potential, V= —e/xr 
is the Coulomb potential energy and m, and m;, are the 
transverse and longitudinal effective masses. Equation 
(4) can be expanded to give a Hamiltonian containing 
linear and quadratic terms in the magnetic field. Again, 
treating the magnetic terms as a perturbation, the zero- 
field solution and wave functions can ‘be used to calcu- 
late both the linear and quadratic Zeeman effects. The 
linear problem has been considered by Lax, Puff, and 
Kleiner,’ and independently by Haering.? They have 
shown that the linear Zeeman splitting of the p, states 
is given by 

AS, =the; cosé (5) 


for each ellipsoid, where w,=eB/m¢ and @ is the angle 
between the direction of the magnetic field and the major 
axis of the ellipsoid. The quadratic Zeeman effect of the 
ground state'* gives a result which is analogous to 
Eq. (3), and is very small in silicon. At higher fields and 
for higher excited states where the quadratic effect 
becomes important, the theoretical problem is not as 
simple. The perturbation theory has to be carried out 
to higher order terms and the interaction and coupling 
between neighboring states in a magnetic field must be 
taken into account. This problem has been treated by 
Brown, Kleiner, and Lax."* 

Equation (5) shows that the linear Zeeman effect 
depends only on the transverse effective mass ; hence at 
low fields, it is possible to measure m, from the splitting 
of the p, states. At higher fields where the quadratic 


1 W. Kohn, Solid State Physics, edited by F. Seitz and D. Turn- 


bull (Academic Press, Inc., New York, 1957), Vol. 5, p. 257; 
C. Kittel and A. H. Mitchell, Phys. Rev. %6, 1488 (1984); . M. 
Luttinger and W. Kohn, Phys. Rev. 97, 1722 (1955); W ‘ohn 
and J. M. ng a Rev. 98, 915 (1955). 

* R. N. Brown, W. H. Kleiner, and B. Lax (to be published). 
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effect is important, both the transverse and longitudinal 
effective masses enter into the analysis. The anisotropy 
of the Zeeman spectrum therefore reflects that of the 
energy bands. However, since the theory is rather com- 
plicated, a simple interpretation in terms of these 
parameters cannot be made. 

In the region where the Zeeman effect is linear, it is 
relatively simple to deduce the selection rules and line 
intensities for linearly polarized radiation used in these 
experiments. It can be shown that the transition inten- 
sity is proportional to the square of the matrix element 
M? ~|(j| E-p|s)|* where s refers to the ground state 
and j to one of the excited states. Consequently, the 
intensity of the absorption has the form: 


py states: A sin*¢ 
(6) 
po states: B cos 


where A ~|(j! ps,y/s)|*, B~|(j|p.|s)|? and @ is the 
angle that the electric vector E of the incident radiation 
makes with the principal axis of the ellipsoid. The co- 
efficient A is finite for the p, states and vanishes for 
the po states while B is finite for the po states and 
vanishes for the p, states. These selection rules form 
the basis for the interpretation of the polarized spectra 
which will be presented. 

The theory of the Zeeman effect of the acceptor states 
is much more complicated. The theory of the ground 
state has been considered by Kohn.* The zero-field 
problem has been studied in detail by Schechter” who 
indicates the existence of a complex spectrum in which 
the ground-state wave functions are linear combinations 
of s-like and d-like states and, similarly, the excited 
states involve combinations of p and f functions. The 
latter appear to have fourfold degeneracy in the first 
two excited states and twofold degeneracy for the next 
two higher states. This implies that the ground state 
should also contribute to the Zeeman spectrum because 
of the presence of the d states. This has not been ob- 
served for silicon because the acceptor ground state is 
relatively deep, that is, the Coulomb field for it is strong, 
so that the effect of the magnetic field on the ground 
state can be neglected. Starting with Schechter’s wave 
functions, it is possible in principle, to work out the 
Zeeman pattern of the acceptor in Si. Initially, one need 
consider only the 4X4 matrix associated with the four- 
fold degenerate ps/2 bands. The method in terms of spin 
Hamiltonians is being treated by Kleiner and until such 
results are available, the detailed interpretation of the 
Zeeman spectrum of acceptor states in silicon must be 


postponed. 
IIL EXPERIMENTAL TECHNIQUES 


The Zeeman spectra of impurity levels were observed 
by using the low-temperature magnetospectrometric 
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apparatus which has been described previously.'’? The 
transitions from the ground state to excited states of 
the bismuth donor and aluminum acceptor in silicon 
require a photon energy corresponding to the infrared 
wavelength region between 15 and 23 microns. The 
measurements were made at 4.2°K using KBr prism 
double-pass dispersion, and the cryostat containing the 
doped specimen equipped with KBr 
windows. The spectral slit widths achieved ranged from 
(1.3-4.0) X 10~ ev and the positions of the transmission 
minima in the Zeeman spectra were determined to 
within 2X10~° electron volt for strong lines and 10~+ 
ev for weak lines. Polarized radiation was produced by 
transmission though a silver chloride sheet pile polarizer 
set to the Brewster angle. The polarizer could be rotated 
to align the electric vector of the radiation either parallel 
or perpendicular to the direction of the dc magnetic 
field applied to the specimen. Constant magnetic fields 
were employed and continuous spectra were recorded 


silicon was 


as a function of wavelength at intervals of five kilogauss 
up to the maximum of 38.9 kgauss. The specimen was 
maintained at liquid helium temperature to avoid 
thermal excitation of the carriers from the impurity 
ground state. 

The silicon samples for these experiments had thick- 
nesses ranging from three to six millimeters, depending 
upon the impurity concentration and the absorption 
intensity of the transitions being studied. The optimum 
concentration range was found to be 10" to 10'* im- 
purities/cm*. Larger concentrations might have caused 
the overlap of impurity wave functions which would 
produce loss of spectral detail. Slices were cut from the 
ingots parallel to a {110} plane and polished flat and 
parallel. Separate specimens were cut from these slices 


17S. Zwerdling, B. Lax, L. M 
Rev. 114, 80 (1959 
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relative to the three principal crystallographic direc- 
tions so that the magnetic field would be along one of the 
crystal axes when the sample was placed in the cryostat. 
The direction of propagation was therefore normal to 
the {110} plane and the dc magnetic field was parallel 
to the {110} plane. 

It was found tl particularly 
oxygen, produced very deleterious effects upon the 
resolution of the absorption lines. These effects appeared 
bsorption intensity and reso- 


loreign 


impurities, 


as a severe reduction of al 
lution of details, the complete disappearance of ab- 
tion of spurious ab- 
bismuth-doped silicon,'* 


the melting tempera- 


sorption maxima, or the introdu 
sorptions. In the preparation of 
the added impurity is volatile 
ture of silicon so that 
crystal in a vacuum to prevent 
Therefore, it is necessary to add bismuth during the 
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not 
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tility of aluminum permits the crystal to be grown in a 
vacuum. 


IV. EXPERIMENTAL RESULTS AND 
INTERPRETATION 


A. Bismuth Donor 


The spectrum of Fig. 1 shows the relative transmis- 
sion through a three millimeter thick specimen of 
bismuth-doped silicon as a function of photon energy. 
The impurity concentration determined from Hall 
measurements was 5X10'* donors/cm*. The variation 
in source intensity with wave length as well as atmos- 
pheric absorptions were removed in all spectra by 
taking the ratio of transmission with and without the 
specimen in the optical path. Lattice absorptions” were 
not removed because transitions to the bismuth excited 
states occur principally between the medium strength 
lattice absorption maxima at 0.0637 and 0.0710 electron 
volt. The plot of the relative transmission on a logarith- 
mic scale results in a spectral curve proportional to the 
negative of the absorption coefficient, plus a constant, 
the proportionality factor being the sample thickness. 
Each transmission minimum of Fig. 1 corresponds to 
the energy required for an electron transition from the 
ls ground state to a higher excited donor state. The 
most striking features of the comparison of the zero- 
field spectrum with the Zeeman spectrum at 20 kilo- 
gauss are the fully-resolved splitting of the 1s — 2,, 
ls —> 3p, and 1s — 4p, transmission minima. The posi- 
tions of the levels correspond satisfactorily to the values 
observed by Hrostowski and Kaiser at zero field with 
the exception of the very weak 5p, level which they did 
not report. Hrostowski and Kaiser observed the weak 
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Fic. 2. Zeeman spectrum of the 1s —+ 2, transition at 4.2°K 
for a specimen three millimeters thick containing 5X 10** bismuth 
donors/cm*. 

*» R. C. Lord, Phys. Kev. 85, 140 (1952); R. J. Collins and H. Y 
Fan, Phys. Rev. 93, 674 (1954); M. Lax and E. Burstein, Phys 
Rev. 97, 39 (1955). 

“ H. J. Hrostowski and R. H. Kaiser, J. Phys. Chem. Solids 4, 
315 (1958). 
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Fic. 3. The linear Zeeman splitting of the 1s — 2p, transition 
for several orientations and polarizations. The effective masses 
were computed from the slope of each line using Eq. (2). 


ls —> 4p0 and 1s — 4, transitions but these could not 
be identified at zero field. The detection and identifica- 
tion of these additional levels was made possible only 
through the observation of their Zeeman behavior in a 
magnetic field. For example, the 1s —+ 5f0 can be seen 
at 20 kgauss in Fig. 1 but not at zero field where it has 
nearly the same energy as the 4,. 

The Zeeman structure for all transitions is relatively 
simple for the configuration B/|(111) axis shown in 
Fig. 1 because all six ellipsoids of the conduction band 
minimum are equivalent. Figure 2 shows a detailed plot 
(linear scale) of the Zeeman spectrum of the 1s —> 2p, 
transition for different values of the magnetic field in- 
tensity. The 1s —+ 3p» absorption line is obscured above 
25 kgauss by the higher energy component of the 2p, 
level. The splitting of the 1s—> 2p, is given, to first 
order, by Eq. (5), which can be used to evaluate the 
transverse effective mass from the observed splitting. 
This has been plotted in Fig. 3 for the three principal 
directions and is linear for B)|(111) and B}|(110). How- 
ever, it is not linear at high fields for B|!(100) indicating 
interaction between the nearby 3» and the 2p, for this 
case of largest splitting. The transverse effective mass 
shown on the figure for each of the linear curves has 
been determined to an accuracy of +0.001m, dueto 
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scatter in the data points. Uncertainty in the alignment 
of the crystal relative to the magnetic field contributes 
an error of 0.005m»> per degree. Therefore we estimate 
from Eq. (5) and Fig. 3 that m,/mo=0.186+0.006 in 
agreement with recent cyclotron resonance measure- 
ments at 2 millimeter wavelength” of m:/mo=0.192 
+0.001, It is clear that the transverse effective mass 
could be measured as accurately from Zeeman splitting 
as from cyclotron resonance if the crystal could be ro- 
tated in the field or if linear splitting could be observed 
for cos#=1 [Eq. (5) ] where the misalignment error is 
less serious. 

The energy level diagram of Fig. 4 shows the com- 
plete Zeeman pattern for B||(111) and for both align- 
ments of the linear polarization, Ei B and E||B. A 
small quadratic effect appears in the 1s—> 2p, transi- 
tions and becomes more pronounced for the higher 
excited states as expected qualitatively from Eq. (3). 
The normal order of the hydrogen-like series was ob- 
served for the lowest three levels, but the 4 level ap- 
peared at a lower energy than the 3p,. This inverted 
order is in accordance with the variational solution of 
the zero-field theory of excited donor states in silicon."* 
The absorption which we attribute to the 1s— 4p, 
transitions showed an initial linear Zeeman splitting of 
about 3.6 10~* ev/kgauss which is the same as forthe 
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Fic. 4. Energy level diagram for fields up to 38.9 kgauss showing 
the energy of transitions from the Bi ground state in Si to the 
levels indicated. The small bars correspond to transmission minima 
such as those shown in Figs. 1 and 2 and their height indicates un- 
certainty in the position of the minimum 


2C. J. Rauch, J. J. Stickler, H. J. Zeiger, and G. S. Heller, 


Phys. Rev. Letters, 4, 64 (1960). 
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2p and the 3p, levels. As the magnetic field was in- 
creased, the position of the higher energy component of 
the 4p, approached the maximum of the 0.0710-ev 
lattice absorption, which greatly reduced the sample 
transmission and introduced uncertainty in the deter- 
mination of the position of this weak excited state. It 
was possible, however, to use unpelarized radiation to 
obtain the three uppermost curves in Fig. 4 because 
both polarized spectra are identical for B)|(111). The 
stronger intensity of unpolarized radiation permitted 
the use of a thicker specimen (6 mm). 

The assignment of the 1s — 5p, transition was accom- 
plished by comparing the pattern of the observed high 
field points with the Zeeman pattern calculated'* from 
first-order perturbation theory. Transitions to an addi- 
tional level, designated 5» in the right-hand portion of 
Fig. 4, were observed only in the E|!B spectra because 
adequate resolution is critical in this region of particu- 
larly closely-spaced absorption lines.” 
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Fic. 5. Comparison of first-order perturbation theory (dashed 
curves) and second-order theory (solid curves) with experimental 
points for a typical set of levels. The interaction of the 4/9 with 
neighboring levels (second-order correction) is large and results 
in a reasonable fit to experimental points 


The curves through the experimental points of Fig. 4 
illustrate the experimental behavior of each level as a 
function of magnetic field. A comparison of the shapes 
of these curves with the results of first-order perturba- 
tion theory gave good agreement for the lowest levels. 
However, first-order theoretical results do not fit the 
experimental curves for levels above 39. This dis- 
agreement made it necessary to extend the perturbation 
treatment to second order 
among the various closely spaced Zeeman levels in this 


. 


‘to introduce the interactions 


region. The correction to the first-order result consisted 


* It was always possible to use considerably narrower slit widths 
in the spectra with E|| B in contrast to those with E| B polariza 
tion because with the polarizer in the fore-optics a greater propor 
tion of the source intensity is transmitted by the double pass 
prism monochromator for E}|B. Since B is horizontal and E ver 
tical for the E_| B arrangement the reflection losses at the vertical 
prism faces are greater than for E||B as a consequence of the 
Brewster reflection effect 
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principally of a sum of terms of the form 


(Ps K’ | po)|? 
_—— (7) 
Ps— Po 


where the energy denominator is the difference between 
first-order energies of the interacting levels. Figure 5 
demonstrates the comparison between the experimental 
points and theoretical curves for the 4p and 3p, levels 
computed for the case of BI|({111). The dotted curves 
of Fig. 5 are results of the first-order theory, showing 
the large deviation from the observed date. The second- 
order correction to the 40, greater than one millivolt 
at full field, produces better agreement as shown by the 
solid line. The strongest interactions among the p states 
were those which involved the fo levels. These inter- 
actions of the fo levels with many neighboring levels 
explains the apparent absence of the anticipated strong 
quadratic Zeeman effect for these levels with large 
quantum number. Furthermore, the smaller interaction 
of the p, levels explains why the marked influence of 
the high-field quadratic shift appears in the experi- 
mental data. 

The anisotropy of the Zeeman effect of donor excited 
states in silicon was studied by making similar measure- 
ments with the magnetic field oriented parallel to each 
of the other two principal crystallographic directions.™ 
The energy level diagram for B||(110) is shown in Fig. 6. 
The splitting of the 1s—> 2p, transition for E1 B, as 
shown on the left-hand side of the figure, is larger than 
the 2p, splitting for B||(111). For B}|(110) in the crystal 
face and for propagation perpendicular to the {110} 
face, the spectral contributions from various ellipsoids 
are no longer equivalent. The direction of the magnetic 
field makes an angle of 45° with the major axis of four 
of the conduction band ellipsoids and 90° with the other 
two. In Eq. (5), the factor cos@ is now 1/v2 for the first 
four ellipsoids, accounting for the larger splitting. The 
two ellipsoids at right angles to the field will not con- 
tribute to the splitting, and might be expected therefore, 
to contribute a “central” component to the Zeeman 
spectrum of the transition to the 2p, level. The possi- 
bility of the occurrence of this central component in the 
Zeeman spectrum depends upon the transition selection 
rules involving the orientation of the electric vector 
relative to the major axes of the various ellipsoids, as 
given in Eq. (6). The absorption intensity contributed 
independently by each ellipsoid to the 1s — 2p, transi- 
tion is proportional to sin*¢ where ¢ is the angle between 
the electric vector and its major axis. 

Two possible pairs of polarized Zeeman patterns can 
be observed for B)|(110) utilizing principal crystallo- 
graphic planes and axes: (1) propagation perpendicular 


™* A complete tabulation of all spectral lines observed in both 
Si(Bi) and Si(Al) —— in Group Report M84-4 and may be 
obtained from The Hayden Library, Massachusetts Institute of 
Technology, Cambridge 38, Massachusetts. Hayden Reference 
H-24. 


IMPU 


RITY LEVELS IN Si 


eco) 


PHOTON ENERGY, bo, (electron volt « 10) 


20, 2e 























a —" 
10 20 so 40 ° 10 20 
MAGNETIC FIELD, B, ( hilogeuss) 


ee) 


‘1G. 6. Energy level diagram for Si(Bi) with the magnetic 
field along a (110) crystal direction. 


to a {100} face with B/|(110) in the face and (2) propa- 
gation perpendicular to a {110} face with B](110) in 
the face. In the first configuration, E will lie along a 
face diagonal for both polarization alignments and sin* 
will not vanish for any ellipsoid. Therefore, the central 
component would occur in the Zeeman spectrum for 
both polarization alignments and, indeed, both spectra 
of the pair would be identical. On the other hand, for 
the second configuration, although E is parallel to a 
face diagonal for E)|B, it is parallel to a cube edge for 
E 1 B. The two ellipsoids with their major axes parallel 
to that cube edge will not contribute to the 1s — > 2p, 
absorption since, for these alone, sin’¢=0. The absence 
of the central component has the distinct advantage 
that one has only to resolve two instead of three ab- 
sorption lines which would overlap at the lower fields. 
Figure 7 shows the 1s—> 2p, absorptions for both 
polarization alignments where the intense central ab- 
sorption for E|| B prevents the resolution of the splitting 
except at the highest fields. Therefore, in order to re- 
solve the splitting clearly, we chose arrangement (2), 
that is, propagation perpendicular to a {110) face, for 
the anisotropy data presented in Fig. 6. This configu- 
ration is essential toobserve the lower energy component 
of the 1s—» 3p, transition in Fig. 6, where it was not 
resolved from the more intense central absorption in 
Ej|B but was clearly resolved in the EL B spectrum. 
If, however, it had been necessary to study the weak 
absorptions above the 4p states (Fig. 4), arrangement 
(1) would have been used. The spectra for both polariza- 
tions would then be identical, the polarizer could be 
removed, and the weak transitions could be studied. 
The simplest demonstration of the interaction of 
neighboring levels as they approach the same energy 
at high fields is shown on the left of Fig. 6, by the flat- 
tening of the curve for the higher energy component of 
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Fic. 7. The 1s — 2, transition for the magnetic field along the 
(110) direction; (a) for the polarization E_| B, the two absorption 
lines are well-resolved, (b) for E||B, the central absorption line 
prevents resolution of the three lines at low fields. 


the split 2p, level. This effect was not seen in Fig. 4 
because the splitting was smaller. The case for which 
the splitting is the maximum obtainable, namely, 
B||(100), is shown in Fig. 8. The curve for 2, on the 
left side shows that the interaction with the 3p» is now 
so large above 25 kgauss that the linear splitting can no 
longer be used in Eq. (5) to evaluate the transverse 
electron effective mass as shown by the upper curves of 
Fig. 3. 

The E||B spectrum of Fig. 8 has the unique property 
that no splitting can be observed for any level. Thus, 
in principle, one should be able to measure the quad- 
ratic Zeeman effect of all levels independently. However, 
it is clear that Fig. 8 does not show a quadratic effect 
which increases as m* because the second-order inter- 
actions between levels prevent the expected sharp in- 
crease in energy at high fields. The simplicity of the 
spectrum for E||B provided the opportunity to resolve 
any additional levels at high fields which could not 
possibly have been observed previously in the crowded 
region near the 4p,. This opportunity is enhanced by 
higher resolution available in the E||B polarization 


alignment as previously described. An additional 
transmission minimum was indeed found lying between 
the 5p9 and 4p, for both 38.9 kgauss and 30 kgauss. 
These minima may be related to a level lying very near 
to the 4p, and 5» at zero field as indicated on the right- 
hand side of Fig. 8. Since splitting of levels cannot be 
observed in this spectrum, its identity could not be 
established experimentally. 


B. Aluminum Acceptor 


The spectrum of Fig. 9 shows the relative trans- 
mission through a six-millimeter specimen of aluminum- 
doped silicon for both zero field and the maximum field 
of 38.9 kgauss. The impurity concentration determined 
from Hall measurements was 2X10" acceptors/cm*. 
The levels have been numbered in order and each transi- 
notation of Hrostowski and 


Kaiser”5 (HK). The zero field energy of each absorp- 


tion was identified by the 
tion line agrees satisfactorily with the observations of 
HK with the exception of 1 
report. This transition 


»8 which they did not 
was rarely observable at zero 
field but could be traced from higher fields to a zero- 
The transition 
> 9 was observed by HK who called it 1 — 8. 
The Zeeman spectrum of p-type silicon is much more 


field energy of 0.0680 electron volt. 
marked 1 
complex than that shown by n-type. This is not un- 
expected in view of the complexity of the valence bands. 


For silicon the solution of a 66 matrix is required 
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Fic. 9. Photoexcitation spectrum of the aluminum acceptor in silicon for zero field and 38.9 kgauss. 
The successive levels have been numbered in order. 


because the spin-orbit split p12 band (A=0.0441 ev) ** 
must be taken into account. This means that in solving 
the problem, even using two steps in the limit of infinite 
spin-orbit splitting, a 4X4 matrix must be solved and 
then the split-off band must be treated as a perturbation. 
Such a calculation has been carried out by Schechter” 
and the results indicate that the ground state, which is 
4-fold degenerate, includes d-like states in addition to 
s-like states. Similarly, the first set of excited states 
which is normally associated with p-like functions also 
includes f-like functions. Altogether there are twelve 
states in this set which are grouped in order of their 
increased separation from the ground state into 4-fold, 
4-fold, 2-fold, and 2-fold excited states. In addition to 
this, the s and p states of the split-off band are also 
coupled. Even if we neglect the contribution of the ad- 
mixture of f and d states, the Zeeman pattern would be 
complex in view of the multiple degeneracy of each set. 
The maximum field available, 38.9 kgauss, is not suffi- 
cient to resolve completely such a structure in silicon. 
Consequently, it is not possible to give a thorough 
quantitative interpretation of the experimental ob- 
servations which follow. 

Unlike the Zeeman spectrum for the donor where the 
linear splitting was well resolved at 20 kgauss, the ab- 
sorptions of Fig. 9 often showed no more than a sub- 
stantial broadening even at maximum field. This feature 
is illustrated in the lower part of Fig. 10. It is charac- 
teristic of the 1 — 2 and 1 — 3 transitions to exhibit a 
broad absorption line at zero field which becomes pro- 
gressively broader as the magnetic field is increased. In 
the lower part of Fig. 10, three minima can be seen in 
each 38.9 kgauss curve but these have not split suffi- 
ciently to be resolved. An indication of four unresolved 


*S. Zwerdling, K. J. Button, B. Lax, and L. M. Roth, Phys. 
Rev. Letters 4, 173 (1960). 


minima can be detected in the left center curve of both 
Fig. 10 and Fig. 11 for the 1 — 3 transition. Neglecting 
additional possible structure for the admixed states, this 
would be consistent with the 4-fold degeneracy of levels 
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Fic. 10. Zeeman spectra of several transitions which illustrate 
the development of structure in the presence of a magnetic field. 
The structure is not yet resolvable at 38.9 kgauss in the 1 —» 2 and 
1 — 3 transitions. In the 1 — 7, a higher energy component grows 
stronger as the original line intensity decreases. 
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Fic. 11. Four extrema are detectable in the 1 — 3 transition for 
one polarization (left center) but not for the other (right center). 
Twofold degeneracy is indicated in the 1—4 and 1-5 
transitions. 


2 and 3. Although observations were made for both 
polarization alignments and for the magnetic field direc- 
tion parallel to each of the three principal crystallo- 
graphic axes, it was clear that in no case was the mag- 
netic field intensity sufficiently large to split these four 
minima into resolvable absorption lines. The character- 
istics of the Zeeman spectra of the 1— 4 and 1-+5 
transitions implied twofold degeneracy but again the 
structure was not resolvable. This twofold degeneracy 
is also consistent with the analysis of the levels. An 
example of the broadening and splitting of these ab- 
sorptions is shown in the upper part of Fig. 11. For other 
orientations and polarizations, the structure was less 
definitive. 

These first four transitions should correspond to those 
from the ground state to the first four excited states as 


TABLE I. Zero-field ionization energies for the first four excited 
acceptor states in silicon. The theoretical values are those of 
Schechter” which are the same (within the fourth-place uncer- 
tainty quoted in parentheses) as those of Kohn." 


Energy (ev) 
Experiment 
0.0136 (1) 
0.0099 (1) 
0.0044 (1) 
0.0035 (1) 


State 


2p 1) 
2p) 
2p° 


>» (4) 
2p 


Theory 


0.0133 (7) 
0.0094 (8) 
0.0067 (3) 
0.0044 (1) 
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designated by Kohn" in Table I. The agreement be- 
tween theory and experiment at zero field is quite good 
for the 2p"? and 2p states, but not for the 2p and 
2p states. No agreement was expected for the ground 
state of the aluminum acceptor since it is relatively deep 
and the effective mass approximation does not apply 
near the Coulomb center 

The Zeeman structure of the 1 — 6 and 1 — 7 transi- 
tions was usually well resolved and the 1 — 6 absorption 


line was observed to split into a 


I 
/ 


many as three com- 
ponents while the 1— 7 split into two for some orien- 
tations. A unique feature of these two transitions is best 
illustrated by the curves of the 1—> 7 transition shown 
in the right center of Fig. 10. As the field is increased, 
the primary absorption line becomes weaker and, at 20 
kgauss a higher energy absorption line begins to develop. 
This line moves to higher energy with a linear depend- 
ence on magnetic field intensity while the original line 
decreases in intensity. 

The transition observed for Bi|(110) are 
shown in Fig. 12. The data points shown represent the 
energy at which absorption maxima appeared in the 
spectra. It must be noted that this diagram cannot show 
the complete Zeeman pattern when the structure is not 
fully resolved. This is illustrated by the 1 — 3 transition 
which is shown in Fig. 12 to consist of four absorption 
lines for E B and only one for E}| B. Nevertheless, the 
center drawings of Fig. 11 show that the absorption line 
has broadened for both polarizations suggesting struc- 
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Fic. 12. Energy positions of detectable minima in the Zeeman 
spectrum of Si(Al) at 4.2°K. Structure is shown only for the lines 
that developed discrete minima. The ing of a line and the 
onset of structyre cannot be showr tly in this diagram. 


broader 


convenier 





ZEEMAN EFFECT OF 
ture, although this is indicated only for E B. The same 
difficulty does not arise for the four uppermost levels 
which exhibit sharp, well-resolved absorption lines. 
Figure 13 shows the transition energies for B)|(111) in 
which the four uppermost levels were particularly well- 
defined for E|| B. ‘There was a marked difference in the 
Zeeman spectra of these four levels for E B, as shown 
in the figure. Additional differences in the behavior of 
these levels can be seen in the diagram for B)|(100) 
shown in Fig. 14. Some splitting appears for both polari- 
zations for the 1 — 2 and 1 — 3 transitions and also for 
the 1— 6 and 1-7 transitions indicating the multiple 
degeneracy of these states. These splittings appear 
essentially linear, with little or no quadratic behavior. 
This is consistent with the fact that the effective masses 
of the holes are approximately 0.2 mo and 0.5mm. How- 
ever, there is a definite quadratic shift for the higher 
states which is most noticeable in the 1 — 9 transition 
and is largest for B||(111) with E||B. 


V. DISCUSSION 


The object of performing Zeeman effect experiments 
on the excited states of impurities in semiconductors is 
chiefly to obtain quantitative information about the 
effective mass parameters of either the conduction or 
valence bands, to determine the nature of the energy 


surfaces involved and to find and identify the excited’ 


states of the impurity. The results obtained in this in- 
vestigation of Si(Bi) have demonstrated that these ob- 


aro 








PHOTON ENERGY, he, (electron vor « 10°) 

















EEE 


2 x «0 
MAGNETIC TIELD.6, ( bilogouss) 


Fic. 13. The positions of minima for Si(Al) with Bj(111). Addi- 
tional detail appears in the four highest levels for E|| B. 
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Fic. 14. The positions of minima for Si(Al) with Bi 100). 
The dotted bars indicate weak, unresolved shoulders in the 
spectrum. 


jectives are achievable. The excited states have been 
identified up the fifth quantum level, the interpretation 
is completely consistent with the particular ellipsoidal 
nature of the conduction band in Si, and it has been 
possible to measure a value for the transverse effective 
mass of the electron of (0.186+0.006)mo. The method 
is uniquely capable of measuring much larger effective 
mass values in the infrared region than can be deter- 
mined by either cyclotron resonance or magnetoabsorp- 
tion in magnetic fields below 40 kgauss. In fact, the 
linear splittings observed in these experiments show 
that electron effective mass values as large as 0.5 mo 
could have been measured. A requirement for the reso- 
lution of the splitting of a simple line such as the p, 


levels in the donor spectrum is that w.r>1. Thus, for 


an effective mass of 0.5 mo and B= 38.9 kgauss, r must 
be greater than 7X 10~" second. From the line widthat 
half-power, r was found to be greater than 10-" second 
for the n-type silicon spectrum shown in Fig. 1. How- 
ever, if the structure of the energy bands is very complex 
as for the valence bands in Si, the ability to measure 
effective mass values is severely limited by the multi- 
plicity of spectral lines obtained. No attempt has been 
made to evaluate the hole effective mass from the Si(Al) 
data because of the multiple degeneracy of the levels 
and our subsequent inability to resolve the experimental 
spectral structure. The use of much larger magnetic 
field intensities than presently available would permit 
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the resolution of the structure and provide the basis for 
a theoretical evaluation of the effective mass of holes. 
The degeneracies that have been observed in the Si(Al) 
data appear to be consistent with present knowledge of 
the structure of the valence bands in Si. 

In general, it is advantageous to select impurities 
which have the smallest ionization energies in order to 
enhance the probability of transitions from the ground 
state to the excited states as well as to the bound 
Landau levels in the continuum. This can be understood 
in terms of the overlapping of the wave functions for 
the states involved in the transition. The wave functions 
of the excited states are relatively independent of the 
depth of the ground state, but the ground-state wave 
function is strongly influenced by the Coulomb center. 
Experimentally, the absorption lines in the photoexci- 
tation spectrum of shallow impurities will be relatively 
much more intense and their resolution will be im- 
proved. However, of the principal monovalent donors 
and acceptors in silicon, only the donor bismuth and the 
acceptor aluminum, which are not the shallowest, have 
excited states whose excitation spectrum occurs in the 
spectral region of maximum dispersion for a KBr prism. 
The choice of KBr prism dispersion combines the bene- 
fits of a spectral region for which a moderate source in- 
tensity is available and also one that is relatively free 
of atmospheric and silicon lattice absorptions. Further- 
more, the benefits obtained in measuring spectra with 
the usual silver chloride sheet polarizer are limited to 
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the region below 25 microns by the cutoff of that mate- 
rial. If one were to accept the experimental disadvan- 
tages of the longer wavelength region, then similar 
measurements of the shallower impurities, boron and 
antimony, would probably show the transitions to the 
bound Landau levels, which would reveal the effective 
mass of the carrier and the ionization energy of the im- 
purity. Such results have been obtained in Ge for 
shallow impurities in the far infrared spectral region.**-” 
It may be concluded from these observations of the 
Zeeman effect of excited impurity states in a semicon- 
ductor that the method provides a capability of making 
infrared measurements of heavy effective masses with 
the use of moderately high magnetic field intensities. 
Electron effective masses as large as mo could be meas- 
ured with a field of 80 kgauss. 
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A recent publication shows that extraction in the semiconductor bulk may occur for either direction of 


current flow through the same metal-to-semiconductor contact when ar 


yer separates the 


metal and the semiconductor and the field effect determines the surface barrier under the metal. It is shown 


here that strong rectification, whose direction depends only on the bulk type, n 
to extrinsic, but not intrinsic, semiconductors. Thus, rectification, 


r such contacts 


without injection, ma cur at the 


metal-to-semiconductor contact for the two-carrier system 


XTRACTION in the semiconductor bulk can occur 

for either direction of current flow through the 
same metal-to-semiconductor contact if the field effect 
determines the surface barrier under the metal.'* The 
field effect can predominate in this way when an oxide 
or other high resistance layer separates the metal and 
the semiconductor surface. It is the purpose of this paper 
to point out that strong rectification without injection® 


1 N. J. Harrick, Phys. Rev. 115, 876 (1959). 

2N. J. Harrick, Phys. Rev. Letters 2, 199 (1959). 

* The rectification mechanism described here is to be distin- 
guished from the earlier rectification theories (i.e., diode and 
diffusion) which considered a one-carrier model and did not in- 
volve injection or extraction. 


may occur for such contacts to extrinsic, but not intrinsic, 


semiconductors. This point and its implications for other 


semiconductors was not appreciated in an earlier dis- 


phenomenon. ! 


nomenon is st! 
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with n-type and neutral surfaces. Extraction is observed 


for negative currents (metal negative) with no satura- 


tion in the J-V characveristic. This is expected as the 





ECTIFICATION AT METAI 
applied voltage makes the surface more strongly p type 
and the current can increase indefinitely for extraction 
(field aided)‘ for the p*-p type of structure. For positive 
currents (metal positive), injection (field opposed) is 
observed at first and extraction (field opposed)‘ at 
higher currents accompanied by an abrupt increase in 
resistance to the current. This change-of-contact charac- 
teristic can be understood if the applied voltage reduces 
the height of the p-type barrier and actually reverses it 
at higher currents, resulting in an n-p type of structure.® 
This %-p structure is biased in the reverse direction and 
is known to saturate in current. If no initial barrier is 
present, m- and p-type layers are immediately estab 
lished for positive and negative currents, respectively. 
Any accumulation layer serves only to shift the turnover 
point in the J-V characteristic. The direction of rectifi- 
cation of the type under discussion depends only on the 
bulk type. 

That rectification of the type under discussion will 
occur can be seen from an examination of the current- 
voltage equations. The extraction currents (V is nega- 
tive) for pt-p and m-p structures with high barriers and 
neglecting surface generation are given, respectively, by® 
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The deficit carrier distributions for extraction are field 
aided (FA) and field opposed (FO) for the p*-p and n-p 
structures, respectively. Pop and mo, are the equilibrium 
hole and electron densities, respectively, in the p-type 
bulk. The terms o and oy refer to the total and hole 
conductivities, respectively, in the p-type bulk and n- or 
p*-type surface, according to the subscripts. The L’s are 
the drift-diffusion lengths in the p-type bulk with limit- 
ing values of u*Er and D/y*E for the field-aided and 
field-opposed distributions, respectively. The voltage in 
these equations refers to that just across the junction. 
J ro saturates, as the voltage increases, in the manner 
expected for a reverse biased n-p junction. Jy,, how- 
ever, cannot saturate because the conductivity term 
tends towards zero, i.e., (04/7) p= (o,/c),*, as the con- 
dition of complete extraction is approached. One must 
be careful in comparing the two current equations be- 
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‘ Field-aided and field-opposed terms as they apply to injection 
and extraction are defined by N. J. Harrick [J. Appl. Phys. 29, 
764 (1958) ]. 

5’ Such reversals in J-Ap characteristics have definitely beer 
related to reversals in barrier type under the contact with the aid 
of photovoltage measurements (see reference 1) 

* These equations arise from applying a p-n junctionlike theory 
to the metal-to-semiconductor contact and resemble those de- 
scribed in reference 4 for the p-m junction. The experimental and 
theoretical foundations underlying the application of these equa 
tions to the metal-to-semiconductor contact will be discussed in 
a forthcoming publication. 
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Fic. 1. Current versus added carrier density and current-voltage 
characteristics of two contacts exhibiting the phenomenon ex 
traction for either direction of current flow for near-intrinsic, 
p-type germanium with a p* surface. The voltage measured in 
cludes that across one-half centimeter of bulk. The sign of the 
current and voltage refers to the polarity of the metal with respect 
to the semiconductor 


cause a high voltage cannot easily be developed across 
the p*-p type of junction. This is so because a hole 
density about the same as that found in the p-type bulk 
is also found in the space charge region and the junction 
thus is “shorted out by the valence band,” hence, the 
current is limited by the resistance of the bulk. Mathe- 
matically, the equation does not hold for a large voltage 
applied across the junction voltage because extraction 
violating the assumption of charge neutrality would 
then occur. The two current equations are identical for 
intrinsic bulk, hence no rectification of the type under 
discussion can occur, Such contacts make good collectors 
but will not work as emitters for transistors. 

The rectification mechanism outlined here can be 
positively identified for near intrinsic materials where 
extraction can easily be observed as is done for the two 
cases shown in Fig. 1 and with the aid of photovoltage 
measurements.! 

Rectification observations by Hartmann’ can be ex- 
plained by the mechanism outlined here. He placed 
shellac of about 10~* cm thickness between copper and 
cuprous oxide (p type) and zinc oxide (n type) semi- 
conductors and found rectification in opposite directions 
and of sign consistent with the predictions of the present 
mechanism. 


7W. Hartmann, Physik Z. 37, 862 (1936). 
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Transport Number in Solid Cesium Bromide* 
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The transport number of cerium bromide single crystals has been measured over the temperature range 
350° to 450°C by the method of Tubandt. No temperature dependence is observed, and the average value 
of the cation transport number is 0.49+0.05. A preferential growth phenomenon is described, and its 
possible interference with the measurement is discussed. It is estimated that the true cation transport 
number may be as low as 0.3 because of this phenomenon. 


OTABLE success has been achieved in recent 
years in the identification of the processes of 
transport in ionic crystals.' In order to characterize the 
mechanism of transport in a crystal, knowledge of the 
transport number is usually vital. The purpose of this 
note is to describe the results of some measurements of 
the transport number in cesium bromide. This investi- 
gation was carried on in conjunction with self-diffusion 
and conductivity measurements’ in an attempt to deter- 
mine the mechanism of conduction in this material. 
The transport number was measured by the method 
of Tubandt.* The experimental arrangement is shown in 
Fig. 1. The guard electrodes in this case were pressed 
tablets of barium bromide. It has been determined that 
this material conducts solely by the motion of anions.‘ 
The samples of cesium bromide were cut from single 
crystals supplied by Dr. Karl Korth, Kiel, Germany. A 
known amount of charge was passed through the tablets. 
These tablets were we ighed before and after elec trolysis 
on an automatic semimicrobalance, and from the changes 
in weight and the application of Faraday’s law, the 
transport number was determined. In our arrangement, 
tablets 3 and 4 (considered as a unit) should undergo a 
weight increase proportional to the transport number; 
tablets 6 and 7 should experience a corresponding de- 
crease; and tablets 2, 5, and 8 should not change at all. 
The transport number of the cation in cesium bromide 
was measured in this way at several temperatures in the 
range 350° to 450°C. The results of two typical runs 
are given in Table I. A total of twelve successful meas- 
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CsBr 





Fic. 1. Experimental arrangement of tablets 


* Supported in part by the Office of Naval Research. 

+ Now at Scientific Laboratory, Ford Motor Company, Dear- 
born, Michigan 

1 For a good review of this work, see A. B. Lidiard, Handbuch 
der Physik (Springer-Verlag, Berlin, 1957), Vol. 20, p. 246 

2D. W. Lynch, thesis, University of Illinois, 1958 (unpublished). 
Also published as Technical Report No. 1; Phys. Rev. 118, 468 
(1960). 

2C. Tubandt, Handbuch der Experimental Physik (Akademische 
Verlagsgellschatt, Leipzig, 1932), Vol. 12, Part 1, p. 381 

‘C. Tubandt, H. Reinhold, and G. Liebold, Z. anorg. u. allgem. 
Chem. 197, 225 (1931) 


urements representing 24 separate determinations were 
made which showed no apparent temperature depend- 
ence. The average value of the cation transport number 
is 0.49+0.05. 

Several complications arose during the course of these 
experiments which led us to question the validity of the 
assumptions implicit in Tubandt’s equations. It was 
difficult to make the separation between tablets 4 and 5 
or between 5 and 6 after electrolysis. Separation be- 
tween unlike materials, such as 3 and 4 or 6 and 7, is 
difficult also, but this was expected and does not inter- 
fere with the measurement. The separation between 4, 
5, and 6, however, is essential to the measurement as 
consideration of the equations will show (cf. the follow- 
ing). Small areas which were raised above the rest of the 
surface were observed on the surfaces of the crystals 
which face the anode (e.g., the surface of crystal 4 next 
to 5). Corresponding depressions were visible on the 
surfaces which face the cathode. Figures 2 and 3, while 
not revealing directly the vertical extent of the irregu- 
larity, do give some idea of the appearance of the surface. 

These areas are interpreted as areas of most intimate 
contact during electrolysis and, hence, of highest current 
density. It appears that one crystal grows at the expense 
of the other during electrolysis, and the sense of growth 
depends upon the direction of the current. A very rough 
estimate indicates that the amount of material present 
in the raised areas (or absent from the depressions) is of 
the same order of magnitude as the measured weight 
changes of the tablets. 

To discuss what effect these depressions might have 
on the results, we will first derive the transport number 


TABLE I. Transport number data for cesium bromide 


Weight changes (mg) 
Run 44 
Tablet 2* 
Tablets 3 and 4 
Tablet 5 
Tablets 6 and 7 
Tabiet 8 


+-0.20 


Temp. (°C) 

Charge (coul) 

t, (computed from 3 and 4 
t, (computed from 6 and 7 


® For identification 
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Fic. 2. Example of isolated depression, approximately 160X. 


equations as normally considered, and then alter them 
to account for the preferential growth phenomenon. 
Consider tablets 3 and 4. These are normaliy weighed 
together, and are to be considered as a unit. A Faraday 
equivalent of bromine enters 3 from 2 for each coulomb of 
charge passed. The charge will be transported at the 
other interface between tablets 4 and 5 by both ions, so 
that we expect somewhat less than a Faraday equivalent 
of cesium to enter 4 from 5 and a supplementary amount 
of bromine to leave 4 for 5. The fractions defined in this 
scheme are the transport numbers of the two ions. We 
can write for the change of weight of tablets 3 and 4 
AW = (Mz,— Mart_+ Meds)O/% 500, 
where the M’s are the atomic weights, the charge (Q is in 
coulombs, and the weight change AW is in grams. Since 
the sum of the transport numbers is unity, we can 
rewrite this as: 
AW = (Mar+Mez)tsQ/96 500. 


We have tacitly assumed that both ions are able to 
wander freely across the boundary between the crystals. 
It is also important to note that the identity of the 
interface must be preserved for these relations to be 
valid, a condition which may not be satisfied in our 
experiments. 

As a possible explanation for the effects observed, we 
suggest that, although both ions move within the crys- 
tal, one ion (in this case, bromine) has much more diffi- 
culty crossing the interface than the other. In the limit- 
ing case in which the bromine ion cannot cross the 
interface at all, we shall obtain a new expression for the 
transport number. The analysis is the same as before 
except for the term corresponding to the motion of 
bromine from 4 to 5. In this case, we have 


AW = (Mart Meels)O/%6 500. 
If we use this expression to analyze our data, we arrive 
at a figure of about 0.3 for ¢,. 


NUMBER IN 


SOLID CsBr 


Fic. 3. Example of isolated raised area, approximately 160. | 

It is interesting to note that if one uses Lynch’s® data 
on the diffusion coefficients to calcuiate a transport 
number, assuming only that both ions move by the 
same mechanism, one arrives at a value of ¢, near 0.3. 
This assumption is not valid as Lynch points out, but 
using any reasonable set of mechanisms which might 
explain his data will not lead to a transport number 
much different from 0.3. 

It would seem likely that the situation which actually 
obtains is intermediate to these two extremes, that is to 
say, some bromine crosses the interface, and some re- 
mains behind to nucleate new crystal. The details are 
probably dependent on the condition of the surface, 
although several attempts at altering the surface (differ- 
ent orientations, degrees of polish, etc.) did not change 


. the experimental results. 


It is interesting to note that Kerkhoff* found that in 
very pure KCl, under conditions in which the transport 
number was very different from unity, the crystals stuck 
together badly. It is possible that he was dealing with 
an effect similar to the one described here, which might 
explain his remarkably low values of the cation trans- 
port number. These results have been discussed in a 
review article by Seitz.’ It is possible that such effects 
occur whenever both ions participate in conduction to 
a comparable extent. For we can characterize our ex- 
planation of the effect by saying that the ratio of the 
jump probabilities of the two ions across the interface 
is different from what it is in the interior of the crystal. 
The transport number will be unambiguous whenever 
these ratios are equal, a situation which occurs when 
one ion is solely responsible for the charge transport. 
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The far infrared transmission through films of superc onducting and normal lead, tin, indium nd mercury 
has been measured in the wavelength region between 0.1 and 1.1 mm. The transmission data have been 
analyzed to find the ratio of the complex conductivity in the superconducting state to that in the normal 
state, as a function of frequency. The width of the energy gap at 0°K may be estimated from the frequency 
of the extrapolated cutoff of the real part, 7: (w), of the superconducting conductivity. The values so obtained 
are 4.0+0.5, 3.340.2, and 3.94+0.3kT, for lead, tin, and indium, respectively. These values are in good 
agreement with those obtained in other experiments on bulk samples. The frequency dependence of o;(w)/oy 
is in qualitative agreement with the results of a calculation by Mattis and Bardeen based on t theory of 
Bardeen, Cooper, and Schrieffer, except for an unexpected hump in o;(w) for lead and ntatively) mercury 
at low frequencies. This hump may be due to the production of collective excitations or an anisotropy in the 
energy gap. It has also been found that a magnetic field as high as 8000 gauss applied in the plane of a lead 
film about 12 A thick has only a very small effect on the electromagnetic properties of the fi This is not 
surprising, in view of the results of the microwave experiments of Pippard and of Spiewak 


I. INTRODUCTION We have also investigated tl Tec f a magnetic 


y 


T j : eld on the erties 
. is now well accepted, on both experimental! and field on the propertic 


theoretic al? grounds, that the phenomenon of super- I. EXPERIMENTAL METHOD 
conductivity is associated with an energy gap in the 
density of electronic states of a metal. The response of A. Low-Temperature Techniques and 
a superconductor to incident photons with an energy Film Production 
in the region of the gap width was first experimentally 
investigated by Glover and Tinkham.’* Their experi- 
ment consisted of measuring the transmission of far 


The Dewar used in these experiments is quite similar 
to that used in the experiments of Glover and Tinkham, 
a ; goes , but incorporates two main changes. One of these en- 
infrared radiation through thin films of normal and . , ' 
f : ables us to bring the radiation into and, when desired, 
superconducting lead and tin. More recently, Richards 
and Tinkham* have measured the reflection of radia- 
tion in the same spectral region from the surfaces of 
bulk samples of superconducting metals. In the same 
line of investigation, Biondi and Garfunkel® have mea- 
sured the absorption of microwave photons with ener- 
gies in the region of the gap width in superconducting 
aluminum. 

The experiments which we have performed are a 
further development of those of Glover and Tinkham. 
In principle, the present experiments are quite similar 


out of the Dewar through stair steel tubes, as is 
required for the new optic il techniques. The other 
change in the Dewar enables us to move the film in or 
out of the radiation beam while the film is at a low 
temperature. 

A schematic drawing of part of the Dewar appears in 
Fig. 1. The infrared radiation is brought into the Dewar 


through a stainless steel light pipe, which is } in. in 


to the previous ones, but changes in optics and radiation 
detection have improved the accuracy of the resuits, 
and have permitted data to be obtained at considerably 
longer infrared wavelengths. We shall see that these 
developments have enabled us to obtain information 
which the older techniques could not have disclosed. 


* Supported in part by the A. P. Sloan Foundation, the National 
Science Foundation, and the Office of Naval Research 

t Predoctoral National Science Foundation Fellow, now at the 
University of Illinois, Urbana, Illinois 

1M. A. Biondi, A. T. Forrester, M. P. Garfunkel, and C. B 
Satterthwaite, Revs. Modern Phys. 30, 1109 (1958) 

*J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957) 

*R. E. Glover, III, and M. Tinkham, Phys. Rev. 108, 243 
(1957). 

4P. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 
(1958). 

§ Pp. L. Richards and M. Tinkham, (to be published) 

* M. A. Biondi and M. P. Garfunkel, Phys. Rev. 116, 853 (1959). I of Dewar. 
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diameter. During the film evaporation, this pipe is 
moved back from the substrate, but during the infrared 
measurements, the end of the pipe is about jy in. from 
the film. The thermal! connection from the heat shields 
to the pipe is provided by flexible copper braids. A 
piece of sooted crystalline quartz glued in the cold end 
of the light pipe absorbs room temperature radiation 
before it can strike the film. This quartz completes the 
radiation shielding which encloses the film. In the pipe 
leading to the helium tank in Fig. 1 there is an orifice, 
} in. in diameter, which reduces the loss of liquid 
helium due to superfluid creep. Pumping on the helium 
through this pipe permits us to obtain temperatures as 
low as 1.4°K. (The filling tube for the tank is not shown 
in the figure.) 

The production of the film is similar to that in the 
previous work.* The film is approximately 2 cm square, 
and is produced by the evaporation of the metal onto 
a clean crystalline quartz substrate at 77°K in a vacuum 
of about 10-° mm of mercury. Two gold electrodes, 
evaporated onto the quartz before the film is deposited, 
permit the film resistance to be monitored during the 
evaporation, which requires about three seconds for 
completion. The film is kept in vacuum during the 
entire investigation. Before infrared work is begun, the 
film is annealed overnight at room temperature for 
lead, tin, and indium, and at 77°K for mercury. (Buckel 
and Hilsch’ have observed that mercury films anneal 
satisfactorily at this temperature.) 

The substrate is a piece of z cut optically polished 
quartz of dimensions 1 in.X1 in.X0.080 in. It is 
attached, as is an identical piece of quartz with no 
film, to a copper sled (not shown in Fig. 1). The sled 
slides back and forth in a holder which is screwed to 
the helium tank, and which has a $-in. diameter hole in 
it. The sled has two }4-in. diameter holes in it, one 
behind each piece of quartz. By sliding the copper sled 
back and forth, the infrared radiation reaching the 
detector through the hole in the holder can be made to 
pass either through the film or through the bare quartz. 
The sled is thermally tied to the small helium tank with 
a copper braid, soldered with a nonsuperconducting 
solder consisting of 83% cadmium and 17% zinc. The 
sliding motion is driven by two stainless steel wires, 
each 0.010 in. in diameter, which pass through small 
holes in the heat shields. These wires are attached to 
pieces of nylon string which in turn may be wound up 
on shafts to provide the motion. These shafts pass 


Taste I. Metal sources and purities. 


Manufacturer Stated Purity 


Johnson, Matthey 
Johnson, Matthey 
Johnson, Matthey 
Quicksilver Products 


0.994 


Indium . 
Triple distilled 


Mercury 


7 W. Buckel and R. Hilsch, Z. Physik 138, 109 (1954) 


TRANSMISSION OI 


SUPERCONDUCTING FILMS 991 
through O-ring seals, and ate turned manually from 
outside the Dewar. The wires are thermally anchored 
to the 77°K heat shield by flexible copper braids. 

The sources and purities of the metals used to make 
the films are given in Table I. 


B. Infrared Monochromator 


The far-infrared monochromator used in this work 
was designed with the help of Richards, and is described 
elsewhere. The output radiation is chopped at 9 cps, 
and is of high purity. The purity was tested at various 
times by increasing the araount of radiation filtering 
and watching for an apparent change in the frequency 
dependence of the transmissivity of a superconducting 
film. The results of this testing indicate that at 900 
microns only about 1% of the radiation lies significantly 
outside of our nominal bandwidth, e.g., at harmonic 
frequencies. For wavelengths shorter than 750 microns, 
the amount of energy outside of the estimated band- 
width was too small to be detected in these tests. The 
estimated bandwidth between half-power points is ap- 
proximately 12% at all wavelengths. 


C. Radiation Detection 


The radiation is detected by means of a carbon re- 
sistance bolometer similar to that described by Boyle 
and Rodgers,* but with evaporated indium electrodes. 
The bolometer is a slab, of dimensions 1/8 in. 1/4 in. 
X< 1/60 in., cut from a 56 ohm, 2 watt Girard Hopkins 
radio resistor. Using GE 7031 glue, the bolometer is 
glued to a piece of Mylar, 0.0005 in. thick, which is in 
turn glued to a piece of metal which is at a temperature 
of about 1.4°K during the experiment. A brass cone is 
used to gather the light toward the bolometer, as shown 
in Fig. 1. A copper shield, not shown in the figure, 
completely encloses the bolometer to insure that any 
chopped radiation incident on the bolometer passes 
first through the film or the bare quartz. Using pure 
indium solder, electrical contact to the bolometer is 
made with number 38 Manganin wires. The bolometer 
current is provided by a 22 volt battery in series with 
a variable resistor, S, adjustable between 1 and 3 
megohms for maximum signal-to-noise ratio. Under 
the usual conditions, the bolometer resistance is be- 
tween 100 kohm and 200 kohm, and the bolometer 
signal is between 0.5 and 130 microvolts. The signal is 
capacitively coupled into the first stage of a conven- 
tional 9 cps lock-in arnplifier. The output of the ampli- 
fier appears on a Varian chart recorder. 

The signal-to-noise ratio of one of our bolometers 
was determined to be of the order of 50 times that of 
two different Golay cells, for a given amount of incident 
radiation. (These cells, which were used in the work of 
Glover and Tinkham, are said by the manufacturer, 
the Eppley Laboratories, to have an equivalent noise 


~ © W. S. Boyle and K. S. Rodgers, Jr., J. Opt. Soc. Am. 49, 66 
(1959) 
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input power of 6 10-" watts in a bandwidth of 1 cps) 
One such bolometer was cycled between room tempera- 
ture and 1.4°K many times during a period of six 
months, with no noticeable increase in noise or loss in 
sensitivity. The proximity of the bolometer to the 
film also helps in obtaining a high signal level. 

The bolometer resistance is monitored continuously 
by a high-impedance null-balance circuit in parallel 
with the bolometer. This permits us to calibrate the 
bolometer sensitivity as a function of its resistance as 
follows. (This calibration is required to make certain 
corrections discussed later.) By varying the resistance 
S, the bolometer’s current, and hence its temperature 
and resistance can be changed. For a given amount of 
infrared power incident on the bolometer, the signal is 
measured for various values of S. The signal size is then 
corrected for the variation in bolometer current and 
shunting due to changing S. In this way, we obtain the 
relation between bolometer sensitivity and resistance 
for a value of S which is constant, namely the value 
used during our infrared measurements. This method 
of determining the relation between bolometer resist- 
ance and sensitivity gives approximately the same re- 
sults as those obtained by changing the bolometer re- 
sistance by altering the bath temperature or by sending 
additional current through the bolometer at a frequency 
of 100 kc/sec. This relation of sensitivity to resistance 
is approximately linear. 


D. Method of Making the Measurements 


The critical temperature, T,, of a film is determined 
by slowly lowering the temperature by pumping on the 
helium bath while monitoring the film resistance. This 
remains approximately constant until the region of the 
superconducting transition is approached, and then 
decreases rapidly to zero. The critical temperature is 
taken to be that at which the film resistance is one-half 
of its low-temperature value in the normal state. In the 
case of lead films, temperatures above 4.2°K are re- 
quired. They are obtained by operating with helium in 
only the outer tank of the Dewar and suitably balancing 
the heat input from a resistance heater against the 
cooling through the thermal contact between the two 
helium tanks. Temperatures above 4.2°K are measured 
by a carbon resistance thermometer calibrated below 
4.2°K by using the 1958 helium vapor pressure scale, 
and calibrated at 7.175°K by using the superconducting 
transition of a 0.99998 pure lead wire. 

All of the infrared measurements are made at the 
lowest obtainable temperature, about 1.4°K. The criti- 
cal current at this temperature is determined by send- 
ing a gradually increasing current through the film and 
observing the magnitude of the current when the film 
resistance suddenly reappears. With reference to the 
values given below for the magnitude of the critical 
current, it should be noted that the width of the film 
transverse to the direction of current flow is 2 cm. 


AND M. TINKHAM 


The infrared measurements are made as follows. 


With sufficient current passing through the film to hold 
it in the normal state, and with infrared radiation of a 
fixed wavelength entering the Dewar, the sliding me- 


chanism described above is used to enable us to measure 
alternately the energy passing through the film and 
quartz and that passing through the bare quartz. This 
is done several times to average over noise and slight 
drifts in sensitivity, each measurement lasting for 
several times the time constant of the lock-in amplifier, 
(13 to 72 seconds.) In this way, it is found that the 
transmissivity, 7, of the film in the normal state is 
independent of wavelength throughout our region of 
the spectrum. 

In a similar manner, the wavelength dependence of 
the transmissivity, Ts, of the superconducting film is 
determined. In comparing 7y and 7s, the following 
facts must be taken The amount of 
thermal radiation reaching the bolometer changes sig- 
nificantly when the film and quartz are replaced by the 
bare quartz. As a result, the bolometer temperature, 
and hence its operating point and sensitivity, change. 
Our calibration of bolometer resistance and sensitivity, 
described above, permits us to correct for this effect, 
since we monitor the bolometer resistance continuously. 
The correction on 7's or 7 'y is roughly a factor of two. 
The size of the correction depends only slightly on 
whether the film is superconducting or normal, the 
difference arising from the bolometer temperature rise 
because of the Joule heating due to the current in the 
normal film. As a result, the ratio 75/7 y is altered by 
only about 5% by the correction. Because of the possi- 
bility of error in the correction factor, 7s or Ty can 
not separately be measured very accurately in this way, 
although their ratio can be. If we need an accurate 
measure of Ts or 7 'y individually, we use a bolometer 
in another Dewar, the radiation being brought out of 
the Dewar containing the film and then to the bolom- 
eter via metal light pipes. Under these circumstances, 
the bolometer is called an external detector, and its 
sensitivity is unaffected by the film’s position, since 
there are thermal radiation filters between film and 
bolometer. Unfortunately, the use of the external de- 
tector decreases the signal obtainable ‘so much as to 
prevent us from obtaining accurate data at long wave- 
lengths, where the source intensity is low. 


into account. 


Ill. THE EXPERIMENTAL DATA AND THEIR ANALYSIS 
A. Noninfrared Data 


Table II summarizes some of the information con- 
cerning the films which we have examined. The sym- 
bols used have the following meanings. R;, Re, and Rs 
are, respectively, the film resistances immediately after 
the film is made, after it is annealed, and after it is 
then cooled to about 1.4°K (and held in the normal 
state). These resistances have each been multiplied by 
a factor which yields the resistance the film would have 
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if it were square. (The film is rectargular, and almost 
square.) J, is the critical current of the film at about 
1.4°K. AT is the width of the superconducting transi- 
tion, defined to be the temperature interval in which 
the film’s resistance decreases from 80% to 20% of the 
normal state low-temperature resistance, as the tem- 
perature is lowered. 7, is the critical temperature, at 
which the film resistance is one half its normal state 
low-temperature value. 7/7, is the reduced tempera- 
ture at which the infrared data were obtained. We have 
assumed all our lead films to have the same critical 
temperature, 7.06°K; as Pb3 and another lead film not 
included in Table Il. The thickness of a film can be 
estimated** very roughly by using Matthiessen’s rule” 
and the values of R, and R;. In this way one finds the 
thickness to range between about 5 and 15 A. We do 
not need to know the thickness to interpret our results, 
so a more precise determination is unnecessary. 

The resistances in Table II are accurate to within 
0.5 ohm, J, to within 2%, AT to within 0.002°K, T, to 
within 0.08°K except for lead, for which 7, has a 
maximum error of 0.5°K. Sn2 was produced by par- 
tially oxidizing Snl at room temperature to examine 
the effect of this oxidation. Somewhat nonideal be- 
havior of these films is indicated by the displacement, 
up to 0.4°K, of 7, from the value for bulk samples, 
and by the comparatively large values of AJ. The 
displacement of 7, from the value for bulk samples is 
largest for the mercury films. (7, is 4.15°K for bulk 
mercury.") The reason for this might be that the films 
are partially or totally composed of 8 mercury,” a 
crystallographic modification with a critical tempera- 
ture of 3.94°K. Bucke!l and Hilsch’ also have observed 


Tasve II. Noninfrared properties of the films. 


Ra R; I, AT 
ohms ohms ohms ma °K 


376 254 106 
470 5 305 155 
269 . 197 460 
219 2 97 
292 eee eee 
329 1! 56 
222 
244 ees 
231 5 38 
183 owe 
191 eee 
206 36 
Hg2 313 52 
+Hg3 229 7 38 
Hg4 191 vee 
Hg5 208 

Hg6 314 120 


0.212 
0.200 
0.198 


0.365 
0.350 


0.060 
36 =: 00.120 


0,035 


0.336 
0.343 


0.405 
0.328 


0.002 
0.009 
0.004 





* E. T. S. Appleyard and J. R. Bristow, Proc. Roy. Soc. (Lon- 
don) A172, 530 (1939). 

” A. H. Wilson, The Theory of Metals (Cambridge University 
Press, London, 1954). 

“= L. D. Jennings and C. A. Swenson, Phys. Rev. 112, 31 (1958). 

a E. irber and C. A. Swenson, Phys. Rev. Letters 2, 296 
(1959). 
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Fic. 3. Transmiesion characteristics of Sn1 and Sn2. 


mercury films to possess a low critical temperature, 
about 3.85°K. A visual examination of our lead, tin, 
and indium films disclosed no lack of uniformity. The 
mercury films evaporated when warmed to room tem- 
perature, and so could not be visually examined. 


B. Infrared Data 


The frequency dependence of the ratio of the trans- 
mission, 7s, through the superconducting film to that, 
Tw, through the normal film, for seven of our films is 
shown in Figs. 2 through 5. As explained below, we 
expect this ratio to be correct to within 43%. The 
most complete curves are those for Pb2 and Pb3. For 
the other metals, the critical temperatures are lower, 
and we can not reach such low reduced frequencies as 
for lead. (By the reduced frequency we mean hw/kT., 
where & is the Boltzmann constant.) To avoid illegi- 
bility, maximum errors are indicated for only some of 
the points in the figures. 

It is quite evident that the general shapes of all the 
transmission curves are quite similar. At high frequen- 
cies, the transmission ratio approaches unity. As the 
frequency is lowered, this ratio rises to a maximum and 
then falls. This kind of behavior would be predicted 
by nearly any energy gap model. In particular, it is 
predicted by the theory of Bardeen, Cooper, and 
Schrieffer? hereafter referred to as BCS. The fact that 
the maximum in each curve occurs at approximately 
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Fic. 5. Transmission characteristics of Hg1, Hg2, and Hg3 


the same reduced frequency suggests immediately that 
the energy gap is approximately proportional to the 
critical temperature, as predicted by BCS. 


C. Inference of Conductivity Curves 
from the Infrared Data 


We wish to use the transmission data just presented 
in order to calculate the conductivity ratio, 


[o1(w)+t02(w) |/on, 


where o;+ie2 is the complex superconducting conduc- 
tivity and ow is the normal-state conductivity. The 
latter is real and independent of frequency in this 
region of the spectrum, as is shown by the fact that 
Ty is found to be frequency-independent. (Note that 
we have changed the convention of reference 3, where 
o=0,—io. The present convention corresponds to an 
e~*** time dependence, as is usual in quantum theory.) 
Since the real and the imaginary parts of the conduc- 
tivity are related by the Kramers-Kronig relations,’ 
we need only calculate one of them. We calculate 
o1(w)/on. In order to calculate this from the trans- 
mission ratio, we use Eq. (A-2) of reference 3, which is 
hereafter referred to as GT. In the derivation of this 
equation it is assumed that one can average over stand- 
ing waves in the quartz substrate. This is not exactly 
true, radiation bandwidth is finite. The 
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maximum error from this averaging has been estimated" 
to be equivalent to an error in the transmission ratio 
of +0.2% for all films except the unusually conductive 
one Pb3, for which the error may be as large as +0.5% 
for hw/kT.>4. For frequencies above the maximum in 
the curve of the transmission ratio, it turns out that 
we may ignore all reflections in the substrate and use 
Eq. (A-4) of GT without appreciable error. 

We can calculate o;/on from 7's/Ty only if we first 
know o2/cy. In order to circumvent this difficulty, we 
have two aids. One is provided by the Kramers-Kronig 
(K-K) relations,’ and the other by a conductivity sum 
rule pointed out by Ferrell and Glover," and discussed 
further by Tinkham and According to this 
rule, 


Ferre 


r L 
f O1\W d. f or w)dw, (1) 


where On is now the real part of the 
tivity. Since this in 
frequency range in 


normal conduc- 

of frequency in the 
differs appreciably from 
the fact that any 
area under the o;/on curve removed by the appearance 
of the gap appears in a delta function in o; at zero 
frequency. The K-K transform, o2“, of this 6 function 
is inversely proportional to the frequency. (See GT or 
reference 15 for a more complete description. In calling 
this term o24 f the notation of reference 15, 
4 


on, Eq. (1) has as a con 


equence 


we Ttollow 

serving oo” for the Lond Ine af hich arise 
reserving o2” tor the London value of o2* which arises 
when the entire sum rule area appears in the 6 func tion.) 
Adding o2', the K-K transform of that part of o; lying 
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above zero fre quency, to o2 

Our method of calculating ¢ 
We assume that a simple energy gap model is useful as 
a first approximation. Such a model predicts o2(w)/an 
to be small for w>wy,, is the gap width. 
Therefore we first assume that ¢» is negligibly small for 
frequencies higher than that corresponding to the 
maximum in 7s/7Ty. The function a; 


etre 


on is, then, as follows. 


W he re hw, 


own is then cal- 
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culated on this basis for frequencies above the maxi- 
mum in the transmission ratio, and it is extrapolated 
smoothly to zero, as suggested by the simple energy 
gap model. Then we calculate ¢24 from the sum rule, 
and we numerically calculate ¢,' from the K-K rela- 
tions. Adding these together, we obtain our first ap- 
proximation for a. This we use with the transmission 
ratios to calculate our second approximation for ¢;. 
This always is found to agree with the first approxima- 
tion, for hw/kT.S 6. This cycle of operations is repeated 
until it converges for all frequencies, which happens 
after the cycle is repeated about twice. We finish with 
a curve for o:/ayn which is consistent with the conduc- 
tivity sum rule, and which accounts for the measured 
values of Ts/Ty when combined with the o2(w)/oy 
curve which is its Kramers-Kronig transform. 

There is one complication in performing this calcu- 
lation, which we now describe. We must know the 
normal film resistance in order to use the equations to 
calculate the conductivity function. We have measured 
this at dc, but we do not know that it is exactly the 
same for our infrared frequencies, which lie between 
3X10" and 3X10" cps. In fact, using an external de- 
tector (see above), we have shown that our lead, tin, 
and indium films are slightly more opaque in the 
normal state at infrared frequencies than the dec re- 
sistance would indicate. From the infrared transmis- 
sivity we can calculate a resistance value. We can 
compare this calculated resistance, Rey, with the mea- 
sured resistance, Rineas. In this way, it is found that at 
low temperatures Riseas/Reate is about 1.11 for lead 
films, 1.01 for tin films, and 1.26 for indium films. This 
ratio of resistances is found to be about the same for 
all films of a given metal at a given temperature, but 
it increases slightly with increasing temperature. In 
the case of mercury, however, this is not true; the ratio 
of resistances varies greatly from one film to another. 
For all of the films this ratio is independent of frequency 
in our infrared region of the spectrum. The film re- 
sistance is also found by measurement to be constant 
between dc and 100 kc/sec. (The films used in making 
these observations were all those in Table II for which 
transmission curves have not been presented because 
of the relatively low sensitivity of the external detec- 
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Fic. 7. Frequency dependence of o:/ew for Pb3. The solid 
curve is calculated using the measured film resistance, the broken 
curve using the calculated value. (See text.) 
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Fic. 8. Frequency dependence of @;/ow for Sni and Sn2 
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Fic. 9. Frequency dependence of #,/ow for In1. The solid curve 
is calculated using the measured film resistance, the broken curve 
using the calculated value. (See text.) 


tor. An exception is Pb1, which we shall discuss later.) 
It may be that there are imperfections in the film 
which become short circuited by capacitive effects in 
the frequency range between 10° and 10" cps. In the 
case of the mercury films, variations in the thickness 
of a given film from one region of the film to another 
may also be important in explaining the observed 
phenomena. (Other investigations'* have also indicated 
that mercury tends to form uneven deposits on quartz.) 

In calculating the conductivity ratio from the trans- 
mission ratio, we can either use the measured film re- 
sistance Riess or the calculated value Rete. In Figs. 6 
through 9, which show the calculated conductivity 
ratios, the results of the latter method are indicated 
by dashed lines. In the case of tin, the two methods 
give nearly the same answer, since Resic/Rmeas iS ap- 
proximately unity. Since the properties of the mercury 
films were so erratic, we have made no attempt to 
calculate the conductivity ratio for them. Hence we 
confine our remarks on mercury to observations which 
can be made directly from the features of the trans- 
mission curves. 


D. Discussion of Errors 


The greatest single source of error is random noise on 
the signal. This error is less than 1.5% at a 90% con- 
fidence level. Another possible source of error in this 
experiment comes from the large aperture of our f/1.5 
infrared monochromator. Radiation is incident on the 
film at angles up to 18.5° from the normal. One cannot 


* R. E. Glover, Ill 


private communication ). 
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Fic. 10. Frequency dependence of o:/ey, o2/on, and Ts/Ty 
according to the calculation of Mattis and Bardeen. The trans- 
mission curve is for a film resistance 377/(m+-1) ohms per square, 
where n is the refractive index of the substrate. 


calculate the effect of this non-normal incidence with 
complete certainty without a detailed knowledge of the 
film properties. However, if we make the usual assump- 
tion that currents in a direction normal to the film 
surface are completely negligible, then it can be calcu- 
lated® that the finite focal ratio affects Ts or Ty by 
less than 2% and 7 s/Ty by less than 0.2%. We shall, 
however, mention shortly the possibility of resonant 
normal oscillations in the film which might make the 
non-normal incidence important. Another possible 
source of error comes from standing waves in the 
quartz substrate. As has already been mentioned, this 
affects the transmission ratio by less than 0.5% in all 
cases. 

In the data shown in Figs. 6 through 12, there are 
two possible errors indicated. The inner error sign is the 
result of a total +3% possible error in T's/Ty from the 
sources mentioned above. The outer error sign results 
from adding on the effect of a +3% possible error in 
A, the area removed by the gap. This error is a second- 
ary consequence of the previously mentioned errors. 
This additional error is important only for the low- 
frequency points, as indicated in the figures. The reason 
for separating the errors into two parts in this way is 
that an error in A would affect neighboring points 
similarly, and so would not change the shape of the 
curve very much. 


IV. COMPARISON OF CONDUCTIVITY CURVES WITH 
THEORY AND WITH OTHER EXPERIMENTS 


A. Comparison with the BCS Theory 


Mattis and Bardeen’ have calculated o;/oy from 
the BCS theory. This calculation is expected to apply 
when the characteristic distance for variation of the 
field in the samples in the normal state is small com- 
pared with the mean free path /, and in the supercon- 


7D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 
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ducting state is small compared with the coherence 
length" &. Since & is of the order of 2000 A, this con- 
dition is well satisfied in these thin films, and reasonably 
well satisfied in the skin effect in pure normal metals. 
The theoretical frequency dependence of o:/ey is 
shown in Fig. 10. It is approximately independent of 
temperature for 7/7.<4. We see immediately that 
this dependence shows a remarkable qualitative agree- 
ment with that which we have observed, as shown in 
Figs. 6 through 9. 

There are three quantitative differences, however, 
between our curves and the theoretical predictions. In 
the first place, our data indicate an unexpected hump 
in o;:/ow for lead. The mercury transmission data of 
Fig. 5 also would tend to indicate such a hump. Later 
we shall consider possible reasons for this hump. 

The second disagreement between our conductivity 
curves and the predictions of the theory, which occurs 
for the two tin films, is the failure of o;/ew to fall to 
zero rapidly as fw/kT. decreases below the nominal 
gap frequency. This seems to indicate a genuitie low 
frequency tail on the conductivity curve even at low 
temperatures. Any explanation based on the finite 
temperature of the film is unlikely to be correct, be- 
cause the indium film In1 at approximately the same 
reduced temperature has a conductivity curve which 
apparently has no such tail, but rather gives the sharp 
cutoff at the gap predicted by the theory. Any tail 
might be due to the nonideal nature of the films. This 
conjecture is supported by the fact that Sn2, which 
was produced by partially oxidizing Sni and might 
therefore be expected to be less ideal than Sn1, has a 
larger tail. In Fig. 8, o:/on is extrapolated to zero 
ignoring the lowest-frequency points. Some extrapola- 
tion was needed to allow o2/cy to be calculated by the 
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Logarithmic plot of the frequency dependence 
of (1—o;/en)* for Sni and Sn2 
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procedure described above. Changing the extrapolation. 


would not seriously change the results of our calcula- 
tion of o:/eyn in the region where we have data, because 
o2/on~ has very little effect on Ts/Ty at such high 
reduced frequencies. 

The third disagreement between our results and the 
theoretical predictions is that o;/oy seems to approach 
unity somewhat more rapidly than predicted, as hw/kT, 
increases well above the gap. This is more clearly 
brought out by Figs. 11 and 12. In these figures we 
plot log (1—o,/en)™ against loghw/kT,. According to 
the BCS theory, this plot should be an almost straight 
line, with a slope, m, of approximately 1.61 in the range 
1<w/w,<2.5, where hw, is the gap width. It is in this 
range that we can most accurately compare theory with 
experiment. The figures show that we do indeed obtain 
plots which are approximately linear, for tin and 
indium. This is not true for lead, for reasons which are 
probably connected with the hump in o;/ey for lead, 
Our values for the slope m are given in Table III. 
Their excess above 1.61 is a measure of the increased 
steepness of the rise in o;/on. 

Table III also gives our values for “‘a’’ and for ‘‘a*’’, 
which are defined as follows in terms of a4. 


o24/on= (1/a)(RT./hw) = (2A/) (RT ./hw). 


“a*” is the value of “a” computed from the dashed 


curves of Figs. 6 through 9. (The constant A is defined 
above as the area removed from the o:/an curve by 
the gap.) 

It is seen from Table III that, according to our data, 
n is greater than the value 1.61 predicted by BCS. 
Correspondingly, A is smaller, and “a” is larger than 
0.18, the BCS value. Our value for ‘“‘a’’ should also be 
compared with the value 0.21+0.05 which was indi- 
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Fic. 12. Logarithmic plot of the frequency dependence of 
(1—o;/on~)" for Ini. The solid curve is calculated using the 
measured film resistance, the broken curve using the calculated 
value. (See text.) 
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Taste III. Infrared properties of the superconducting films. 


Film n a 

Pb2 0.232 
Pb3 . 0.231 
Snl 1.83 0.258 
Sn2 0.270 
In1 9 0.193 


cated by the infrared data of GT for lead and tin 
films," and with the value 0.15 which was found by 
Faber and Pippard” from their microwave work on 
aluminum and tin at a frequency of 1200 Mc/sec. All 
of these values seem to be in reasonable agreement, 
considering differences in experimental geometries and 
materials, and considering the simplified nature of the 
theory. 

In concluding this section, it might be well to call 
attention to the fact that the shape of our conductivity 
curves should be compared with those derived from 
experiments on bulk samples only if the electromagnetic 
skin depth of these samples is small compared with £ 
and with the electron mean free path in the normal 
state. Otherwise the behavior of the bulk samples will 
involve a complicated average” over various spatial 
Fourier components of the electromagnetic field. 


B. Width of the Energy Gap 


We can estimate the width of the energy gap from 
the extrapolated cutoff of o,/en. For lead, this can be 
done from Figs. 6 and 7. For tin and indium, this is 
most easily done from Figs. 11 and 12. Our results are 
indicated in the last column of Table IV. In the Table, 
our values for the gap width are compared with those 
derived from thermal data and with other far-infrared 
data. The analysis of the thermal data has been given 
by Goodman.” He has used three methods to calculate 
the gap width from the data. Method A consists of a 
detailed fitting of the specific heat over a wide tempera- 
ture range to a BCS expression in terms of the gap 
width at 0°K. Method B consists in fitting low-tempera- 
ture data to an exponential dependence of specific heat 
on the inverse of the temperature. Method C relies on 
an expression given by BCS for the width of the gap 
at O°K in terms of the critical field and the electronic 


Taswe LV. Values for the reduced gap width, hw, /kT,. 


Richards 
Goodman and 
Metal A B Tinkham This work 
Lead tee eae 3. 41 40+0.5 
Tin 3.3 3, y 36 3340.2 
Indium : ; 4.1 3.9403 


”T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) 
A231, 336 (1955) 

*™B. B. Goodman, Superconductivity Conference, Cambridge, 
England 1959 (unpublished). 
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specific heat in the normal state. The gap width values 
obtained by these methods have been divided by &T., 
where 7, is the experimentally determined critical 
temperature, to obtain values for the reduced gap 
width. The fourth column of the Table gives values 
for the reduced gap width as determined for bulk 
samples by Richards and Tinkham.® For the latter 
values and for our. values, the gap width values at 
0°K have been calculated from the experimental data 
by assuming that the temperature dependence of the 
gap is given correctly by BCS. The adjustment in the 
gap width involved in this procedure is completely 
negligible in the case of lead, and is only 1% for tin 
and indium. For lead, we take the gap width to be 
given by the frequency at which it is estimated that 
o:/oan would cutoff if the subsidiary hump in the curve 
did not exist. 

It is evident that our values for the gap width are in 
remarkable accord with those determined by these 
other experiments, considering the extremely micro- 
scopic size of our samples. This is perhaps one of the 
most interesting results in this kind of investigation of 
thin films. 

Ultrasonic experiments?’ on tin have disclosed a 
rather large apparent anisotropy in the energy gap 
which may also be present in other superconductors. 
It is evident that the thermal data must indicate some 
sort of average gap width. This may also be true in the 
infrared experiments. However, Anderson™ has sug- 
gested that any anisotropy of the gap will be averaged 
out in samples in which the electronic scattering fre- 
quency exceeds the gap frequency, as it does by a wide 
margin in these films. Similarly, scattering of electrons 
in the surface layers of a bulk sample might destroy 
any evidence of gap anisotropy which the experiments 
of Richards and Tinkham otherwise might have 
indicated. 


C. Structure on the Absorption Edge 


The available explanations for the observed hump 
in the o;/on curve for lead (and presumably mercury) 
fall into two general categories: single particle and 
collective excitations. The most straightforward is the 
former. One simply presumes that the gap is aniso- 
tropic, i.e., that the minimum energy for the creation 
of an excitation depends on where it is created on the 
Fermi surface.” Since the Fermi surfaces of the metals 
under consideration here (lead, tin, and mercury) are 
expected to consist of several pieces lying in different 
Brillouin zones, it would not be surprising if the gap 
had distinct values on different parts of the surface. 
Given suitable selection rules, a small piece of surface 
with a smaller gap might give rise to the observed 
hump of absorption at frequencies below that where 

“RR. W. Morse, T 
Letters 3, 15 (1959) 


2 P. W. Anderson, Bull. Am. Phys. Soc. 4, 148 (1959). 
% LL. N. Cooper, Phys. Rev. Letters 3, 17 (1959). 
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the main absorption sets in. The existence of a sub- 
stantial number of states with a smaller gap would 
also give a natural explanation of the fact that the de- 
parture from a simple exponential specific heat is an 
order of magnitude greater in lead™® and mercury*® 
(where the absorption hump is seen) than in other 
superconductors. The principal objection to this model 
is the fact that in films as thin as these, scattering is so 
rapid that we should expect Anderson’s theory of dirty 
superconductors to hold. In this theory, the rapid 
scattering is treated by replacing the free electron mo- 
mentum eigenfunctions as starting functions by eigen- 
functions for the problem with scattering centers 
present. Although not defined in detail, these states 
would a priori be expected to be formed with more or 
less equal weight from all parts of the Fermi energy 
surface in & space. If this were so, the mixing would 
average out the anisotropy, leading to an isotropic gap. 
In this connection, Suhl has recently pointed out** that 
if one is considering a case such as, e.g., overlapping s 
and d bands, then we could have two gaps with a 
single critical temperature even in the presence of rapid 
scattering, provided the scattering were such as to 
It is not 
clear that this would be the case in practice, however. 


conserve the s or d character of the states. 


The other class of explanation, involving collective 
effects, is a bit less evident. In Anderson’s extension?’ 
of the BCS theory for (pure) superconductors, he 
shows that under certain conditions it may be possible 
to produce exciton-like excitations with less 
energy than the minimum required to produce a single- 
particle excitation at any point on the Fermi surface. 
These collective excitations may be viewed as analogous 
to a spin wave. The production of a collective excitation 
of this type partially excites electrons all over the 


' 


collective 


Fermi surface, instead of completely exciting a single 
one. The energy of such a collective excited state may 
be lower than that of the single particle excitation if the 
interaction matrix element Vx%’ depends strongly on 
k and k’. Even in this case, only a rather specifically 
prescribed collective excitation can be expected to give 
the lower energy. These few states could, however, 
give a large absorption if the coherence required to 
lower the energy also produced a coherent build up of 
the transition matrix element. They could not account 
for any significant effect on the specific heat (in bulk 
samples) though, because of the small amount of 
entropy involved. Thus, though the mechanism could 
explain the observed absorption spectrum, it would 
not seem to explain the anomalous specific heats of 
superconducting lead and mercury 


An alternate type of collective excitation has been 


“ D L Decker D E 
112, 1888 (1958 

%D. K. Finnemore, D. | 
Rev. 118 127 (1960) 

%*H. Suhl, B. T 
Letters, 3, 1960 

7 P. W. Anderson, Phys. Rev 


Mapother, and R. W. Shaw, Phys. Rev 


Mapothe1 1 R. W. Shaw, Phys. 


Matthias, and Walker, Phys. Rev. 
552 


112, 1900 (1958). 





INFRARED TRANSMISSION OIF 
tentatively proposed by Ferrell** and by Stern.” They 
note that plasma-like oscillations of the electrons nor- 
mal to the plane of the film could conceivably be an 
important mode of motion. Such a mode could be 
excited by the normal component of the electric field 
which exists because of the angular width of the in- 
cident beam of radiation. Being a resonant mode, it 
could produce a disproportionately large effect, causing 
an increase in reflection which would be interpreted 
(falsely) as an increase in the conductivity in the plane 
of the film. Preliminary estimates predict that the 
resonance should occur just above the gap frequency, 
where it would be relatively difficult to observe. Small 
changes in the assumed model might lower the reso- 
nance to the observed position. Without knowledge of 
the changes in the model, no definite estimate of in- 
tensity is possible. However, it appears likely that the 
resonance would be unobservably narrow in any case.”* 
Even if it were the explanation of the structure on the 
absorption edge, this model would fail to explain the 
specific heat data. 

Summing up, none of the proposed explanations is 
completely consistent in accounting for all the observed 
properties. The most promising overall explanation 
would appear to be one in terms of distinct gaps for 
separate pieces of Fermi surface, which somehow are 
not completely averaged out as Anderson’s treatment 
would lead one to expect. Alternatively, one might 
account for the absorption at the surface or in thin 
films using Anderson’s averaged gap with collective 
excitations, while accounting for the specific heat re- 
sults using an anisotropic gap in the more ideal in- 
terior of the bulk samples. However, this second 
approach requires a greater number of distinct assump- 
tions, and it would not explain the apparent correlation 
of nonexponential specific heats with observed structure 
on the absorption edge. 


V. EFFECT OF MAGNETIC FIELD ON LEAD FILMS 


The experiment which will be described in this section 
was actually performed before those mentioned pre- 
viously. It is more easily understood, however, in the 
light of the field-free experiments. Lead films were 
chosen for this work, since lower reduced frequencies 
could be reached for lead than for other metals. 

This experiment was conducted as follows. A lead 
film was produced in the usual way. The Dewar was 
then placed between the poles of an electromagnet 
capable of producing 8000 gauss in the 9-in. gap re- 
quired for the Dewar. The vacuum system was designed 
so that the Dewar could be kept evacuated at all times 
during this moving operation, the diffusion pump being 
mounted right on the Dewar. After the film was cooled 
to 1.5°K, the dependence of the critical current /, 
upon the field was determined. In the case of Pb1, the 


* R. A. Ferrell (private communication). 
*® E. A. Stern (private communciation). 
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film on which the infrared work was done, the critical 
current decreased by 2.0% when the field was increased 
from 0 to 8000 gauss with the field in the plane of the 
film. In the case of three other films, this decrease in 
I, was 4.4%, 5.0%, and 10%, respectively. In all cases, 
a rotation of the Dewar (and film) in the field in either 
direction about a vertical axis caused a small additional 
decrease of /., of the order of 1% for a rotation of 3° 
and 3% for a rotation of 8°, which was the maximum 
rotation possible, due to space limitations. The field had 
no measureable effect on the resistance of the film in 
the normal state. 

The effect of the 8000-gauss magnetic field on the 
infrared properties of Pb1 at 1.5°K was determined as 
follows. With the film in place and the field off, the 
strength of the transmission signal was measured at a 
given frequency. Then the field was turned on and the 
signal remeasured. This was repeated two or three 
times, until accurate data had been obtained. The 
resuit was a determination of T7o/Ty to within 1% for 
eleven frequencies between hw/kT,=2.7 and 24.9, 
where 7» is the transmission through the superconduct- 
ing film in zero field and Ty is that through the super- 


‘conducting film in an 8000-gauss field parallel to the 


film. The data showed that T)/Ty varied between 1.00 
and 1.14, with peaks at 2.7, 4.0 and 8.0 kT./h. It was 
suspected that this strange behavior might be instru- 
mental rather than resulting from properties of the 
film. This hypothesis was tested by completely oxidizing 
the film by exposing it to air at room temperature for 
six hours, causing the film resistance to go to infinity. 
After this, the dewar was evacuated and cooled to 
1.5°K, and the infrared measurements were repeated 
with the oxidized film. Approximately the same values 
of To/T were obtained as with the unoxidized film, 
indicating that most of the effect of the magnetic field 
was in fact only instrumental. Further tests at the 
frequency 4.0k7'./h showed that the change in the 
signal was approximately proportional to the field. 
This effect may be due to a dependence of bolometer 
sensitivity on the field, although this dependence would 
have to vary non-monotonically with the frequency. 
Also, the field had no observable effect on the bolom- 
eter’s dc resistance. Since apparently there was no way 
to eliminate this effect, an attempt was made to cancel 
it ouf by working with the ratio, U, between T/T 
for the unoxidized film and that for the oxidized film. 
The result of these measurements indicated that U 
was equal to 1.00 to within the random error of 2%, 
except at the frequencies 4.0 and 5.0 kT./h, for which 
U was 1.04. In view of possible systematic errors, it is 
not certain that the field had any significant effect on 
the film, even at these two frequencies. (The frequency 
dependence of T's/Tw was also determined for the 
same lead film, Pbi. Because of improvements in 
technique which were made after this film was run, 
data are less accurate than those obtained with Pb2 
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and Pb3. The shape of the 7's/T'w curve for Pb1 was 
approximately the same as that of Pb3, however.) 

In interpreting the infrared results, one might con- 
sider changes in the gap width and in the low frequency 
supercurrent response ¢,4. One might expect a magnetic 
field to decrease the size of the gap. The effect of this 
would be a shift of the curve to lower frequencies. The 
smallness of the observed effect of the 8000 gauss field 
on the ratio U/ indicates that any shift of the curve is 
by less than 2%. The fact that U = 1.04 for hw/kT,.=4 
and 5, if significant, probably means that the gap edge 
is smeared out by the field. 

If the field had affected o24/ay, the low-frequency 
values of U’ would have also been affected. From the 
smallness of the effect of the field on U, it is apparent 
that o24/ow was altered by less than 2% by the fieid. 
The low-frequency penetration depth, which is pro- 
portional to (o)“)~*, was therefore affected by less than 
1% by the field. 

The two most precise experiments with which these 
findings can be compared are those of Pippard® and 
of Spiewak." Working with tin wires in a transverse 
static magnetic field, Pippard showed that the behavior 
of his samples in a microwave field of frequency 9.4 
kMc/sec indicated that the superconducting penetra- 
tion depth was increased by the static field. This in- 
crease was less than 3% for a magnetic field almost 
equal to the critical field of the wire (about 300 gauss) 
when the sample was at a temperature low compared 
with the critical temperature. Spiewak’s experiments 
were performed with oriented single-crystal tin wires 
in both transverse and longitudinal static magnetic 
fields, at a frequency of 1.0 kMc/sec. Her results also 
indicate that the magnetic field has a very small effect 
on the superconducting sample. For instance, the ap- 
plication of a longitudinal field equal to 0.9 times the 
critical field changed the surface reactance by less than 
1% of the change caused by increasing the field above 
the critical field to make the sample become normal. 
(The surface reactance is approximately proportional 
to the penetration depth in the superconducting state 
if the temperature is low compared with the critical 
temperature.) Our results may be compared with those 
of Pippard and of Spiewak by noting that o24(w) is 
inversely proportional to the square of the low-fre- 
quency penetration depth in a bulk sample. 

It might be advantageous in comparing these experi- 
ments to know the critical field of the film used. There 
were no facilities available for obtaining fields high 
enough to determine this, but an extrapolation of the 


* A. B. Pippard, Proc. Roy. Soc. (London) A203, 210 (1950). 
| M. Spiewak, Phys. Rev. 113, 1479 (1959). 
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data obtained by Appleyard, Bristow, London, and 
Misener® for mercury films, or those obtained by 
Alekseyevski® for tin films suggests that a lead film 
about 12 A thick would have a critical field of at least 
25 000 gauss. 

Unfortunately, there have been no theoretical calcu- 
lations performed on the basis of the BCS theory with 
which the data described in this section could be 
compared. 


VI. SUMMARY OF CONCLUSIONS 


The transmission of infrared radiation for wave- 
lengths between 0.1 and 1.1 mm through superconduct- 
ing films of lead, tin, indium, and mercury has been 
measured. The transmission data have been analyzed 
to find the ratio of the conductivity in the supercon- 
ducting state to that in the normal state. The following 
are the main conclusions of this analysis. 

The values obtained for the width of the energy gap 
divided by kT, are approximately equal to the value 
3.5 predicted by BCS, but are in somewhat better 
agreement with both calorimetric and far infrared ex- 
periments on bulk samples than with the theory. The 
frequency dependence of the conductivity ratio is in 
semiquantitative agreement with the calculation of 
Mattis and Bardeen, which is based on the BCS theory. 
However, ¢:(w)/on(w) rises somewhat more steeply 
above the gap, and approaches unity more rapidly than 
predicted. In the case of lead and (tentatively) mercury, 
a low-frequency hump in the o;(w)/ew(w) curve has 
been observed which was not predicted by Mattis and 
Bardeen, but which may be due to collective excita- 
tions as described by Anderson and by Ferrell and 
Stern, or to an anisotropy in the energy gap. The mag- 
nitude of the imaginary part of the reduced supercon- 
ducting conductivity ratio at low frequencies, 724 (w)/ 
on(w), is in reasonable agreement both with the BCS 
theory and with microwave measurements. Finally, it 
has been determined that a magnetic field as large as 
8000 gauss has no reliably observable effect on the 
transmissivity of a lead film about 12 A thick. This 
seems compatible with the results of microwave experi- 
ments on bulk tin. 
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A method for measuring the piezoresistance of a sample under high hydrostatic pressure by comparison 
with the piezoresistance of intrinsic InSb is described. The method is tested by a measurement of the piezo- 
resistance of p-type germanium and p-type InSb up to 13 000 kg/cm*. The piezoresistance of these materials 
is found to be independent of pressure, in good agreement with predictions based on other experiments. 
Measurement of the piezoresistance of »-GaSb as a function of pressure up to 12 000 kg/cm? confirms the 
correctness of the model of the conduction band which has been proposed by Sagar. Values for certain 
parameters of the conduction band of GaSb are deduced. 





I. INTRODUCTION 


ANY experiments have shown that the energy 
band structure of semiconductors can be signifi- 
cantly modified by the application of high hydrostatic 
pressure.'? In order to study these effects we have 
measured the piezoresistance of several semiconductors 
under hydrostatic pressure. In this paper we will 
describe our method for making these measurements, 
including the establishment of a method for measuring 
force in a pressure apparatus, and some results pertain- 
ing to the change of the band structure of GaSb under 
hydrostatic pressure. 


Il. PIEZORESISTANCE 


All of our measurements of piezoresistance have been 
made on cubic crystals in arrangements of the type 
designated by Smith’ as “longitudinal,” i.e., arrange- 
ments in which the tensile force, electric current, and 
the measured electric field are parallel. The piezo- 
resistance coefficient, II, which is measured in such an 
arrangement is defined as the ratio of the relative change 
of the longitudinal resistivity component to the applied 
stress. The piezoresistance effect can be described by a 
fourth rank tensor in a way described by Smith.’ In the 
case of a longitudinal effect in a cubic crystal, IT can be 
written in the form 


I= (4) p+ (9) 0s. (1) 
Here IIp is the logarithmic pressure derivative of the 


resistivity, p, 


Ip=—p'dp/dP, (2) 


and can be expressed in terms of the usual coefficients 
by p= (Ii:+21j2). Is is a shear coefficient which is 


* Now at Bell Telephone Laboratories, Murray Hiil, New 
Jersey. 
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Israel. 

*W. Paul, J. Phys. Chem. Solids 8, 196 (1959). This reference 
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2 A. Sagar, Phys. Rev. 117, 93 (1960). 

*C. S. Smith, Phys, Rev. $4, 42 (1954). 

*R. F. Potter and W. J. McKean, J. Research Natl. Bur 
Standards 59, 427 (1957). 


a linear combination of the shear coefficients (IIy;— I1s) 
and II. The weighting of (II;,—I,,) and Iq depends 
on the crystallographic orientation of the sample axis 
in a way which has been discussed by Smith’ and by 
Potter and McKean.‘ On the basis of these discussions, 
it is easy to choose sample orientations which allow the 
determination of both (1T,,;— Ty) and Iq. 

Except for certain small “minor effects,” the piezo- 
resistance effect arises from the changes in the electronic 
band structure of the crystal which are produced by 
elastic strain. We will neglect these minor effects. The 
advantage of writing II in the form of Eq. (1) is that 
the terms ITp and Ig arise from different features of the 
energy band structure. Large values of Ip occur when 
there are two bands whose relative energy is changed by 
the application of hydrostatic pressure. On the other 
hand, large values of Ils occur when there is a band 
of complex structure, for example, a multivalley band. 
In particular, we note that a large value of (IIy;— Ij) 
is characteristic of a (100) multivalley band, and that a 
large value of Il is characteristic of a (111) band.** 
The prototype of the latter band is n-type germanium. 


Ill. EXPERIMENTAL METHODS 


For the purposes of this experiment we adapted the 
device for measuring piezoresistance which has been 
described by one of the authors* for use in the high- 
pressure apparatus previously used by the other 
author.’ The modified piezoresistance device is shown 
in Fig. 1. Important features of this apparatus which 
should be noted are as follows: The apparatus is 
designed to compare the piezoresistance of two semi- 
conductors. The samples are placed in series mechani- 
cally, so that the tensile force applied to each is the same. 
A steady force can be applied either by passing a direct 
current through the electromagnet or by spring loading 
the armature. The force can be modulated by passing 
an alternating current through the electromagnet. 
This modulation of the force produces a modulation of 


* C. Herring, Bell System Tech. J. 34, 237 (1955). 
*M. Pollak, Rev. Sci. Instr. 29, 639 (1958). 
7R. W. Keyes, Phys. Rev. 99, 490 (1955). 
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Fic. 1. Schematic draw- 
ing of the apparatus. A and 
B are single crystal semi 
conductor specimens. C is a 
rigid frame. D is a soft iron 
yoke and £ is a soft iron 
armature. When a current 
is passed through the 
electromagnet F, a force is 
exerted on EE, and the 
sample B, the wire H, and 
the sample A are subjected 
to a tensile force. The pulley 
G serves to reverse the 
direction of the tensile force 
in order to limit the height 
of the apparatus to that 
available in the high 
pressure system. The elec 
trical connections are not 
shown. 


























the resistance, which can be detected as an ac voltage 
on the potential probes in the usual method of measuring 
resistance. The are determined in the 
ordinary way. Further details of the electrical measure- 
ments are given in the paper of Pollak.® 

The method used in the present set of experiments 
differs in one respect from that described previously.® 
In the earlier work® the electromagnet was excited by a 
combination of de and ac currents which produced a 
driving force of the ac frequency. In the present work 
the dc current was absent, and the driving force, being 
proportional to the square of current, varied with twice 
the ac frequency. The advantage of this modification 
is that voltages induced in the leads by the magnetic 
field have half the frequency of the effects produced by 
the stress, and can easily be separated by electrical 
filtration. In the earlier apparatus the effects of induced 
voltages were eliminated by maintaining a large 
physical separation the magnet and the 
sample; this was not possible in the present experi- 
ments, however, because of the dimensional limitations 
imposed by the high-pressure chamber. 

All of the measurements to be reported in this paper 
were performed at 300°K. The magnitude of the stress 
on the samples was about 2X 10’ dynes/cm*. This stress 
is very small compared to the hydrostatic pressure, 
except for the atmospheric pressure measurement. 


resistances 


between 


IV. MEASUREMENT OF THE FORCE 


The force applied to the specimens for a given magnet 
current in the apparatus of Fig. 1 cannot be expected to 
remain constant when the pressure is varied. Therefore, 
it is necessary to measure the force under pressure in 
order to convert the modulation of the specimen 
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resistance to a piezoresistance constant. An electrical 
force gauge with a calibration constant which is a 
known function of pressure is required. Various gauges 
of this type have been used by other workers**; none 
of these were convenient for our purpose, however. 
Therefore, we devised the apparatus of Fig. 1 with the 
intent of using one of the semiconductor specimens as a 
piezoresistance force gauge 

a semiconductor be a suitable 
force gauge is that its piezoresistance, I], is known or 
can be determined as a function of pressure. One 
semiconductor in which II can easily be determined as a 
function of pressure is intrinsic InSb. In intrinsic InSb 
the electrical conductivity arises almost entirely from 
the electrons, since the 


The condition that 


electron mobility is much 
larger than the hole mobility. The electron energy band, 
the conduction band, however, is a simple spherical 
band.” Therefore, there is no large shear piezoresistance 
effect in this band, and we expect that IIs, Eq. (1), 
will be small in i-InSb. This expectation has been 
experimentally confirmed 
However, the energy gap is 


at atmospheric pressure."'-” 
strongly pressure dependent, 
and there is a large effect of hydrostatic pressure on the 
resistivity, which has been extensively studied.’"" This 
model of the electrical properties accounts for the 
pressure dependence of the resisitivity for pressures up 
to 12 000 kg/cm? 

Thus i-InSb can be used as 
pressure experiments as follows. In the course of our 
experiment we measure the resistivity of InSb as « 
function of pressure. We find IIp by differentiating the 
resistivity. This knowledge of ITp is what is required in 
order that i-InSb be a suitable force gauge. [See Eq. 
(1).] 

Unfortunately, the shear piezoresistance constants 
of i-InSb do not entirely vanish 


a force gauge in high- 


his fact introduces 
some error into our method of measuring the force. 
Since IIp is not strongly pressure dependent and the 
accepted model of InSb suggests no reason to expect 
a large pressure dependence of IIs, we believe that 
the error will not be strongly pressure dependent. Thus 
we have confidence in the accuracy of the important 
features of the pressure dependence of our results and 
in relative constants. 
However, we estimate that errors as large as 20% may 
be present in the absolute values of our Ig. 


values of our piezoresistance 


V. MATERIALS 


The i-InSb was special high purity material purchased 
from the Ohio Semiconductor Company. The number 
of extrinsic carriers was small compared to the number 
of intrinsic carriers throughout the pressure range. 
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PRESSURE 


Our other samples were relatively heavily doped, 
mainly because our electrical measuring apparatus was 
designed for measurements on low resistivity material. 
The p-Ge crystal was grown in this laboratory by the 
Czochralski method, and contained 10'* donors/cm’. 
The p-InSb crystal was grown by a method previously 
described by Pollak," and contained 5X 10'* donors/ 
cm*. The GaSb crystals were grown and given to us by 
Sagar. Detailed descriptions of these crystals are 
contained in Sagar’s paper.* For convenience, we will 
use Sagar’s sample numbers in discussing these 
materials. 


VI. p-Ge AND p-InSb 


As a test of our method for measuring piezoresistance 
under high hydrostatic pressure, we have measured 
the piezoresistance of samples of p-type germanium 
and p-type InSb as functions of pressure. Both crystals 
were cut with the long sample axis along a (110) crystal 
axis. The results are plotted in Fig. 2. The II of p 
germanium is independent of pressure up to 13 000 
kg/cm?, and the II of p-InSb decreases by 4% in this 
range. The latter variation may be within our experi- 
mental uncertainty and not significant. 

The results shown in Fig. 2 are not unexpected in 
view of the fact that the hole mobility has previously 
been found to be independent of pressure in these 
materials.’ The mobility and the piezoresistance 
depend on the same parameters of the valence band, 
and it is very improbable that any change in the band 
could affect one of these quantities without affecting 
the other. Also, the accepted model of the band struc- 
ture of these p-type materials is consistent with the 
pressure independence of the mobility and _ piezo- 
resistance, at least in moderately or heavily doped 
samples. In these impure samples impurity scattering 
limits the contribution of the light holes to the conduc- 
tivity to a low value, and the electrical properties are 
determined by the heavy holes. 

We feel that this agreement between our results for 
p-Ge and the predictions of the independently estab- 
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Fic. 2. The piezoresistance constant of samples of p-type 
germanium and p-type InSb as functions of pressure, measured 
by comparison with InSb in the apparatus of Fig 1. II is in units 
of 10-" cm*/dyne 
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Fic. 3. Illustration of the conduction band 
structure in GaSb proposed by Sagar.* 


lished accepted model of the germanium band structure 
is a confirmation of our method of measuring piezo- 
resistance. In fact, the constancy of II in p-Ge suggests 
that it also is a possible material for use as a force 
gauge in our experiments, and we have used it in this 
way in other experiments.’ 


VI. n-GaSb 
A. Sagar’s Model 


Sagar has suggested a model for the conduction band 
structure of GaSb in a recent paper.? His model is 
shown in Fig. 3. According to this model two of the three 
piezoresistance constants discussed in Sec. III are 
large: (1) A nonvanishing pressure coefficient arises 
from the pressure dependence of the energy difference 
between the (111) and (000) minima; (2) A large Iau 
is due to removal of the degeneracy among the (111) 
valleys by a diagonal shear, as in the well known case 
of germanium.’* The values of Ip and Iq naturally 
depend on the distribution of electrons between the 
(000) and (111) bands, and this distribution depends in 
turn on the pressure and temperature and on the total 
uumber of donors, since the effects of statistical 
degeneracy may be appreciable. Sagar was able to fit 
his data quantitatively by assigning numerical values 
to the various parameters of his model.? 

Here we wish to note only a few facts concerning 
Sagar’s model to which we will refer later. We will use a 
superscript (0) to denote properties of the (000) band 
and a superscript (1) to denote properties of the (111) 
band. We will take the zero of the energy scale to be 
the bottom of the (111) band, thus having Z®’=0. In 
this notation the values of two of Sagar’s parameters are 
E® =—0.07 ev and dE /dP=1X10~ ev/(kg/cm’). 

The shear coefficient in Sagar’s model has the value 


Ia= (o@ ‘a) 144". (3) 


Here o is the contribution of the electrons in the (111) 
band to the conductivity, ie., c=o+o™, and Ny” 
is the value which IT, would have if ¢® =9. 


17M. Pollak and R. W. Keyes, Bull. Am. Phys. Soc. 4, 185 
(1959). 
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Fic. 4. The piezoresistance constants of GaSb (Sagar’s material 4) 
as a function of hydrostatic pressure at 300°K. 


A very important feature of this model, which must 
be continually borne in mind in interpreting experi- 
mental results, is that the effective mass in the (000) 
band is much smaller than the mass in the (111) band. 
This fact follows from Sagar’s interpretation of his 
data and from comparison with the band structures of 
other crystals." The consequences of this difference in 
effective masses which are important here are that the 
density of states in the (000) band is small compared 
to the density of states in the (111) band and u™ is 
five or ten times larger than py". 


B. Measurements on GaSb 


In order to subject Sagar’s model to additional test 
and to enlarge our knowledge of the parameters of the 
model, we have measured the piezoresistance coefficients 
of n-type GaSb as a function of hydrostatic pressure to 
pressures of 12 000 kg/cm*. The force on the sample was 
determined by using an InSb standard in the way 
described in the preceding sections. Our results on the 
material of Sagar’s number 4 samples, which has a Hall 
coefficient of about 10 cm*/coul at 300°K and atmos- 
pheric pressure, are shown in Fig. 4 and given in 
Table I. 

It is immediately apparent from Fig. 4 that our 
results are in qualitative accord with Sagar’s model. 
At atmospheric pressure both IIp and Iq are fairly 
large. I1;;— II, is small throughout the pressure range. 

‘As the pressure is increased the (000) band goes up in 
energy, and the number of electrons in the (000) band 
decreases while the number in the (111) band increases. 
The number of electrons in the (000) band at atmos- 
pheric pressure is a rather small fraction of the total 
number, and as this number is decreased toward zero 
the effect of pressure on the conductivity becomes small. 
This accounts for the decrease of Ip with increasing 
pressure. The reason for the increase of II4, can be seen 
from Eq. (3): as electrons are transferred to the (111) 
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band o approaches o“ and Il, approaches Ty’. We 
feel that this agreement of our results with the predic- 
tions of the model is very strong evidence for the 
validity of the model. 

Another feature of our data is illustrated by column 
6 of Table I. The product I is tabulated in column 6, 
and it is seen that this product is constant within 
experimental error. Equation (3) shows that constancy of 
IIo implies constancy of II4“’e“. This result can be 
understood on the basis of the following simple but 
approximate viewpoint: Only a small fraction of the 
electrons are in the (000) band. The transfer of these 
electrons to the (111) band will not change o™ or Igy™ 
appreciably, and, therefore, these quantities and their 
product are pressure independent. The few electrons in 
the (000) band account for a significant fraction of the 
conductivity, however, since the mobility of electrons 
in the (000) band is about an order of magnitude higher 
than the mobility in the (111) band. 

Sagar attempted to determine the parameters of his 
model by fitting curves to his data on the pressure 
dependence of the conductivity and the Hall constant. 
Our measurement of the conductivity as a function of 
pressure agrees well with that of Sagar. In view of the 
simplicity of the relation between IIy, and ¢, it is 
apparent that no improvement in the determination 
of the parameters of the model could be obtained by 
supplementing the curve fitting criteria with the 
piezoresistance data. Therefore, we will analyze our 
data from a different point of view, based on the fact 
that at the highest pressures at which we obtain data 
the contribution of the (000) band to the conductivity 
is small. Consequently, the properties of the sample 
are determined primarily by the electrons in the (111) 
band, and analysis of the data at the high-pressure end 
of our measurements will give values for the properties 
of this band. Even at our highest pressures, the facts 
that IIp does not vanish and that II is pressure 
dependent show that the effect of the (000) band is not 
entirely negligible. We will attempt to extrapolate out 
the remaining effects due to the (000) band, and thus 
determine the properties of electrons in the (111) band. 


TABLE I. Piezoresistance constants of GaSb 


(sample 4) as a function of pressure 
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In making this analysis and, especially, in identifying 
the results with the properties of the (111) band at 
atmospheric pressure, it is assumed that the parameters 
of the band are independent of pressure. Support for 
this assumption is afforded by the example of 
germanium, in which experimental work has shown that 
the pressure dependence of the parameters of the (111) 
band is weak.' The pressure dependence of the elastic 
constants is also neglected; this may amount to one or 
two percent in our pressure range. We believe that in 
spite of the various errors which are introduced by our 


extrapolation procedure and our experimental method, 


the values of the parameters which we obtain are to be 
preferred to the values of Sagar. This is because Sagar 
assumed that the ratio of the mobilities of the electrons 
in the two bands was independent of pressure. This 
is probably a rather poor assumption, since most of the 
final states for scattering of an electron in the (000) 
band are in the (111) band. Thus the density of final 
states will be a strong function of pressure, and it is to 
be expected that yu“ will decrease rapidly with in- 
creasing pressure. 

There is no obviously unique method for extrapolating 
the data to the condition in which all of the electrons 
are in the (111) band. Our method is as follows: The 
pressure dependence of IIp, Iu, ¢, and the Hall 
constant are related, since they all arise from the same 
physical mechanism. We know the limiting value of 
IIp, namely, zero, according to our model. Therefore 
we will extrapolate the other parameters to the limit 
of no electrons in the (000) band by plotting them 
against IIp and extrapolating to the value for Ilp=0. 
The extrapolations for ¢ and for II44 are shown in Fig. 5. 
and the extrapolated values are given in Table I. In 
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Fic. 5. The extrapolation of [lq and @ to the case in which all 
electrons are in the (111) band. Details are given in the text. 
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Taste II. Piezoresistance constants of GaSb 
(sample 9) as a function of pressure. 


a The iIlp 
(ohm cmy"/ 10" cm? 10°" em?/ 
dyne dyne dyne 


olla 
10°° cm/ 
dyne-chm 


Pressure 
10° kg/cm? 


830 100 39 8&3 
744 108 37 80 
667 119 34 79 
604 129 32 7 
551 138 » 
504 147 28 
467 154 24 
438 165 20 
414 172 17 

9 396 173 13 

10 382 177 11 

11 370 178 9 

12 362 182 7 
(111) band* 301 195 0 


Suna uUs WSN © 


* Determined by extrapolation, as described in the text. 


accord with the above discussion, we identify these 
extrapolated values with o“) and II". The product 
oTIl4® should be compared with the measured 
products as an index of the accuracy of our extrapo- 
lation. The discrepancy is about 5%. 

The important energy band parameter which 
determines II,,“) is Z,, the shear deformation potential 
constant of the (111) band. An accurate determination 
of Z, requires that the anisotropy of the conductivity 
tensor of a valley be known. However, if the anisotropy 
is large, the calculated value of Z, is not very sensitive 
to the anisotropy. If we assume that the anisotropy is 
very large and use the atmospheric pressure elastic 
constants we calculate Z,= 18 ev. If the anisotropy is 
the same as that of the (111) valleys of germanium, 
the calculated Z, is raised to 21 ev. These values should 
be compared to that of germanium, Z,=17 ev."*-* 

if we knew the number of carriers in our sample we 
could calculate the mobility in the (111) band. Un- 
fortunately, Sagar’s Halli effect data for this sample 
do not extend to high enough pressures to allow the 
application of our extrapolation method to the Hall 
constant. However, if we accept Sagar’s figure for the 
carrier concentration, V = 1.4 10'* cm~*, we find that 
u) = 370 cm*/v sec. The value obtained by Sagar*® by 
his method of analysis was 570 cm?*/v sec. 

We have also measured the large piezoresistance 
constants of Sagar’s impure material 9, which has a 
Hall constant of 2.7 cm*/coul at 300°K and atmospheric 
pressure, as a function of pressure. The results are 
tabulated in Table II and plotted in Fig. 6. They are 
also in qualitative agreement with the predictions of 
the model. However, there are significant quantitative 
differences between these results and those obtained 
with material 4. The differences are attributable to two 
effects’: (1) statistical degeneracy is important in both 


* C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
uC. Herring, T. H. Geballe, and J. E. Kunzler, Bell System 
Tech. J. 38, 657 (1959). 
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Fic. 6. The large piezoresistance constants of GaSb (Sagar’s 
material 9) as a function of hydrostatic pressure at 300°K. 


bands in material 9 because of the large number of 
electrons; (2) the mobilities are smaller in material 9 
than in material 4 because of the larger impurity 
content of the former. 

One difference between the results on the two 
materials is that in the impure material the product 
all, is not constant, but decreases by about 20% as the 
pressure is raised from 0 to 12 000 kg/cm*. A possible 
explanation of this effect might be based on the fact 
that Il4“? would be enhanced by strong band-band 
scattering in a way similar to the way in which it is 
enhanced by intervalley scattering.’ Then, with in- 
creasing pressure the density of final states for scattering 
from the (111) band to the (000) band decreases, and 
the band-band scattering contribution to Ty de- 
creases. Thus the product ¢II4," might decrease. A 
higher band-band scattering rate in the impure sample 
is not implausible, since it has been shown that various 
impurities induce intervalley scattering in ger- 
manium.™.?! However, we have not been able to account 
quantitatively for the pressure variation of oIIq4 in 
material 9, and therefore, do not claim that we under- 
stand it. 

We have applied the extrapolation procedure 
described above in connection with the interpretation 
of the data on material 4 to the data of Table I], and 
also to Sagar’s data on the Hall effect of material 9.? 
The extrapolated values of o and II, i.e., o® and 
II,,“’, are given in Table [I. The extrapolated value of 
the Hall constant is R“’ =0.83 coul/cm’. 

The value of II,“ in the impure material is only 
0.70 IIgs? of material 4. We attribute 
lowering of IT,“ to the effect of degeneracy on the shear 


times this 


piezoresistance coefficient, an effect which Pollak” has 


shown to be important in m-type germanium. The theory 
of the piezoresistance coefficients of a degenerate multi- 


» G. Weinreich and H. G. White, Phys. Rev. 106, 1104 (1957); 
G. Weinreich, T. M. Sanders, Jr., and H. G. White, Phys. Rev 
114, 33 (1959). 

1 R. W. Keyes, J. Phys. Chem. Solids 3, 102 (1957). 

2M. Pollak, Phys. Rev. 111, 798 (1958). 
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valley semiconductor has been given by Keyes,” and 
the effective mass of the (111) band of GaSb can be 
estimated by using this theory in the form in which 
Pollak found that it applied to n-type germanium. 
Pollak’s interpretation of both the piezoresistance and 
the temperature dependence of the mobility in de- 
generate n-type Ge requires that the momentum 
relaxation time be a constant, independent of electron 
energy.“ Making this assumption for GaSb, we find 
from the lowering of Il that the Fermi level is 
0.6kT above the bottom of the (111) band. The extrapo- 
lated Hall constant gives 7.5 10'* cm~ for the carrier 
concentration in the band, and thus we find for the 
density of states effective mass m*/mo=0.4. For 
comparison, we note that in germanium m*/my=0.56." 
We have also applied our extrapolation method to 
Sagar’s data on the conductivity and Hall effect in his 
material 1. We find Ry 32 coul/cm* and «= 10.5 
(ohm-cm)~. Further, the analysis of the conductivity 
data for the two nondegenerate materials, number 1 and 
number 4, that at high pressures (P>7000 
kg/cm?) ¢®/o = 1.70 exp(— 2.44 10-P). The signifi- 
cance of these numbers is not clear because of the 
expected pressure variation of u®, which has already 
been mentioned. However, the close coincidence of the 
high-pressure values of o/o" for the two materials 
serves as a check on our method of extrapolation, since 
the derived values of + are very sensitive to the 
extrapolated value o“ at high pressures, where the 
difference between o and ¢ is small. 


shows 


C. Summary of GaSb Results 


Our measurements on n-t} GaSb are in excellent 
qualitative agreement with the model of the band 
structure proposed by Sagar We have estimated 
certain parameters of the (111) band of GaSb from our 
data, and present these estimates in Table III. The 
corresponding lues for band of 
germanium are also presented for comparison. It should 
be borne in mind thi iccuracy with which the 
parameters are known for germanium is considerably 
greater than 
The values for the electron y in the (111) 
band of GaSb given in Table III were calculated from 
the extrapolated Hall constants and conductivities. 


the conduction 


it the 


that of our measurements. 


mobility 


TaBLe III. Estimate j parameters of the 
(111) band of GaSb, and a comparis th the conduction band 
of Ge. 


Quantity Ge 


0.56m 


1600 cm?/v s 


m (density 
p(n =2X10 
p(n=1.4 10" 750 cm?/v 
p(n=7.5X 10'* 440 cm?/v 
= ev 17 ev 
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These values suggest that the concentration of scatter- 
ing centers does not decrease with decreasing electron 
concentration. This result is at least partly due to the 
fact, stated by Sagar,’ that the materials also contain 
an appreciable concentration of acceptor centers. 
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Electronic Structure of Tin Investigated by Ultrasonic Attenuation* 
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The magnetic field dependence of the ultrasonic attenuation has been measured in very pure tin single 
crystals. Oscillations were found that can be explained as a result of resonant conditions between the electron 
orbit diameter and the periodic field set up by the sound wave. These oscillations yield information about 
the Fermi-momentum, and the general features of a possible electron distribution in tin are suggested. 


EASUREMENTS of the ultrasonic attenuation 

as function of magnetic field in metal single 
crystals where the electron mean free path (/) is com- 
parable to the acoustical wavelength (A), suggest that 
this method is a rather successful one to investigate 
gross properties of the Fermi-surface.'* Here are re- 
ported some measurements made in very pure tin single 
crystals. Since tin has a tetragonal crystal structure, 
four sets of experiments were done. Longitudinal waves 
were propagated along the tetragonal axis, the [100 ] 
axis, and the [110] axis as well as along an arbitrary 
angle in the plane perpendicular to the tetragonal axis. 
The magnetic field was always in the plane normal to 
the direction of propagation, and the field dependence 
of the attenuation was measured for different directions 
of the field. 

The field dependence of the attenuation was found to 
be very anisotropic. In most of the cases oscillations 
were found that can be explained as a result of resonant 
conditions between the electron orbit diameter (27) and 
the periodic fields set up by the sound wave. The oscilla- 
tions were most pronounced when the propagation vector 
was along the [100 ] axis and the field along the tetrago- 
nal axis. Figure 1 shows this case for the frequency 45.5 
Mc/sec. The data are plotted on a reciprocal scale since 
the oscillations should be periodic in H~'. Besides the 
main period two more are likely to be present, one of 
which is causing the interference with the second maxi- 
mum of the main period. By observing the movements 
of the peaks when the field is rotated, the variation of 


° - ee in part by the U. S. Air Force Office of Scientific 
Research. 


t Present address. 

'R. W. Morse and J. D. Gavenda, Phys. Rev. Letters 2, 250 
(1959); and f D. Gavenda, Ph.D. thesis, Brown University, 1959 
(unpubli ). 

? T. Olsen and R. W. Morse, Bull. Am. Phys. Soc. 4, 167 (1959). 


the average momenta as function of field direction can 
be traced. Due to the obviously complex electron dis- 
tribution in tin, the relationship between the momenta 
deduced this way and the actual Fermi-surface is not 
likely to be a simple one. However, Kjeldaas and Hol- 
stein,’ assuming a spherical Fermi-surface, find the 
period to depend upon the extremal orbit momentum 
only. If this also holds ture, at least to a first approxi- 
mation, for more complicated surfaces, the momentum 
determining the oscillations will be a Fermi-momentum 
perpendicular to both the magnetic field and direction 
of propagation. The momentum (&,) given by the main 
period in Fig. 1 will according to this be along the [010] 
axis, and, estimated from the relation 2r/k= 2hk,/eHh, 
it wili be equal to 0.47 X 10* cm™. However, any lattice 
vector of the reciprocal lattice space can be added to it. 
When the field is rotated away from the tetragonal axis 
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Fic. 1. Attenuation vs magnetic field times wavelength plotted 
on a reciprocal scale for a longitudinal wave with the tion 
vector along the [100] axis and the field along the tetragonal axis. 


+ T. Kjeldaas and T. Holstein, Phys. Rev. Letters 2, 340 (1959). 





Fic. 2. Cut through the [100] axis and [001] axis in k space 
showing the intersecting planes of energy discontinuities. @ de- 
notes a lattice point in the reciprocal lattice space. The distance 
between lattice points in the [100] direction is 1.08 10* cm. 
Observed momenta 4, have been plotted close to a sphere con- 
taining four electrons per atom. 


within +35° the picture remains approximately the 
same as in Fig. 1 although the main period shifts toward 
greater values of &,. A similar period can also be ob- 
served when the field is within +20° of the [010] axis. 
No simple period has been observed when the field has 
a direction between these two limits. 

Several different zone structures have been proposed 
in the literature** none of which seem to fit experimental 
data. Among the planes with small indices only the 
following groups have a structure factor that does not 
vanish: {101}, {112}, {200}, {220}, and {211}. Here 
{m\non3} means the group where the third place is 
either m3 or —m, only. These planes should therefore 
represent planes of energy discontinuities in k space. 
Figure 2 shows a cut through the [100] axis and [001 ] 
axis and most of the above-mentioned planes. The first 
zone bounded by planes of energy discontinuities con- 
tains 1.81 electrons per atom. The second zone, defined 
by the volumes having one plane in common with the 
first be to contain 1.41 electrons 
per atom. The surface of a sphere containing the four 
electrons of tin will have a radius of 1.6410 cm™ 
as shown by the circle in Fig. 2. From this sphere it is 
reasonable to plot the two branches of the main mo- 
mentum as indicated in Fig. 2, and it is known from the 
structure factors for the {101} planes and {200} planes 
that the energy discontinuities across the latter group 


zone, can shown 


should be greater. It is therefore reasonable to suggest 
an electron distribution in tin having the following 


*N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Oxford University Press, New York, 1936). 

*R. G. Chambers, Can. J. Phys. 34, 1395 (1956). It should be 
noted that the zone proposed by Chambers contains one rather 
than two electrons per atom 
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general features: A completely filled first zone, a filled 
second zone except for the outer parts of the volumes 
marked 2b in Fig. 2, and some overlap into higher 
zones mainly in the volumes marked a and b. If the 
Fermi-surface in volume 2b can be approximated as a 
plane perpendicular to the [100] axis near the &, plot, 
this volume will contain close to one electron per atom. 
This together with the first zone and volume 2a leaves 
an overlap into higher zones of 0.8 electrons per atom. 

Such an electron distribution will be in general agree- 
ment with several other experimental investigations. 
The direction of motion of the electrons are concentrated 
around the tetragonal axis and the plane perpendicular 
to it as Pippard® suggested from his measurements of 
the anomalous skin effect. Similar measurements’ * give 
a number oi free electrons per atom close to one. In 
agreement with this the free electrons in this modei will 
consist of the overlap into higher zones and part of the 
electrons in volume 2b. 

Furthermore, from the ultrasonic measurements made 
on the superconducting energy gap made by Morse, 
Gavenda, and the author® the total electronic attenua- 


tion (a) for zero field can be found and can be expressed 


as a= Aw when the electron mean free path is greater 
than the wavelength. Here w is the angular frequency 
and A is a constant proportional to the number of free 
electrons and their effective mass. This experiment se- 
lects mainly the electrons on a ring througk the origin 
perpendicular to the direction of propagation, and the 
observed ratio A 00/A4) 3 where the indices denote 
propagation along [100 } and [110], respectively. This 
result is in agreement with the proposed model of the 
Fermi-surface on the assumption that the anisotropy is 
mainly in the number of free electrons, because in the 
latter case there will be no surfaces corresponding to the 
surface in volume 2b. 

Like the oscillations in the attenuation also the at- 
tenuation at high fields (6500 gauss) is highly anisotropic. 
These data and results from transverse wave measure- 
ments together with the above mentioned data will be 
treated in greater detail in a subsequent paper. 
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The partiticn function of the Ising model of ferromagnetism is 
examined in the limit of high density in the anticipation that in 
the limit of infinite density one recovers the Weiss molecular field 
The formal parameter of expansion is 1/z where z is the number 
of spins in the range of the exchange potential (not restricted to 
nearest neighbor interactions). In the absence of long-range order, 
only ring diagrams in the cluster expansion contribute. These 
give a divergence in the specific heat at kT,.= 2,0 %; where %j 
is the exchange potential. This is the molecular field value for 
the Curie point 7. In the presence of a magnetic field the partition 
function is evaluated for fixed magnetic moment M in the same 
approximation, M being determined by minimization. This 
results in a susceptibility differing from the molecular field theory 
and hence an inconsistency in the theory. 

The inconsistency is traced back to the observation that the 
acceptance of ring diagrams is equivalent to the gaussian model 
of Kac and Berlin which violates the sum rule 2,2," u?=N. 
Here y; is the “spin” per particle and N is the total number of 


particles. This condition is reinstated by insuring the sum rule. 
The result leads to the spherical model. Thus, a consistent high 
density approximation to the Ising model is the spherical model. 
Below the Curie point or for fixed magnetic field, M is again 
held fixed and only the Fourier components of the spin density 
with nonvanishing wave vector are “‘sphericalized.” The result 
leads to a physically acceptable model which becomes the molecu- 
lar field theory at low temperatures or high fields and deviates 
in O(1/s) in general. Formally, the results are simply expressed 
in terms of a temperature dependent Weiss field. These results 
differ from the ordinary spherical model which is physically unac- 
ceptable below the Curie point. However, a molecular field modi- 
fication of the spherical model due to M. Lax yields the same 
result when properly interpreted. 

It is shown that the above results are also valid (to the same 
approximation) in the quantum mechanical Heisenberg model, for 
temperatures above the Curie point. 





I. INTRODUCTION 


HE molecular field theory of ferromagnetism 
founded by Weiss has all in all been remarkably 
successful in the interpretation of ferromagnetism.' The 
origin of the molecular field is, as is well known, due to 
the exchange interaction among spins. However, in 
order to get the molecular field theory out of an 
exchange interaction model, seemingly drastic ap- 
proximations must be made in the statistical mechanics 
of the model. Various refinements introducing short- 
range order have been introduced in the past by Bethe 
and others,? and exact moment expansion have also 
been used to attack the statistical mechanical problem.* 
In all of these theories, it is always remarked that in 
the limit that the exchange potential becomes very 
long range (s — © where z is the number of spins in 
the range of the exchange interaction), the molecular 
field theory is recovered as a iimit. This indicates that 
the evaluation of the partition function could be studied 
with profit by adopting 1/z as an expansion parameter 
—or alternatively to develop the free energy in a power 
series in the inverse density. 

It is the purpose of this paper to present the leading 
(first two) terms in such an expansion through the use 
of a systematic cluster development of the free energy 
developed by the author in the study of random ferro- 
~ © This work has been supported in part by the Office of Naval 
Research. 

t Part of this work was done by the author as a consultant for 
the Bell Telephone Laboratories. 

1 See, for example, C. Kittel, Introduction to Solid-State Physics 
(John Wiley & Sons, New York, 1956), 2nd ed., Chap. XV. Also 
W. Bragg and E. Williams, Proc. Roy. Soc. (London) A145, 699 
(1934); W. Heisenberg, Z. Physik 49, 619 (1928). 

2H. A. Bethe, Proc. Roy. Soc. (London) A166, 552 (1935) 

‘J. G. Kirkwood, J. Chem. Phys. 6, 70 (1938), W. Opechowski, 
Physica 4, 181 (1937). 


magnets.‘ In the present paper, the Ising model is 
studied and some quantum mechanical results are 
given. The full quantum theory is reserved for a sub- 
sequent study where the present work will be related to 
spin waves. 

Straightforward evaluation of terms of O(1) and 
O(1/z) amounts to a summation over ring diagrams in 
the cluster expansion. This is akin to the random phase 
approximation in the theory of correlation due to 
Coulomb forces.* In the present case one finds a singu- 
larity in the specific heat at that temperature given by 
the Curie point calculated from molecular field theory. 
However, the susceptibility remains finite at this point 
having a singularity at some lower temperature. More- 
over, the theory in this lower temperature range is 
undefined. It is therefore seen that the simple random 
phase approximation fails. 

It is a simple matter to discover the difficulty. We 
define u; as the z component of the ith spin, (taking on 
the value +1), together with the Fourier transform 


w(q) = (1/./N) Si ws exp(iq-i), (1.1) 


where q is a wave vector in the first Brillouin zone, i 
the position of the ith spin. The lattice spacing is unity. 
From (1.1) follows the sum rule 


Leal ig 2= NV. 


Now, it is the essence of the random phase approxi- 
mation to treat each Fourier component yu, independ- 


(1.2) 


*R. Brout, Phys. Rev. 115, 824 (1959), hereafter referred to 


as 


I 
* J. E. Mayer, J. Chem. Phys. 18, 1426 (1950); M. Gell-Mann 


and K. Brueckner, Phys. Rev. 106, 364 (1957); N. Hugenholz, 
Physica 23, 533 (1957); K. Sawada, K. A. Brueckner, N. Fukuda, 
and R. Brout, Phys. Rev. 108, 507 (1957). 


1009 





1010 R. 


ently which, therefore, violates Eq. (1.2). In order to 
repair this damage, we still maintain the essence of 
the random phase approximation but impose (1.2) as 
a restraint. This amounts to the introduction of a 
LaGrange multiplier or a new parameter in the theory 
which is determined by (1.2). It then turns out that 
above the Curie point one recovers the spherical model*® 
which theory is consistent in that the susceptibility and 
specific heat anomalies occur at a common temperature. 
This theory is presented in a different notation from 
reference 6, in such manner that the analogy to molecu- 
lar field theory is made clear. It also becomes obvious 
that as z becomes large one approaches molecular field 
theory. 

Below the Curie point, we develop the theory for a 
fixed long-range order which is fixed by minimization 
of the free energy. It then follows that the molecular 
field theory is correct at low temperatures (for the 
Ising model), deviations setting in as one approaches 
the Curie point. The specific heat turns out to be con- 
tinuous at the Curie point having a cusp there which 
is approached by a function having an infinite deriva- 
tive. 

Above the Curie temperature these results are 
quantum mechanically valid in the same approximation 
as the classical theory. Below the Curie point, the situ- 
ation is not clear and further work remains to establish 
the correspondence with spin-wave theory. 


Il. GENERAL CLUSTER DEVELOPMENT 


In this section, we review for completeness the cluster 
development of the Ising model presented in I, special- 
ized in the present case to a fixed array of spins on a 
lattice. For variety, we present a slightly different 
version of the derivation which may further one’s 
understanding of the existence of the “dotted line” 
diagrams in I. 

We first work out the complete partition function 
with no restriction to long-range order. We must 
evaluate 

inZ 


Ind exps > (2.1) 


{us} 1<i<jeNn 


Di jh us], 


us= +1 and the summation over {u,;} means that one 
sums over all configurations of y,’s. 0; is an arbitrary 
function of i—j whose Fourier transform is assumed to 
exist. As it is convenient to use the notation of prob- 
ability theory, Eq. (2.1) is rewritten 


InZ=In(exp8 > vim;)+N In2, (2.2) 
where the symbol (O({u;})) means 


(O({us}))= (1/2) ¥ O({u,)). 


(as) 


(2.3) 


* T. Berlin and M. Kac, Phys. Rev. 86, 821 (1952). See also the 
general review article on the Ising model by G. F. Newell and 
E. Montroll, Revs. Modern Phys. 25, 353 (1953). 
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Thus we regard >> 0;:ys, as a random variable dis- 
tributed according to the law that the y,’s are a set of 
N independent random variables of value +1 chosen 
with equal probability. Equation (2.2) is of the form 
In(exp6X ) where X is a random variable. The expansion 
of this function in a power series in @ is called the semi- 
invariant expansion. The defining equation of the M,’s 
is 


In(exp8X)=>-[ (8)"/n! |M,. (2.4) 


The M,’s have the following simple, but extremely 
important property. If X, Y are two independent random 
variables and M,, M,‘", and M,“%+*” are the 
semi-invariants generated by X, Y, and X+-Y, respec- 
tively, then 


M,2tM=M,'+M," . (2.5) 


We now consider the first few M,’s 


Mi=>- (um;)=0. (2.6) 


<7) 
This result obtains because any odd power of yu; has 
an average =O and the yu,’s are independent. 


M2= D> Dd vier (yee jets) — (ss) (eer) |. (2.7) 


i<j k<l 
The second term on the right-hand side of Eq. (2.7) 
is zero for the same reason that M,=0. The first term 
is nonvanishing only if two indices are paired. Hence 


M2=), (2,;) MiP jh; >» (v,;)*. 


i<j i<j 


(2.8) 


We diagram this term in Fig. 1(a). The notation is the 
same as in I. M; follows the same pattern. The only 
nonvanishing term is the cycle term given in Fig. 1(b). 
Now consider M,. Two obvious diagrams are the 
cycle given in Fig. 1(c) and the ladder in Fig. 1(d), 
corresponding to which are the semi-invariants 


cycle ‘ — 
MS ay jk kl ley 
ladde : P @ e\e7 
M,“ T=) iL uity,! -3(puru?) j= —22 7. 


We must also consider the reducible cluster given by 


= @ 
— 


DX (04;)?(v ja) Leu fe fue®)— (ue 2u?) ufo?) |=0. 
7.* 


(2.9) 


Thus reducible as well as unlinked clusters vanish when 
a complete trace is taken. This is in contrast to the 
case where long-range order is present as discussed in I. 

Let us now go back to the diagram of Fig. 1(c). 
Here there is the combination 


> 0 DsaVeiVii, (2.10) 


ijt jkU ki 


I | ee \ 
( 4 e 





> PL 


3 b C J 


Fic. 1. 
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Cluster diagrams contributing to InZ in the 
absence of long-range order. 
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where it is specified that none of the indices i, j, k, / 
may be equal. As this is an inconvenience on summa- 
tion, add and subtract the terms with k=i or j=l, or 
both. Now sums are free and the new terms are given 
by the diagrams Fig. 1(e) and Fig. 1(f). Here we have 
inserted the dotted line convention of I. A dotted line 
symbolizes the short-range spatial function (—6,;). All 
sums over indices in a diagram are now free (except 
that the indices attached by a bond are unequal). 

The complete diagrammatic description is then the 
following. An even number of solid bonds emanate from 
each vertex. All irreducible linked graphs are allowed 
as such [Figs. 1(a), (b), (c), (d)], as well as all graphs 
generated from them by dotted line insertions [Figs. 
i(e), (f)]. No reducible linked graphs or unlinked 
graphs occur. To each graph there corresponds an M, 
which in general is not trivial and must be worked out 
in each case. 

Before studying this cluster development in detail, 
we first turn to the corresponding expansion in the 
presence of long-range order. For this case we are 
interested in the expression 


InZe=In >’ exp[8 } opm, ], 


fui} i<j 


(2.11) 
where the prime over >> means a sum over all con- 
figurations {u;} such that 

(1/N) ¥ w= R. (2.12) 


R is taken to be a number of order unity. Note also 
that —1<R<+1. Equation (2.11) is recast into con- 
venient form 


InZre=In(exp >> o,mys)et+lnW(R), 
i<j 


N 
wiR)=( ), 
3N(1+R) 


D’ O({u,)). 
W(R) ba} 


(2.13) 


where 


(O({u.}))e (2.15) 


In the form (2.13) we may now use the semi-invariant 
expansion. As the steps leading to the diagrams are the 
same as before we shall not present the details here. 
For further exposition the reader is referred to L. In 


Gud 


eee 


Fic. 2. Cluster diagrams contributing to InZ in the 
presence of long-range order. 
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Fig. 2, all nonvanishing diagrams are included up to 
M; inclusive. These diagrams are more numerous than 
for the case of vanishing long-range order, as now one 
may have an odd number of bonds emanating from a 
vertex and reducible graphs of solid bonds do occur if 
they are irreducibly connected by dotted lines. In 
addition each diagram represents a more complicated 
expression than for the R=0 case since the entire semi- 
invariant now enters. For some detailed examples, see 
the appendix of I. 


Ill. HIGH DENSITY LIMIT 


We first give the argument why the molecular field 
theory is a high density limit. The energy is 
) L Di Mi; 


ix; 


(3.1) 


In the case where 2, is very long range we may consider 
the following limiting process. Let the number of spins 
z in the range of the potential grow without limit and 
let the strength of the potential »,; decrease like 1/z. 
(This latter in order to keep the Curie point fixed.) 
Also, for convenience we take the potential to be a 
constant (J/z) up to the end of its range and zero 
thereafter. Then the limit of (3.1) as z— N is 


bien LJ 
> wus; 


(> wd (S ws) +001) 
2 N ii 2N 


N N 
IR RH wot, 


2 ) 


“ 


(3.2) 


where JR is the molecular field, 1no1; and we have used 
(2.12). 

The qualitative argument given above is the moti- 
vation for choosing an expansion parameter, the 
quantity (1/2). It is then anticipated that the rigorous 
leading term is the molecular field theory and that 
corrections should give a reasonable qualitative de- 
scription of the expected deviations, viz., short-range 
order. Furthermore, in real ferromagnets z is indeed 
large at least of O(10) so that an expansion parameter 
of ~0.1 is quite appropriate. Indeed, it would be rather 
surprising if the qualitative as well as semiquantitative 
features of this work did not correspond to reality when 
the correct choice of 2,;; is made and the full exchange 
coupling is used. 

We now classify graphs according to their order of 
magnitude in 1/z. We first consider R=0 and estimate 
the order of magnitude of diagrams in Fig. 1. As the 
temperature scale is entirely determined by the strength 
of the potential we have in the region of the Curie point 


B2J=O(1); BJ=O(1/2), (3.3) 


where J characterizes the strength of the potential. 
Thus every solid bond in a graph is O(1/z). We then 
see that there are no terms of O(1) in Fig. 1. The 
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leading terms are ali of O(1/z). In particular, Fig. 1(a) 
has two solid bonds and one summation and hence is 
O[ (8J)*z |= O(1/z). Figures 1(b) and (c) are also O(1/z) 
whereas Figs. 1(d) and (f) are O(1/2*) and Fig. 1(e) of 
O(1/2"). 

It is then seen that the leading terms are of O(1/z) 
and that these are the cycle graphs. We now proceed 
to their detailed evaluation. We remark that the same 
diagrams correspond to the Debye Hiickel theory in 
the case of Coulomb forces so that the same techniques 
apply.® 

In particular the contribution to M, from closed 
cycles is 

gn > Dijigqdioig* * * Vint, 
i in 

where g, is a combinatorial factor and the spin factor 
is obviously unity. To evaluate g, we fix one index in 
a cycle, say i, and ask how many distinct ways there 
are to arrange the remaining (m—1) indices which give 
distinct graphs. (By a distinct graph is meant one which 
contains different factors of »;; but which is still a cycle, 
€.2., VigesVaq¥q1 iS distinct from 42eq043031; but is not 
distinct from Vo90340q1Pi2 OF Vi4¥4g0g902.) The answer to 
this question is (n—1)!/2 since (n—1)! is the number 
of permutations of the (m—1) particles, but half of 
these permutations do not produce distinct graphs since 
they correspond to the symmetric permutation about 
the bisecting diagonal of a graph (this diagonal starting 
at i,;). The net result is 


(n—1)! 
(M.)from cycles \ ) ® Vipiqligig* * * Digit. 
) 


(3.4) 


12 in 


The intermediate indices in (3.4) may be allowed to 
overlap previous indices since this contingency has been 
allowed for in the subtraction procedure that led to 
dotted line graphs. This is a very important observation 
and it is the central reason for the introduction of the 
dotted line graphs. It goes without saying that the 
indices on a single »,; are always unequal, i.e., i,~i,+1 
in Eq. (3.4). 

Using Eq. (3.4) we then have from Eqs. (2.2) and 
(2.4) 


1 
—InZ 
N 


1 
+In2+0( - ) (3.5) 


We now turn to the evaluation of the mth term in (3.5). 
The central remark is that if »,; is considered as a 
matrix then the cyclic combination that appears in 
M,, is a matrix product. If the eigenvalues of the matrix 
v;; are known then the evaluation is trivial. However, 
by translational symmetry of the lattice, 2,; is a function 
of (i—j) alone. Therefore its eigenvectors are exp(iq-j), 
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with eigenvalue v(q) where v(q) is the Fourier transform 
of 1; Here q is a vector in the reciprocal lattice space 
and may be taken to be restricted to the first Brillouin 
zone. For simplicity we have assumed one spin per 
unit cell. The net result is that Eq. (3.5) may be written 


1 
—InZ= 
N 


where : 

exp_tq: 
q is in the first and we have used the result 
> 2(q)=0. Further, we have assumed that the sum 
on m and q are interchangeable. A detailed investigation 
of (3.6) is given in Sec. IV. 

We now turn to the case where R is fixed. R is con- 
sidered to be a constant of O(1) 
single diagram of O(1 hich is Fig. 
diagram exists of O(1). Hence, the 


to InZ of O(1) is 


zone 


Then there exists a 
2(a). No other 
total contribution 


y P v(0)R?, (3.8) 


where v(0) is defined by 3.7 for q 0 and R? is assumed 
to be O(1). Equation (3.8) is the 
expected. 

Terms of O(1/z) ar Figs. 2(b), (c), (d), 
and (e). Generalizing to arbitrary order, one sees that 
included in O(1/z) are all 
as well as all open chains of solid bonds whose ends are 
attached by a dotted line. In mth order there are ob- 
viously more of the latter than of the former corre- 
sponding to the m places where a dotted line may be 
inserted into a closed cycle of m bonds. The contribution 


to M., n! 


same as (3.2) as 
given by 


closed cy les of solid bonds 


from these diagrams is then 


(n—1 
N 3 
; ys 


contributions to the 
irranged in the closed 
The spatial part is the 


where S,.<) and S,.op are the spin 
nth semi-invariant from tl 
and open chains, respecti' 
same as in (3.5) a1 


For orientatior 
few n’s 
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S2c1— 2S2:op= (1—R*), 
Ss, c1= Geyser) — 3 (use) (ues) 
+2 (wise) (uoms) (ues) 
= 1—3R*+2R‘*, 
Siop= (usaaasaus) — 2(pryse) uoeats) 
— (ures) (yeaa) + 2 (ure) (os (ames) 
= R?— 2R*— R°+-2R*= R?(1— R*)*, 


Ss el 3S3.op= ( 1 om R?) P. 


We shall now prove that Syx,c1—#S.,op= (1—R’)". 
This may be done in two ways: by recursion relations 
and induction or by trickery. We give the latter since 
it will turn out to be essential to further understanding 
We assert that the expression 


In (expBv(4)s44*i4), (3.13) 
where 

1 WN 

— > yu, exp(iq-t) 
\ ‘N = 
is the same as )-[(8)"/m!][ Ma leye where [Mx leye™ 
is given by the qth term in Eq. (3.10). To see this, first 
expand (3.13) in 8 


In(expSv(q)iuq*uq) =X a[80(q) ]"/m1M "0, 


Using the definition of u, and M, we have by direct 
substitution 


By 


(3.14) 


Ne > 


M,,, #0") = 1, { Miyii* * *PinMin) 


fir + +te 
Jis**In 


— (winptir) (uiassiae +“ Minbhin)— °° 


+ (—1)""'n(yisr): + * (uinwin)} 


Xexpliq: (ii—jat--++in—ja)]. (3.15 
The exact structure of sums and differences in Eq. 
(3.15) is unimportant. What is important is that the 
unlinked terms that come into (3.15) are cancelled out 
by the semi-invariant structure, by virtue of (2.5). We 
must then examine the linked terms only. Of these, the 
closed cycles of which there are N"X(nm—1)!/2 give 
Sn:e1. Open chains give 


1 = 
_—- x 
N* tt-+-tndn 
Jn ti 


expliq: (ti— jx) J 


n! 
=—Sn:op , expliq:(i—j)]. (3.16) 
2 pi 
The inequality ji arises from the fact that we are 
taking open chains. Now > ;exp[iq-(i—j)]=0 for 
g#0 and hence >; exp[iq-(i—j) ]=—1. Therefore, 
(3.16) contributes — (#!/2)Sz:op. Thus, (3.10) is con- 
tained in (3.14). Finally, we point out that there are 
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no other linked contributions in (3.15) since this would 
involve contraction over more than nm indices and hence 
would give terms of O(1/N). Recalling the definition 


(2.15) we thus have shown that’ 


N 
InZ pr v(0)R?+4 
) 


< 


b> In(expSo(q)ug*u_)e 


qo 
+InW(R)+O(1/2?). (3.17) 


Equation (3.6) is included in (3.17) by putting R=0 
and including g=0 in the second term. 

Equation (3.17) is remarkable when it is noticed that 
the original problem is the evaluation of 


In(exp} ¥ Br (q)itq*te)- 


In fact we have 


B 
in exp > r(@)n"#4) 
24 


1 
b>” In(expBo(q)u_*uq) +0(=). (3.18) 
. 2 


Equation (3.18) is the analog of the random phase 
approximation in the Coulomb problem® and it arises 
for the same reasons. The high density limit (restriction 
to ring diagrams) effectively decouples the various 
Fourier components of the (spin) density fluctuation. 

The evaluation of (expSv(q)uq*uq) is effected by the 
calculation of the moments ((yu_*u,)"). This is carried 
out in the Appendix where it is shown that 


( (pig ig) ") = 9g tig)”, 


(tq tg) = 1—R? xe. 


(3.19) 
(3.20) 


Equation (3.20) is a consequence of the sum rule 
Dog (ue*uq)=N when it is recognized that for gO, 
(pig*uq) is independent of q and |uo|?=NR?*, Hence we 
get 

1 


- —, (3.21) 
1—fer(q) 


(exp§e(g tq” Hq) = 


Substituting into Eq. (3.18), gives 


N 
InZp=—0(0)R’—4 X In[i—Ber(q)]}+InW(R), (3.22) 
2 


qo 


where we have again used >> »(q)=0. 

Equation (3.22) is the central result of this section. 
However, we should also call attention to Eq. (3.17) 
as an interesting by-product of the analysis leading to 
(3.22). We point out parenthetically that for the 
problem of Coulomb correlation in the Debye-Hiickel 


’ Equation (3.17) may be rewritten more concisely by using 
“o= (N YR 
InZg=4 2, In(expGv(q)uq*uq)+inW (R). 
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limit one makes the approximation 


InZ=In(1 a)¥ [exp ~B> v,;)dr,---dr,, 


—4} 5°, In(exp8r(q)p,*p,), 
where 


Pa= >. ears and v(q) fotrades "iidr,; 
: 


((p_*pq)")=n!. (3.23) 


IV. THERMODYNAMIC CONSEQUENCES 
AND DISCUSSION 


We first investigate our results in the absence of a 
magnetic field with the assumption of no long-range 
order. Using Eq. (3.6) we get 

E 8 dlnZ 1 Bv(q) 
B ~ ’ 
N V 0p 2N «a 1—£v(q) 
and the specific heat is 
a PdaE 1 _ [Br(q)P 
—= > . (4.2) 
Nk Nk OT V 08 2N a (1—Bv(q))* 
The functions arising in (4.1) and (4.2) have been 
studied by Lax* and Kac and Berlin® for nearest 
neighbor interactions. One introduces the function F(x) 
defined by 
; 1 
>» . (4,3) 
q r—v(q)/2(0) 


In this notation we find 
E/Nv(0)=— [ a2 F (x) —x|, 


C./Nk [a°F" (x) — 2xF (x)+1], 


(4.4) 
(4.5) 


where x=1/8v(0). x is the temperature measured in 
units of 2(0). F(x) is plotted in reference 8, Fig. 2. 
From the forms (4.1) and (4.2) we see immediately 
as B—0 (T that E 
Similarly C,—+0 like 6°. This corresponds to the 
breaking up of short-range order as discussed below. 
From (4.2) we see that C, becomes singular at 8.0(qm) 
1 where q,, is the value of q for which v(q) is a 
maximum. In a ferromagnet q,,=0. In an antiferro- 
magnet q,» is an point at the end of the 
Brillouin zone in a cubic lattice q, is at the 
corner (x,x,7) if one of the cube corners is chosen at 0. ] 
Intermediate 


> oo) >0 since > v(q) >(, 


extreme 
[E.g., 


values of q, are also possible in some 
models (see Anderson and Suhl).’ In this paper we shall 
only discuss the usual ferromagnet with q,,=0. For 
this case C, blows up at the temperature T. where 

kT. 


v(Q). 


(4.6) 


®*M. Lax, Phys. Rev. 97, 629 (1955) 
* P. W. Anderson and H. Suhl (to be published). - 
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It is thus seen that retention of all terms in O(1/z) 
yields a singularity in the specific heat at the Curie 
point calculated by molecular field theory. 

To characterize the nature of the singularity we use 
Lax’s work.* He shows that in the region x >1 that 


F (x) =F (1)—C(x—1)}. 


From our analysis it is seen that F(1)—1 
~0.8 for Lax’s three cases 
Curie point we have 


O(1/z). C is 


a constant Thus near the 


(4.7) 


We now interpret this result in terms of short-range 


order. This is obtained by noting that 


& 


q bq" He en (4.8) 


semble av, 


a” a 
] 


where (O)cnsemble av Means the ensemble average of O 


as distinct from (O). Then with (4.1) 


10 


identification 
leads to 


‘ 
bq bq)ensemt 


Using the result that 


1 


Hq" = 14 expLiq: (i—j (4.10) 
\ 


and inverting the Fourier transform, we have 


expLiq:(i—J 


ixj. (4.11) 
For |i—j| large, one can estimate (4.11) very simply 
by writing »(q)=0(0)[1—ag* | O(z'). In- 
serting into (4.11) and carrying out the integration 
gives 


W he re a- 


1 exp 


>1, (4.12) 


where kK>=a 7 ] ’ : . 
correlation length be« 
i1.e., short-range 
T=T-.. 


We now examine the susceptibil 


>0 and the 
the Curie point, 
order long-range order at 
ity by assuming the 
existence of long-range order R. To the free energy 
one must add NyRH where vy is the magnetic moment 
per spin and H is the magnetic field. R is determined 
by minimizing the free energy with respect to it. 
[Equivalently, one may sum on R and carry out the 
integration by steepest descents. This adds a negligible 


* Alternatively (uq*q)ensemble av = 0 InZ/d80(q) 
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term of O(inN) to F.] We then have from (3.22) 


N 
InZ(H)=—2(0)R*’—4} ¥ Inf 1—Ber(q) ] 
2 q 


+InW(R)—NyRH, (4.13) 


with R determined by 


1+R 1 = Brv(q) 
} In = + [om ) es 
1—R N «a 1—Be(q) 


Je ByH. (4.14) 


Equation (4.14) is suggestively written 


R=tanh[SyH ee |, 


1 S(B,€) 
H-+ |=) Ix 
7 B 


1 8v(q) 
Na 1—Ber(q) 


Hen (4.15b) 


where 


S(8,6)= 


The deviation from the usual molecular field is then 
(1/y)S(8,e). This is a temperature dependent effect 
which vanishes at high field (€ — 0) or high temperature 
(8—9). 

For small fields Eq. (4.15a) can be expanded out and 
solved to give the susceptibility (defined as magnetic 
moment per spin) 


YR By’ 
lim —=—__—_ 
HO H 1—Br+S(8; 1) 
¥ 1 
=— —__—_., ; (4.17) 
0 *F(x)—1 
where we have used (4.3). From (4.16) it is then seen 
that the Curie point, defined as the place where 
x — ©, no longer occurs at 80(0)=1. 

This, then, is the dilemma of the present theory. 
Whereas C, blows up at 7,.=»(0)/k, x remains finite. 
The difference in the two expressions is that C, contains 
terms in O(1/z) only whereas 1/x contains terms in 
O(1) and O(1/z) both. If only terms of O(1) are retained 
in x, then the divergencies in C, and x coincide. This, 
however, is clearly improper on physical grounds, for 
the terms in O(1/z) represent short-range order and 
should appear in the presence of a magnetic field as 
well. Furthermore, it is very easy to show that the 
infinity in x does not occur at T>T,(8rm<1). However, 
S(8;1) is undefined in this region and the theory is 
left ambiguous. The resolution of these difficulties is 
given in the next section. 


V. INTRODUCTION OF THE SPHERICAL 
CONSTRAINT 


After Eq. (3.20) we pointed out the existence of the 
sum rule 


Tlul*=N, (5.1a) 
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or alternatively 


Yiue=N. (5.1b) 


It is immediately seen that the ring diagram approxi- 
mation, of which Eq. (4.9) is a consequence, leads to a 
violation of Eq. (5.1). This is not surprising since it 
was shown at the end of Sec. III that restriction to ring 
diagrams is equivalent to assuming that the all the 
u,’S are independent, a clear violation of the condition 
(5.1). It thus appears that a straightforward expansion 
in powers of 1/z fails because of the violation of (5.1). 
We therefore abandon the original plan and modify 
the term in 1/z in order to assure that (5.1) is satisfied. 
At this point we can no longer claim that the answer 
obtained is a rigorous high density limit, though the 
author feels that this is the case. This feeling is based 
on the fact that the sphericalization introduced below 
still keeps the Fourier components of the spin density 
fluctuations as independent as possible. Hence, one 
stays as close to the random phase approximation (sum 
on ring diagrams) as possible. In the Coulomb problem 
this approximation gives a valid limit since the density 
fluctuations remain bounded [| p,|?~1/(g*+«*)]. In 
our problem, the free random phase approximation 
leads to unbounded fluctuations { | u,|*=1/[1—8»(g) ]} 
and hence a restraint is necessary. It is possible that a 
formulation of the problem in the grand ensemble may 
lead directly to the results of this section, but we have 
not carried through such a proof. 

To show how to introduce the restraint, we review 
the steps of Sec. III first in the absence of long-range 
order. The original problem was the computation of 


(TT exp}80(q) | u,\*), 
4 


(5.2) 


where we have written the Hamiltonian in Fourier 
transform space. Making use of u.*=u. and »(q) 

v(—q) (this latter assumes inversion symmetry), 
(5.2) may be written 


I] expv(q) | u,!?). 


q>0 


(5.3) 


The essence of the approximation of Sec. 3 is to evaluate 
(5.3) as 
IT (exp8o(q) | 4, !*), (5.4) 


a20 
which together with 


((| tq} ?)*)= 1014 | tq |?)* (5.5) 
yields the results of Sec. 3. It is readily seen that (5.5) 
may be satisfied by adopting a continuous probability 
distribution given by 


P({ tg?) = 7 ~ IT expl- Hy */(\tqg|*) J 
q20 


(| ptq|? 


OS|ml?S 2. (5.6) 
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Evaluating (5.3) with (5.6) obviously yields (3.6) with 
(|4q|2)=1. This is the Gaussian model of reference 6 
and yields the same results. (Recall uw, is complex so 
that a Gaussian distribution on yg; leads to a Poisson 
distribution on | u,\?.) 

To include the restraint (5.1) we retain (5.6) but 
with (5.1) imposed. For (|,|?)=1, this is 


P({ Ma \*}) I] exp ~ | Bq (LD Mg 


q 


3— N) 


e 3(>- pe V) 0< Hq < 00. (5.6a) 


For large V, (5.6a) is normalized as it stands since 


fave f dxy 6(>- x;—N)=e* 


in the limit V — «. It should be noted that the new 
distribution (5.6a) is the analog of the microcanonical 
ensemble on u, whereas (5.6) is the canonical ensemble. 
In both cases the subdistribution functions in the limit 
as N — o, are the same. 

Inserting (5.6) into (5.3) and using the integral 
representation of the 6 function gives 


IT exppv(q) Hq |?) spherical 
q20 


1 e+1@ w 
=- f d 3)| II Mg |*? exp{ — |_|? 
Qari S — ix q> 0-9 


+-80(q) | tg|?— 85 | bg f) aie (5.7) 


Each of the |u,|* integrals is trivial and the last integral 
is done by steepest descents® resulting in 


(1/N) nZ= —4 ¥, Inf 1—Aw(q) ]4+-486+1n2, 


where 


(5.8) 


w(q)=0(q)—5 (5.9) 


and the saddle parameter 6 is determined by 
x 1/[1—6w(q)J=N, 


which is the same as the restraint (5.1) when it is 
recognized that (| s¢!*)ensemble av = 1/[1—8w(q) ]. Equa- 
tions (5.8), (5.9), and (5.10) are the equations of the 
spherical model as given in references 6 and 8 in slightly 
different notation (adopted in order to bring out the 
analogy with the work of the previous sections). The 
analogy with Eq. (3.6) is marked, the whole effect being 
the substitution of w(q) for »(q) and the addition of 
the 6 term in (5.8). 

The thermodynamic consequences of (5.8) are easy 
to evaluate. The energy is given by 


(5.10) 


E 1 dlnZ 


N V 0s 


BROUT 


where we have used (5.10) and >>, 1=V. The parameter 
6 is determined by (5.10) which is cast into the form 
[using F(x) defined by (4.3) ] 


(5.12) 
where 


(5.13) 


As discussed before, x=1 is a singularity in F(x) ac- 
cording to F(x)=F(1)—C(1—<x)! for small («#—1). 
From (5.11) the specific heats is —406/0T or in terms 
of the parameter x 


‘é& 1 dé Ox 
: + 80(0 | 
kN 2dT 2 0g 
At the singular point x=1 it is evident that dx/d8=0. 
We therefore have C,/N =(1/2)k and dC,/dT > —o, 
corresponding to singular behavior in the slope of C, 
just above the Curie point rather than C, itself as in 
Sec. 4. The Curie point is given at x=1 which may be 
written 


(5.14) 


8.w(0)=1, (5.15) 
where we have used the definition (5.9). The analogy 
with the molecular field result 8,0(0)=1 is evident. We 
shall discuss this point at the end of this section 

Again one may interpret the onset of ferromagnetism 
in terms of increasing the short-range correlation dis- 
tance «x! defined in Eq. (4.12). In fact, the entire 
analysis (4.9)-(4.12) may be taken over with »(q) 
replaced by w(q) since (| 1¢|*)ensemble av = [1—Aw(q) }°. 
Remembering that w(q)—w(0)=0(q)—0(0)=—v(O)ag’, 
we now have for T27, «=a {1+84}°*{7/T.—1}! 
where 84=O(1/z) 

When a magnetic field is present, we still follow the 
development of Sec. 3, considering the partition function 
for field R, later determined by minimization. The 
restraint condition may now be written 


po = NR’, (5.16a) 


LX Ba 
qo 


V(1—R*)=Ne. (5.16b) 


Corresponding to (5.6), we now adopt the normalized 
probability distribution for g~0 
P({ | ug |*}) = (1/e%) TT exp[— | uq|?/€16(S | u,|*— Ne). 
7) 10 
(5.17) 
We have for fixed R 


(1/N) InZ = $80(0)R?+-InW (R)+8yRH 


+In(exp} >> 80(q)|u_|*). (5.18) 


qo 


to be evaluated with the distribu- 
Going through the same steps as 


The last term is now 
tion function (5.17 
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those that led to (5.8), we obtain 
(1/N) InZ= 480(0)R*+InW (R)+8yRH 
—4> Inf{1—Bew(q) |+}466 
qo 


= }8w(0)R?+InW (R)+6yRH 
—4} > In{1—Bew(q)]+485, (5.19) 
qo 


where we have used the definition (5.9). The saddle 
parameter 4 is determined by 


> ———_e=N, (5.20) 
ax 1—Bew(q) 


which is the restraint condition (5.16b) when it is 
recognized that (| 1¢!*)ensemble av= €/[1—few(q) ]. Fi- 
nally R is determined by minimization which gives" 


R= tanhSyH aR, 
where 


ByH a= ByH+fhw(0). 
To obtain (5.22) we have used the saddle condition 
(5.20) repeatedly, together with >, 1=N so that 


Bew(q) 
y [1—Bew(q)] 


To obtain the susceptibility x, the linear approxima- 
tion to (5.21) is used and gives 


ye 
{page apmaraen, 
kT 1—Bw(0) 


in marked analogy to molecular field theory which 
contains »(0) in place of w(0). The theory is now 
consistent in that the anomalies in C, and x occur at 
the same temperature, viz., 8.w(0)=1. 

Equation (5.23) is the standard spherical model Eq. 
(8) for small H. For large H Eq. (5.21) is not included 
in the original spherical model* but is included by Lax* 
when the correction in footnote 11 is taken into account. 

For T<T-.; Eqs. (5.19), (5.20), and (5.21) apply. In 
particular the spontaneous magnetization curve is 
obtained by setting H=0 for T<T,. At very low tem- 
peratures, it follows from (5.21) that «—+0 exponen- 
tially. From (5.20) one may then get the behavior of « 


‘ Lax has examined the spherical model under the same cir- 
cumstances as the present work.’ His Eq. (2.21) corresponds to 
Eq. (5.20) with the identification of the saddle parameter 4, as 
t,=1/e+68. His formulas (3.17) (with H;=M’=O in the ferro- 
magnetic case) and (3.18), and (5.1) (specialized to spin 4) are 
the same as our (5.22) and (5.21), respectively. However the 
discussion after (3.19) in Lax’s paper is in error. tn fact, t, should 
not be replaced by 4, but is given by the above equation with 6 
determined by (5.20). In other words Lax’s equation, Eq. (2.21), 
must be taken literally even below the Curie point. I am grate 
ful to Dr. Lax for a fruitful discussion of this point. 
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Fic. 3. Schematic 
plot of C, vs T. 
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by expansion 


—— = > (1+Bew(q)+[Bew(q) P+---}=N. 
a 1—Bew(q) «x 


Using >- »(q)=0, we then obtain 


(5.24) 


lim 66 = (9 Ein?) 


so that 66—+ 0 exponentially. Therefore in the region 
TZ20O w(0)-—+0(0) and all equations become the 
molecular field equations. This must be since a given 
spin “‘sees”’ an average field at low 7, spin fluctuations 
being exponentially unlikely. 

The final remaining point of interest is the specific 
heat for 7<T,. We take H=0. From (5.19) follows 


E/N = —4w(0)R*—4s. (5.25) 


C, is then calculated by differentiation with respect to 
T. At low 7, 5-0 and one recovers molecular field 
thecry. The only interesting region is the Curie point 
itself. A straightforward but tedious differentiation 
yields 

lim C,=1/2k 

T-Te 
so that in the present theory AC,=0 at the Curie point. 
The qualitative character of C, is skeiched in Fig. 3. 

The net result is that below the Curie point our 

modified spherical model gives the molecular field 
theory at low T. As the Curie point is approached, 
deviations of O(i/z) from the molecular field theory set 
in. A measure of the deviation is the value of the Curie 
point itself. In the molecular field theory this is given by 


kT .=v(0). (5.25) 
In the present theory we obtain 
(RT apr = 0(0)—8, 


where 6>0 so that (&7.)spn< (kT 2) mot. field 
tatively we have from (5.12) 


(gem) 


| 


v(0) 


de" 
N « i—v(q)/v(0) 
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F(1) has been evaluated by Lax for face centered cubic 
(s=12) body-centered cubic (s=8) and simple cubic 
lattices (¢=6) for nearest neighbor interactions. The 
results are F(1)=1.34(2¢=12); F(1)=1.39(2=8); F(1) 
= 1.52(z=6). The correction [F(1)—1] is roughly pro- 
portional to 1/z as expected. In the limit of large z we 
note that the form, 


v(q)/v(0) 


bap» 


a 1—v(q), »(0) 


F(1)- (5.28) 


shows that F(1)—1=O(1/z) since only those q’s lying 
within a volume of O(1/z) of the origin contribute. 


VI. QUANTUM THEORY 


The quantum theory of the Heisenberg ferromagnet 
[H=}4 > »,,8,-S,] is intrinsically more complicated 
than the Ising model. In this paper we shall not give 
a complete solution of the high density limit, since for 
T<T,., one has spin waves which complicate the 
problem. 

However, in the high density limit for T>T,, the 
theory is identical to the Ising model. In fact restriction 
to ring diagrams leads to two simplifications. The first 
is that there is no commutator problem. It turns out 
that in the quantum case each ring diagram of the 
Ising model is replaced by (1/n!)}-[m! orderings of the 
n bonds in the ring]. Since each S, appears bilinearly 
in a ring, the commutator that results from a change 
in the order of the factors is linear in S; the trace of 
which vanishes. Thus all m! orderings have the same 
trace. This simplification does not exist below the Curie 
point where the subtrace for fixed S, is taken. It is this 
complication that gives rise to spin waves in the present 
theory. 

Having established that above the Curie point the 
commutator problem can be ignored for ring diagrams 
we then have 

2 | 

q a1" 

trl (S,-S,)---(S,-S:) ] 

x [8r(q) ]” , (6.1) 
trl 


In(exp >> 60,,S,-S, 


where 
(O({S;})) =trO/tr1. 


We now turn to the second simplifying feature. If 
each of the scalar products is expanded out in (6.1) 
using S,-S:=SpSa+S452+5:Sy where Sy are the 
usual (1/V2)(S,+7S,), then it is immediately seen that 
mixed terms do not occur. If one begins with 5.52 
then one is forced to keep only z components throughout 
the product for otherwise the trace vanishes. For sim- 
plicity we restrict ourselves to spin } so that the S;,’s 
are Pauli matrices. In this case we have o*=1 and 
o,0.=2 or 0 depending on whether the initial spin is 
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up or down. For this simple case we then have 


trloi-o2--+on-o1 | trio,” 


trl 


(6.2) 


To arrive at (6.2) we have used the following. The first 
term on the right-hand side of (6.2) is 1. The second 
term gives a nonvanishing result if the m spins in 
question are all up and zero otherwise. There are 
2%-* such states. But the 2-* factor is just cancelled 
by the value of the nonvanishing matrix element which 
is 2". The result is that for spin 4 the sum on ring 
diagrams gives 


Infexp8 >> vij0;-0;)=§ >, In[1—fr(q) ]. (6.3) 


2 eG 
The first singularity is at 8.0(0)=1 or the same as the 
Ising model. 

One may then improve on the model by spherical- 
ization noting that restriction to ring diagrams is 
analogous to assuming the probability distribution (5.6). 
The spherical condition would restrict the spins to the 
sphere 5(>° o?—3N) which introduces the parameter 6 
in complete analogy to Eq. (5.8). 

We reserve a full discussion of the quantum calcu- 
lation for a future study where the relation of the 
present work to spin wave theory will be given. We 
remark however, that it appears as if the approxima- 
tions of this paper neglect the dynamical interaction of 
Dyson.” 


VII. CONCLUSION 


We present a brief summary of the methods and 
results of this paper. A straightforward expansion in 1/z 
is given by a selection of ring diagrams alone. This 
corresponds to the Gaussian model of Kac and Berlin 
in which each of the Fourier components of the spin 
fluctuation density are independent. The analogy with 
the Debye-Hiickel theory is complete except that in 
the present case »(g 
space. This latter circumstance gives rise to very large 
fluctuations in the spin density leading to flagrant 
violation of the sum rule (5.1). It thus appears that no 
expansion in 1/z is possible. 

Abandoning this approach, but retaining the funda- 
mental spirit of the random phase approximation, we 
insure the sum rule is obeyed by introducing it as a 
5 function. This leads to the conventional spherical 
model above the Curie point. Below the Curie point, 
the magnetization is held fixed and later determined by 
minimization of the free energy. The Fourier com- 
ponents of spin density fluctuation corresponding to 
q~0 are now separately sphericalized. This procedure 
leads to a magnetization curve describable in terms of 


has an attractive domain in q 


2 F, J. Dyson, Phys. Rev. 102, 1217 (1956 
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a temperature dependent Weiss field. At low tem- 
perature, one recovers the usual Weiss field and near 
the Curie point deviations occur of O(1/z). Above the 
Curie point the specific heat decreases corresponding to 
break up of short-range order. The short-range order 
has a range ~(7—T,)~' which shows how ferromag- 
netism sets in at 7,. Finally, it is shown that to the 
same approximation above the Curie point these 
results are valid for the Heisenberg model as well. 

The difficulty introduced by sphericalization is that 
the original program of establishing a high density 
limit has not succeeded. Though the approximations 
seem reasonable, one has lost control of the original 
parameter of smallness. This is the big question mark 
of the method given in this paper. It also remains to 
find an approximate quantum mechanical! expression 
below the Curie point which will enable one to connect 
the low-temperature or spin-wave region to the high- 
temperature or Ising model region. At the time of the 
writing of this paper an interpolation formula for 
(o,;*o,;-) has been found, but there are still difficulties 
in how to use it to find a consistent approximation for 
the free energy. 


APPENDIX 
We prove Eq. (3.19) by expanding the moment (we 
take q~0) 


(({mg|*)")=1/N" Do (wis: 


fi-+-+tin 
divin 


Xexp[iq: (ii— fat: ++ +i,—ja)]. 


* *Pindtin) 


In particular 
(|mq!?)=(1/N) ¥ (ums) expLiq- (i—j)] 
7 


=1+(1/N) © (um;) exp[iq-(1—j)] 


1) 


=1+R*> exp(iq-j)=1—R =e, (A.2) 
#0 


where we have used }", exp(iq-j)=0. Notice that if 
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(ums) had a value completely independent of its indices 
(i.e., 4; did not fluctuate) we should find (|y,|*)=0 and 
in general ({(|4,|*)")=0. This is in fact the case at T=0. 
It is the special value of the moments (pi: + +s.) which 
arises when one has identical indices that gives non- 
vanishing values and in fact it must be overlapping of 
an é index with a j index from the structure of (A.1). 
In particular, in (A.1) a special value of the summand 
occurs if each index j, is paired to a particular index i. 
This may be done in m! ways and hence such terms give 
a total contribution to ((|mu,|")") of m!. We now study 
the effect of allowing two indices which were formerly 
paired in one of the m! arrangements to become unequal. 


This may be done in (7) ways and hence gives a total 
contribution to ((|u,_!|*)") of 


n(*)t Nv XY 1X Winuin) expliq(in—jn) ] 
1 iy tn 


In®in 


n , n 
-ni( RS explia-)=—mi( )e 
1 io 1 


Similarly uncoupling two pairs gives 


n 
+ni( as 
2 


etc. In this fashion by continuing to uncouple paired 
i and j indices it is seen that 


((ug* Me) "=n md 5 (-a(" )e 


=nl(1—R*)"=n!(|y9|?)*, 


which wes to be shown. It has been suspected by the 
author and later confirmed that the above constitutes 
a special case of the central limit theorem.” 


3] am grateful to Professor Mark Kac for his confirmation of 
this statement. 
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Some optical properties of CdTe samples having a carrier concentration of the let cm? were 


measured. The index of refraction in the infrared was determined to be 2.61. Values of the a 


sorption co 


efficient a as a function of frequency were obtained at various temperatures. By plotting at and a® against 


frequency, it was found that at room temperature the minimum energy for 
that for indirect transitions is 1.44 ev. The temperature dependencies between 77°K an 
ev for direct transitions and (1.56—4.1 10“T 


(1.66—5.6X 107 


INTRODUCTION 


LTHOUGH considerable electrical work has been 
done on CdTe'* and the absorption edge has been 
measured at room temperature’ and over a range of 
temperatures‘ there has not, to the authors’ knowledge, 
been a careful study of the absorption edge at reason- 
ably high resolutions. Such a study has been carried 
out in this laboratory. 

The CdTe used was prepared by direct fusion of the 
elements in an evacuated quartz tube, followed by zone 
melting for purification. Samples from the resulting 
ingot were annealed for 48 hours at 900°C in a cadmium 
atmosphere of 0.8 atm pressure. This had been found 
previously to raise the transmission considerably at 
longer wavelengths (2-15 microns). The samples se- 
lected for measurement were all m type with carrier 
concentrations of the order of 10° cm™*. They gave 
quite flat transmission of about 70% from near the ab- 
sorption edge out to 15 microns and beyond. The lattice 
constant of CdTe was found to be 6.4815-+-0.0005 A. 


EXPERIMENTAL DETAILS 


Samples were prepared for optical measurements by 
standard techniques. Final surface polish was achieved 
with 0.1-micron alumina. For the very thinnest samples, 
the CdTe was polished on one face and then mounted 
on a glass microscope slide, ground to about 0.001-inch 
thickness on a grinder, and then lapped to the required 
thickness with 1-micron alumina polish. The mounting 
substance was crystal cement, which was found to have 
no absorption at wavelengths in the region of the ab- 
sorption edge of CdTe. 

Transmission measurements were made using a Model 
83 Perkin-Elmer monochromator fitted with an NaCl 
prism. This instrument was modified by the addition of 
a focusing mirror after the exit slit, so that the exit slit 
could be imaged several inches behind the monochroma- 
tor. An evacuable low-temperature cell with rock salt 
windows was placed here. The cadmium telluride sam- 


IF, A, Kriger and D. de Nobel, J Electronics 1, 190 (1955) 

2 J. L. Stull, thesis, State University of New York College of 

Ceramics, Alfred, New York, July, 1958 (unpublished 
*D. A. Jenny and R. H. Bube, Phys. Rev. 96, 1190 
*C. Z. van Door 


1954). 
and D. de Nobel, Physica 22, 338 (1956) 


direct transitions is 1.50 ev; 


1 373°K are given by 


ev for indirect 


ples were mounted in the Dewar flask on a slotted « opper 
block with ordinary rubber cement 
found to be satisfactory 
considered. 

When the thicker samples were used, a thermocouple 


This method was 
over the range of temperature 


was inserted in a small hole drilled into the slotted cop- 
per block. Because of the intimate contact between the 
sample and the copper block, the thermocouple gave the 
sample temperature quite accurately. The thin samples 
were mounted on glass slips which were attached to the 
copper block. In this case, the thermocouple was indium- 
soldered to the giass surface just ad) cent to the sample. 
Approximately 20 minutes were allowed to assure that 
the front surface of the glass (and also, presumably, the 
sample) had come to equilibrium. These temperatures, 
although stable, were considerably 
temperatures in the Dewar 


above the coolant 


RESULTS 


The transmissions of the 
point by point as a fun No provision 
existed with the apparatus for the measurement of re- 


samples were measured 


tion of wavelength 


flections, and so the method adopte d was to determine 
the index of refraction from the measurement of inter- 
ference fringes at about 10 microns wavelength in a 
sample of known thickness. A value of 2.61 was thus 
found for the high-fre of refraction. The 
relationship between reflectivity, R, and refractive in- 
dex, , is given by 


quency index 


te VT (m+ 1)? 02]. (1) 


Very low absorption coefficients in the 2 to 15 micron 
region make the extinction coefficient, x, 
Equation (1 , therefore, yields a val 
reflectivity. This was used in ca 
coefficients. 


negligible. 
ue of 9.20 for the 
itions of absorption 


In order to confirm these results, the approximate 
reflectivity was measured between 2 and 13 microns on 
a Perkin-Elmer 21-B spectrometer. It was found that 
the reflectivity 
value and was essentially constant throughout the wave- 
length range. A further check was made using absorption 
coefficients at 1.18 microns calculated on the basis of the 
above reflectivity for various tl 


agreed approximately with the above 


icknesses of sample. 


1020 





SOME OPTICAL 











PROPERTIES OF 


CdTe 


Cadmium Telluride 


Somple 
thickness 
019 cm 














Fic. 1. Temperature dependence of indirect transitions in » type cadmium telluride. 


Here, again, the agreement was excellent, and so the 
conclusion that the reflectivity remains unchanged, in 
the samples used, from the absorption edge to 15 microns 
seems warranted. 


It was assumed that values of absorption coefficient 
less than a few hundred cm™ represented indirect inter- 
band transitions and that these transitions vary in 
probability approximately as (ky— Eg)’, where Eg is the 
minimum energy separating the two bands.’ Accord- 
ingly, for the smaller values of absorption coefficient, 
a’ is plotted agafist the photon energy in Fig. 1 for 
various temperatures. The straight-line portions are 
extrapolated to zero and the values obtained are taken 
as the absorption edge for indirect transitions at the 
temperature given. 

It was assumed that the probability of indirect tran- 
sitions occurring continues to follow a law (hvy— Eg) for 
a considerable distance into the higher frequency range. 
Thus, the “indirect absorption coefficient”, a;, was cal- 
culated in the region of large absorption coefficients, the 
a, being then subtracted from the measured a. In Fig. 2 
the values of (a—a,)* for various temperatures are 
plotted against photon energy. In this region we assume 
that we are entering the region of direct transitions 
whose probability follows (ky—Eg)! approximately.® 
Again, the extrapolated straight-line intercepts are as- 


*H. Y. Fan, Reports on Progress in Physics (The Physical 
Society, London, 1956), Vol. 19, p. 107. 


sumed as the energies for direct transitions at the tem- 
peratures given.® 

These transition energies are found to vary linearly 
with temperature in the range 77-373°K and give the 
following values for the absorption edges as a function 
of the absolute temperature, 7’, as shown in Fig. 3. 


Direct transitions Ep= 1.66—5.6K10™T ev. 
1.56--4.1K10“T ev. 


Indirect transitions Eg 


DISCUSSION 


de Nobel and Hofman report a low-frequency dielec- 
tric constant of 11.04-0.3 from electrical measurements 
on CdTe’ which corresponds to a refractive index of 
about 3.32. A comparison of this value with the optical 
refractive index (2.61) determined in the present work 
suggests that bonding in CdTe is somewhat ionic. This 
conclusion, as well as the value of the optical refractive 
index, is at variance with the observations of Garlick 
et al.* but is supported by earlier estimates of de Nobel* 
and by recent detailed measurements of Fisher and 
Fan.” 


* The spectral slit width of the instrument was about 1.710 
ev for all of the measurements of the absorption We iven here. 

7D. de Nobel and D. Hofman, Physica 22, 252 1996). 

*G. F. J oe, be M. Hough, and R. A. Fatchally, Proc. 
Phys. Soc. (London) 72, 925 (1958). 

*D. de Nobel, Philips Research Repts. 14, 361 (1959); 14, 
320 (1959) 


” P. Fisher and H. Y. Fan, Bull. Am. Phys. Soc. 4, 409 (1959). 
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Fic. 2. Temperature dependence of direct transitions 
in type cadmium telluride. 


With regard to the temperature dependence of the 
absorption edge, the results of Bube, taken from photo- 
conductivity maxima, give 1.52—3.6X 10~“T ev for tem- 
peratures from 77°K to 330°K." Van Doorn and de 
Nobel,‘ using infrared transmission measurements, ob- 
tain slightly different results for a similar range of 
temperatures. 

Bube’s value presumably represents indirect transi- 
tions, and our constant for the temperature variation is 
slightly different from his. It is to be noted that the 
temperature variation for the direct transition edge is 
substantially different from the indirect. 

A calculation was made to fit the thermal shift of the 
absorption edge to some of the known constants of the 
crystal. In view of the above discussion, it was assumed 
that the crystal bonding was predominantly ionic and 
that, consequently, the shift could be calculated from™ 


r(ee*Phit s2m*\3 2m,*\ 4 
Eqn — ( )+(- ) |m+n, (2) 
a*'Mw,! h? h? ; 


where e* is the effective charge of the ion, a; is the 
frequency of the longitudinal optical mode of the 
crystal, a is the interionic distance, M is the reduced 


i R. H. Bube, Phys. Rev. 98, 431 (1955) 
2H. Y. Fan, Phys. Rev. 82, 900 (1951) 


7. &$. SHILLIDAY 














Fic. 3. Variation of absorption edges with temperature 
in * type cadmium telluride. 


mass of a cadmium-tellurium pair, m,.* and m,* 
electron and hole effective masses, respectively, 
n=([exp(hw,/kT)—1}". 


To assure a self-consistent set 


are 
and 


of optical parameters 
for the calculation, values cited in reference 9 were used. 
Effective masses were those reported in reference 1. The 
frequency of the longitudinal optical mode was calcu- 
lated from the relation” w?—w¢'eo/e,, where wo is the 
frequency of the fundamental optical mode and é9 and 
€.. are respectively the low and high-frequency dielectric 
constants. For the shift at room temperature, the calcu- 
lation yields 

dE./aT 7.5X 10 ev/°C 


which compares favorably with our experimental value 


of —4.1K10~ ev/°C 
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Measurement of Lifetime in Ge from Noise 
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The lifetime of the minority carrier can be obtained from a noise 


measurement whose method consists 


of liberating hole-electron pairs by light. A convenient experimental! arrangement is suggested and a typical 
plot of the experimental results are shown. The curves of the results are compared with the calculated curves. 


HE lifetime of the minority carriers is measured 

using the current noise at 1.6 megacycle/sec. Our 
method for measuring the lifetime involves the measure- 
ment of the mean life path, L= 17», where r is the life- 
time of the minority carriers and » is the drift velocity. 
The physical model is shown in Fig. 1. The dimensions 
of the filament were 0.06X0.11X1.5 cm’. Essentially 
the method consists of liberating hole-electron pairs by 
light on the surface of a germanium single-crystal fila- 
ment, moving the illuminated rectangle of light slowly 
along the filament from left to right and at the same 
time measuring the noise power as a function of the 
distance X from the ohmic contact terminal to the left 
edge of the illuminated area. The light source was a 
tungsten filament at a color temperature of about 
3200°K, and the illuminated rectangle was 0.11X0.4 
cm? in area, on which a luminous intensity of about 
0.028 lumen was incident. It must be assumed that the 
density of the minority carriers liberated by the illumi- 
nation is constant at the left edge of the illuminated 
rectangle in the direction of the field as in Fig. 1 if the 
length of the area is longer than the mean life path, 
practically 0.4 cm. If the surface recombination is as- 
sumed to be negligible, the measured lifetime will be 
the volume lifetime. 

A typical plot of the experimental results is shown in 
Fig. 2. When the direction of the field is changed op- 
positely, these phenomena arise at the opposite terminal. 
From these we see two characteristics: (1) Although the 
de current through the sample with the field and the 
light present is almost constant as the illuminated 
rectangle is moved along the filament, the noise power 
increases with the distance X. (2) As the distance X is 
increased, a certain value of the noise power is reached, 
above which a further increase of the distance brings 
about no further increase of the noise power. 

If we assume that the noise power is directly propor- 
tional to the number of the minority carriers which re- 


Fic. 1. Physical model. 
Sample dimension is | 
0.06 0.11 1.5 cm’. 





combine in this distance X,'* then we get 


=f x 
(P(X) =ho f exp( ~~ )as 
o Tt Tv 
in = exp( — 


v=pE, 


and 


where & is the proportional constant, mo is the number 
of the injected minority carriers at the left edge of the 
illuminated rectangle, » is the mobility, and E is the 
applied field strength. 

The experimental results indicated by circles are 
compared with the calculated curves indicated by solid 
lines in Fig. 2. In this figure the ordinate is the root 
mean square noise power which is represented by the 
current of the square law detector, and the original 
point means that the thermal noise power is zero. The 
abscissa is the distance from the right edge of the left 
terminal to the left edge of the illuminated rectangle. 








Fic. 2. Experimental results and calculated curves in N-type 
Ge. Excess noise power at the field strength 3.3 v/cm and 2.7 v/cm 
with the luminous intensity 0.028 lumen which is illuminated on 
the surface area 0.11 0.4 cm? is shown by N and N’, respectively. 
Noise power with the field only present is indicated by lines F and 
F’, respectively. The line T indicates the level of the thermal noise 
power. Each dc current with the field and the light present for 
N and N’ is indicated by / and J’. 

1 HL C. Montgomery, Bell System Tech. J. 31, 950 (1952). 

* J. E. Hill and K. M. Van Vliet, Physica 24, 700 (1958). 
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Taste I. Lifetime in the N-type Ge in which resistivity 
is 32 ohm-cm and mobility is 1700 cm*/v-sec. 


Mean life 
path (mm) 


Lifetime 


(usec) E(v/cm) 


S 
1 


1 3 
26 1 5 


For instance, in the curve N the thermal noise power 
with the light and the field absent is 27 wa in the current 
of the square law detector, with the field present and the 
light absent 67 wa, and with the light and the field 
present is indicated by circles on the solid line. The noise 
power with the field only present is larger than the noise 
power with the field and the light both present at the 
right edge of the left terminal, in which the minority 
carriers enter. But these do not arrive at the right 


AND H. OKI 

terminal without the direction of the field changing. 
Each dc current through the filament with the light and 
the field both present is indicated by dotted lines J and 
I’. In this case each dc current increased by light (whose 
luminous intensity is about 0.028 lumen) is 90 wa and 


60 ya, respectively. From these curves the lifetime of the 
injected minority carriers is calculated according to the 
Eq. (1) and tabulated in Table I 

The frequency dependence of the noise by the narrow 
band measurements should exhibit an oscillatory be- 
havior as in the results obtained by Hill and Van Vliet.* 
But the noise spectrum illuminated by light at the mid- 
point of the filament does not change in shape between 
the frequencies from 3 kc/sec to 10* kc/sec, while our 
measurements were made in steps of the large frequen- 
cies. When the length of the illuminated region varies, 
the noise power increases about proportional to the 
length. But the life path seems not to vary. 
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Jersey 


The diffusion of Cd and Zn in GaAs has been studied by using radioactive isotope 
tracers. The diffusion of Cd follows the correct solution to the diffusion equation and its temperature depend 
ence is of the customary form, D= Dy exp (— E/kT) where E, the activation energy, is 2.43 ev and Dy is 
0.05 cm/sec. The diffusion of Zn from the vapor cannot, however, be described in terms of a single diffusion 
constant. The penetration curves decrease much more sharply than they theoretically should 
urements indicate that all the Zn is substitutional and that it forms an impurity con ) band merging 
with the valence band. When Zn diffuses from a thin electroplated layer of radio-zinc, then the penetration 


s of these elements as 


Hall meas- 


luctior 


profiles do correspond to the proper solution to the diffusion equation. The diffusion constar 
have the usual temperature dependence given by D= Dp exp (— E/kT), where D 


ts so determined 


s 15 cm*/sec and E is the 


same as that found for Cd. From the work reported here and that of others, it is suggested that the diffusio 


of Cd and Zn in GaAs proceeds via vacancy migration within the gallium sublattice 


I. INTRODUCTION 


N the course of a study of diffusion in compound 
semiconductors composed of elements from columns 
III and V of the periodic table, the diffusion of cadmium 
and zinc was studied in gallium arsenide. These elements 
have been found to be acceptors in GaAs,' and are pre- 
sumed to enter the lattice substitutionally, replacing 
gallium atoms. The purpose of this work was to measure 
the important parameters of the diffusion, such as the 
diffusion coefficient and the activation energy, and also 
to determine as much as possible about the specific 
mechanism of the diffusion. 


¢t This work was supported by the Electronics Research Direc- 
torate of the Air Force Cambridge Research Center, Air Research 
and Kho wr Command 


1 J. T. Edmond, Proc. Phys. Soc. (London) 73, 622 (1959). 
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Il. EXPERIMENTAL PROCEDURES AND RESULTS 
A. Diffusion of Cadmium 


The general experimental! procedure was as follows: 
Single crystal wafers of GaAs, ;*; in. square and about 
50 mils thick were cut 


, lapped flat to within 0.1 micron 


and 


across their surfaces, then polished to a mirror 
finish. The wafers were then placed on quartz flats and 
heated in evacuated quartz ampoules for appropriate 
times at temperatures ranging from 868°C to 1149°C 
in regulated furnaces. Pieces of pure Cd, which had been 
sent to the Oak Ridge National Laboratory for irradia- 
Cd" (43-day half-life), 
were included in the ampoule to produce the vapor 
source for the diffusion 


tion, producing radioactive 


An amount of arsenic was also 


included to produce a pressure sufficient to prevent dis- 





DIFFUSION OF Cd AND Zn IN GaAs 


sociation of GaAs at the diffusion temperature.* Cooling 
was carried out with a cold zone at one end of the 
ampoule to avoid condensation of metallic Cd on the 
GaAs wafers. After cooling, the edges of the wafers were 
ground off to a depth many times the Cd penetration. 
Planar sections, perpendicular to the direction of the 
diffusion, were then removed using a precision lapping 
device,’ and the penetration profile was obtained by 
measuring the specific activity in each lapped section 
with standard end-window Geiger counting techniques. 

Upon cooling from temperatures of about 1000°C 
and over, however, the surface of the GaAs wafers was 
seen to swell and “blister,” making it unusable for sec- 
tioning. Results obtained after introducing variations 
in the annealing and cooling procedures and using dif- 
ferent amounts of Cd suggest that this was due to the 
rapid escape of Cd from the surface of the GaAs when 
the Cd pressure over the GaAs was suddenly removed 
by the application of the cold zone.‘ This difficulty was 
overcome by covering the wafer with a quartz flat and 
including in the ampoule two uncovered “dummy”’ 
wafers of GaAs. In this case it was found that while the 
“dummy” wafers blistered, the covered wafer did not. 

In Fig. 1 are shown three representative diffusion 
penetration profiles. Penetrations varied from about 
0.75 mil at 868°C to about 2.5 mils at 1149°C. The data 
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Fic. 1. The diffusion of cadmium in gallium arsenide. The solid 
lines are the theoretical error function complements 


? J. Van den Boomgaard and K. Schol, Philips Research Repts 
2, 127 


12, 127 (1957). 

* B. Goldstein, Rev. Sci. Instr. 28, 289 (1957) 

* Apparently, below about 1000°C the pressure of Cd in GaAs 
was not sufficient to cause the “blistering.” 
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» diffusion of cadmium in gallium arsenide. 


can be described well by the complementary error func- 
tion (solid lines in Fig. 1), 


C(x) =C,[1—erfx/2(Di)""], (1) 


which is the solution to the diffusion equation for the 
“constant source” boundary condition.* The two sets 
of data for the 993°C curve correspond to diffusion 
across both a polished face and an unpolished (but 
lapped) face of the same wafer. Apparently polishing 
has a negligible effect on the shape and extent of the 
diffusion profile at these penetrations. The diffusion 
constants, D, in cm*/sec were obtained by fitting the 
data at each temperature to Eq. (1), where C, is the 
source concentration (in the solid), x is the penetration 
in cm, ¢ is the time in seconds, and T is the temperature. 

In Fig. 2 is plotted the temperature dependence of 
the diffusion constants shown in Fig. 1. The behavior 
follows the customary equation, D=Dg*!*?. The 
activation energy calculated from this curve is E= 2.43 
+0.06 ev, and Dyo=0.05 (+0.04) cm?/sec. 

By using absolute counting procedures, actual Cd 
concentrations were obtained. It was found that both 
the Cd vapor densities* and the initial Cd concentrations 
in the GaAs varied between 2 and 510"/cm?*. Thus, 
this figure represents a lower limit to the solid solubility 
of Cd in GaAs. 


* A discussion of this and other solutions to the diffusion equa- 
tion can be found by R. M. Barrer, in Diffusion in and Through 
Solids (The Macmillan Company, New York City, 1941). 

* At lower temperatures, this corresponds to the saturated vapor 
a of Cd. At the higher temperatures, the density was kept 
ow to help avoid the “blistering” described earlier. 
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B. Diffusion of Zinc in GaAs 


While the diffusion of Cd into GaAs from the vapor 
apparently behaves as expected, it was found that the 
penetration of Zn into GaAs from the vapor in the tem- 
perature range 800°C-1000°C can not, in general, be 
analyzed in terms of a single diffusion constant. Al- 
though the initial regions of the penetration profiles 
seem to follow an error function complement, in the 
deeper regions the data fall sharply below this curve, 
thus confirming a behavior initially reported by Allen 
and Cunnell.’ After studying this diffusion as functions 
of temperature, time and vapor source density, three 
principal features became apparent. First, very large 
changes (greater than 10 times) in C,,,, the vapor source 
density, produce correspondingly very small changes 
(less than two) in C,, the initial or surface concentration 
in the GaAs. Secondly, for the same time and tempera- 
ture of diffusion, large changes in Cyap, although pro- 
ducing relatively little change in C,, produce very large 
changes in both the extent and shape of the penetration. 
Finally, a small Cy, (~10'"/cm*) produces a large 
C, (~10”/cm"). These characteristics are illustrated in 
Fig. 3. Here it can be seen that even though Cyq, differs 
by more than an order of magnitude, C, changes only 
very little; and even though C, changes very little, 
there is a large change in the penetration. For very 
small Cy,, the penetrations apparently can be described 
by the error function complement but the diffusion con- 
stants obtained from these curves remain uncertain be- 
cause the penetration still varies with Cyap. 
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PENETRATION - cm x10" 
Fic. 3. Penetration profiles for the diffusion of zinc in gallium 


arsenide from the vapor. Note that a large change in Cyap produces 
only a small change in C, but a large change in the penetration. 


7 J. Allen and F. Cunnell, Nature 182, 1158 (1958). 


A firm explanation for the anomalous behavior of Zn 
described above cannot be offered at this time. Hall 
measurements® on GaAs wafers diffused to saturation 
with Zn show that there are indeed 10”/cm* free holes 
present, indicating that the Zn occupies substitutional 
sites. Lack of deionization down to liquid helium tem- 
peratures indicate further that Zn in these concentra- 
tions forms an impurity band merging with the valence 
band. These data appear to rule out the possibilities 
that the behavior is caused by the presence and diffusion 
of both ionized and unionized Zn at different rates, as 
proposed by Allen and Cunnell,’ or by the presence and 
diffusion of interstitial and substitutional Zn at different 
rates. As a possibility, it is suggested that at these high 
Zn concentrations, the anomalous diffusion may be 
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Fic. 4. Penetration profiles for the 
arsenide from an electroplate 


liffusion of zinc in gallium 
1 surface layer of radio-zinc. 
related to a solid-state reaction in which a compound 
such as Zn; As» is formed 

In an attempt to produce a situation in which the 
diffusion might be more simple, 
at temperatures below 800°C. Because of the low Zn 
vapor density at temperatures, the diffusion 
source was an electroplated layer of radio-zinc less than 
1 micron thick. The penetration profiles resulting from 
these diffusion anneals were found to follow the solution 


studies were continued 


these 


to the diffusion equation corresponding to the “fixed 
source” be yundary condition, 
C(x)=Q/(xDi /4D0b), (2) 


* eXT 
CAp 


where Q is the amount of material initially deposited 


* Kindly performed by D. Meyerhofer of these laboratories 





DIFFUSION OF Cd 
(electroplated in this case) and the rest of the symbols 
are as given for Eq. (1). Figure 4 shows some typical 
curves, at the temperatures and for the times given, 
from whose slopes were calculated the values of D. The 
temperature dependence of these diffusion constants is 
plotted in Fig. 5. When the data from the only success- 
ful diffusion runs with electroplated layers’ at tempera- 
tures above 800°C are added to the data taken below 
800°C, all the data can be described by the usual equa- 
tion D=Dee~*/*". Here E the activation energy is 
2.49+0.05 ev and Dy is 15 (+7) cm*/sec. 


C. Precision of the Measurements 


Errors in specific activity varied from +4% to + 10% 
depending on counting rate. Errors in the penetration 
totaled +6%. The total error in D, however, is difficult 
to calculate in an analytical manner since both the 
ordinate and the abscissa of the penetration curves are 
measured quantities containing errors. If median values 
for «, the penetration distance, are used then the error 
in D can be estimated to be about +15%. The error in 
D has also been estimated graphically by drawing the 
penetration curves through the actual error bounds of 
each data point: This procedure results in an uncer- 
tainty in D of +10% to 415%. The uncertainty in E 
was calculated from a least squares straight line of In D 
vs 1/T and is about +3%. The concomitant uncer- 
tainty in Dy is ~50% to 100%. 


3. DISCUSSION 


The fact that the activation energies for the diffusion 
of Zn and Cd are the same would indicate that the domi- 
nant Zn diffusion process apparently isolated at the 
lower temperatures (<800°C) is the same as that 
governing the Cd diffusion. It is, of course, not surpris- 
ing to find that substitutional atoms, in this case accep- 
tors, should have the same activation energy if they 
diffuse by vacancy migration. For example, in ger- 
manium all substitutional impurities diffuse with essen- 
tially the same activation energy,” in silicon they differ 
only little," and in InAs acceptors have been found to 
diffuse with the same activation energy.” 

In studies of self-diffusion in InSb and GaSb, Eisen 
and Birchenall have found that the diffusion constants 
and activation energies for the column III elements and 
column V elements are different.” From this it was 
concluded that the likeliest mechanism for this diffusion 
is vacancy migration within a specific sublattice of these 


* By this is meant those diffusion anneals which produced pene- 
tration profiles corresponding to a proper solution of the diffusion 
equation. The difficulty with electroplated layers at temperatures 
over 800°C was that apparently most of the Zn plate evaporated 
before entering the GaAs lattice. 

” W.C. Dunlap, Phys. Rev. 94, 1531 (1954) 

"1 C. Fuller, et al., J. Appl. Phys. 27, 544 (1957) 

#2 A. Schillman, Z. Naturforsch. lla, 472 (1956). 

4 F. Eisen and C. Birchenall, Acta Met. 5, 265 (1957). 
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Fic. 5. The diffusion of zinc in gallium arsenide from 
electroplated surface layers. 


materials.“ Slifkin and Tomizuka have also presented 
this suggestion."* In addition, it has recently been found 
that in InP, the diffusion of indium and phosphorus 
proceeds at different rates and with different activation 
energies'® (3.85 ev for indium and 5.65 ev for phos- 
phorus). It is suggested here that the concept of self- 
diffusion proceeding within one of the sublattices be 
extended to include substitutional impurity diffusion 
which takes place via vacancy migration. In the work 
described here, this would mean that Cd and Zn diffuse 
through the Ga sublattice in GaAs. This proposal tends 
to be substantiated by work on InAs” in which it is 
found that while acceptors diffuse with the same acti- 
vation energy, and donors (with the exception of tel- 
lurium) diffuse with the same activation energy, these 
energies are different, being 1.2 ev for the former and 
2.2 ev for the latter. Further work on the diffusion of 
the donors sulfur and selenium in GaAs is currently 
under way and should shed more light on this question. 
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“ The structure of these compound semiconductors is of the 
diamond type, consisting of two interpenetrating face-centered 
cubic sublattices, each sublattice being made up of one of the 
constituent elements 

4% L. Slifkin and C. T. Tomizuka, Phys. Rev. 97, 836 (1955). 

1* B. Goldstein (unpublished ) 

Note added in proof.—Results recently obtained on the diffusion 
of sulfur and selenium in GaAs indicate an activation energy for 
both of about 4.0 ev, consistent with the concept of sublattice 
impurity diffusion discussed above 
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The inhomogenously broadened magnetic resonance of F centers in additively colored potassium chloride 


was photographed using a field modulation which swept rapidly across the resonance as the 
displayed on the oscilloscope. The time between sweeps was long and adjustable. A 
of the spin lattice relaxation time was observed at 4.2°K. In crystals with a concentratic 
a portion of the resonance could be saturated without affecting the rest of the | 

time of this “hole burned in the resonance” is about a quarter of a minute 


present theories on spin diffusion. 


HE electron spin paramagnetic resonance of F 
centers in potassium chloride is inhomogeneously 
broadened by the unresolved nuclear hyperfine splitting. 
This system has a wide and continuous distribution of 
spin states which are easily saturated. One may increase 
the concentration of unpaired electrons to 7K 10~ per 
potassium ion. This makes the colored crystal an excel- 
lent system in which to study spin-spin and spin-phonon 
interactions. Several discussions of the theoretical as- 
pects of these interactions have been presented.'~* 

At 4°K the resonance saturates even when 10~° watt 
of microwave power is incident on a sample cavity with 
a Q of 3000. These experiments show that at concentra- 
tions less than 7X10~° F center per potassium ion a 
portion of the resonance may be saturated independently 
of the remainder. Further, the width of the saturated 
region indicates that there is very limited transfer of 
magnetization from spins resonating at one field to those 
at a higher or lower field. These experiments resemble 
the burning of holes in the resonance of protons in an 
inhomogeneous external field.* Our experiments on elec- 
tron spins are done in a very homogeneous magnetic 
field and the different local fields are caused by the 
many possible orientations of the surrounding nuclei. 
The geometric distance between electrons of different 
resonant frequencies is small enough that the possibility 
of spin diffusion exists. 

The resonance was observed using the magnetic reso- 
nance spectrometer described previously.’ The 9.0 kMc 
frequency was stabilized on the sample cavity. The 
klystron was operated at reduced voltages and up to 
50-db attenuation was available between it and the 
magic tee. The superheterodyne detector was coupled 
to the y axis of an oscilloscope. The voltage on the x axis 
of the oscilloscope was derived from the current through 


' A. M. Portis, Phys. Rev. 91, 1071 (1953); 104, 584 (1956). 
? J. A. Giordmaine, L. E. Alsop, F. R. Nash, and C. H. Townes, 


Phys. Rev. 109, 302 (1958). 

+P. W. Anderson, Phys Rev. 109, 1492 (1958). 

*N. Bloembergen, S. Shapiro, P. S. Parshan, and J. O. Artman, 
Phys. Rev. 114, 445 (1959) 

* P. W. Anderson, Phys. Rev. 114, 1002 (1959). 

* N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev 
73, 679 (1948 


7G. A. Noble, J. Chem. Phys. 31, 931 (1959). 
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oncentration dependence 
ym near 1X 10" cm, 
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the field modulation coils. The magnetic field was set to 
saturate a portion of the resonance for an indefinite 
time. The field then moved off resonance and 
periodically swept across it. This trapezoidal wave field 
modulation was produced by an electronic circuit which 
closed and periodically reversed the connections of the 
modulation coils to a dc supply. The observation of the 
resonance was fast and infrequent so it did not cause 
saturation. The shortest time between sweeps was 34 
milliseconds. A sweep of 175 gauss occurred linearly in 
7 milliseconds over the initial 150 gauss. The micro- 
wave field was left on continuously. 

The samples were colored additively and the concen- 
tration was uniform. The crystals were quenched in oil 
and handled completely in the dark. This produces 
pure F centers.* The concentrations were 
from optical absorption measurements or the coloring 
temperatures. 

Figure 1 shows the resonance observed after the center 
of the absorption spectrum was saturated. This sample 
has about 7X 10~*F center per potassium ion. Very little 
change takes place between sweeps across the resonance 
and the recovery time is greater than 10 sec. Samples 
with this lower concentration have repeatedly shown a 
small peak at the bottom of the hole. Figure 2 shows the 
recovery of the hole in a second crystal which is about 


was 


obtained 


four times as concentrated. The time for half-recovery 


soon after saturation is shorter than the six seconds for 


half-recovery as the system approaches equilibrium. In 


Fic. 1. The absorption observed 0.9 and 1.8 sec after saturation 
of the center of spectrum at 4°K. The resonance was displayed 
on the oscilloscope and phx The high frequency field, 
H,;, was about 4.8X10~ gauss. The concentration was 1.110" 


cm" 


tographed 


nd J. J. Markham Chem. Phys. 32, 843 
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ELECTRON SPIN RESONANCE 
a third sample with a concentration ten times the first, 
the initial trace showed that a portion of the resonance 
is saturated but recovers within 0.03 second. In all 
crystals the trace made, as the field moves off resonance 
after the saturation, indicates a saturated width of 
several gauss. In the time the field remains off resonance 
the hole becomes less deep and about 10 gauss wide. 

The external magnetic field inhomogenity, the micro- 
wave frequency fluctuation, and the bandwidth of the 
detection system do not account for the observed width. 
During the initial saturation, the rf power remains on 
the center of the resonance for a time which is sufficient 
for spin diffusion to take place. However, there is no 
change in the unsaturated region so the energy does not 
diffuse into the tails during the initial saturation or the 
later recovery. The width of the saturated region is 
greater than the width of an individual multiplet (theo- 
retically less than 1 gauss) indicating spin diffusion. The 
width of the saturated region is limited by the competi- 
tion between spin diffusion and spin-lattice relaxation. A 
quantum of energy in the F center may either be ex- 
changed with a neighbor or be absorbed by the lattice. 
The probability of energy transfer to a frequency neigh- 
bor is proportional to the difference in saturation at the 
two frequencies. The relaxation is proportional to the 
saturation. Spread of the saturation ceases when the 
gradient of the population difference is such that energy 
is transferred to the lattice before it diffuses to an un- 
saturated neighbor. 

The concentration does not have a large effect on the 
width of the hole but the recovery rate is roughly pro- 
portional to the concentration. The recovery rate in the 
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Fic. 2. A sequence of tracings made from a single photograph 
showing the recovery of the saturated portion of the resonance 
absorption at 4°K. The high-frequency field was 4.4X10™ gauss. 
The sweep is 156 gauss between extremes and the center of the 
trace is near 3200 gauss. The concentration of F center was 
4.810" cm™. 


most dilute crystals is taken as a measure of the spin- 
lattice relaxation time, 7;. This may, however, still 
represent the time for heat conduction from the region 
of the F center and not the time which might be calcu- 
lated for transfer of energy from spins to phonons. The 
hole has not been observed at 78°K so the large change 
in recovery time occurs above 4°K. The phonons in 
potassium chloride corresponding to the appropriate 
spin energy do not have an electromagnetic field asso- 
ciated with them. Therefore, the author believes that 
the spin interacts with two or more optical phonons 
instead of directly with one acoustical phonon. 

The small peak in the bottom of the hole in the reso- 
nance observed in crystals of low concentration is 
possibly caused by cross relaxation.‘ Two saturated 
spins can exchange energy with two other spins having 
the same total energy. However, the process cannot 
proceed farther because of the absence of unsaturated 
pairs of systems whose absorption sufficiently overlaps 
that of the saturated systems. 
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Transverse Collective Excitations in Superconductors and 
Electromagnetic Absorption* 


T. Tsuneto 
Depariment of Physics, University of IWinois, Urbana, Illinois 
(Received December 24, 1959) 


With use of the generalized random phase approximation an attempt is made to estimate the absorption of 
photons with energy less than the energy gap due to transverse collective excitations. The ratio of the surface 
resistance due to transverse collective excitations to that of normal metals in the extreme anomalous limit, 
calculated within the weak coupling theory, turns out to be toc small to explain the observed data for 
superconducting lead and mercury. The interpretation of the collective excitations as bound pair states is 


briefly discussed. 


I. INTRODUCTION 


ECENTLY Ginsberg, Richards, and Tinkham 
measured the absorption of infrared radiation in 
bulk samples and the transmission through thin films of 


* This work was supported in part by the Office of Ordnance 
Research, U. S. Army. 


several superconductors.' The observed data were in 
good agreement with the result of the theory of Mattis 
and Bardeen, except for an interesting anomaly in the 
case of superconducting lead and mercury. For these 


1D. M. Ginsberg, P. L. Richards, and M. Tinkham, Phys. Rev. 
Letters 3, 337 (1959); D. M. Ginsberg, Ph.D. thesis, 1959 (un- 
published); P. L. Richards, Ph.D. thesis, 1959 (unpublished). 
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two metals they observed some structure in the absorp- 
tion curve for photons with energy less than the energy 
gap, indicating residual absorption in the gap. Similar 
structure was found in the transmissivity of the thin 
films. It seems likely that the structures observed in 
both cases are due to the same mechanism. It has been 
suggested that this phenomenon might be explained by 
an anisotropic energy gap, although it is rather difficult 
to account for the bump in the absorption curve by the 
anisotropy alone. An alternate explanation was pro- 
posed by Stern,’ according to which the observed dip in 
the transmissivity of the thin films is due to the possible 
dielectric anomaly giving rise to a perfect reflection of 
the radiation not normally incident on the film. Apart 
from the value of the frequency at which this anomaly 
takes place, the frequency range where this effect is 
noticeable seems to be too narrow to explain the dip. He 
also discussed the effect of some surface collective oscil- 
lations as a separate mechanism for the case of a bulk 
sample. Another possibility pointed out by a number of 
people is to interpret the observed results as the absorp- 
tion of radiation by low-lying levels of the transverse 
collective excitations discussed in the works of Ander- 
son’ and Bogoliubov, Tolmachev, and Shirkov.*® It is 
the purpose of the present paper to investigate this 
latter possibility. 

On the basis of the generalized random-phase ap- 
proximation introduced by Anderson, Rickayzen dis- 
cussed in detail the roles of collective excitations in the 
theory of superconductivity, including the effect of the 
transverse collective excitations on the Meissner effect.® 
Using his formulation we attempt to calculate the fre- 
quency spectrum of the excitations and to estimate the 
absorption of electromagnetic waves due to them. In so 
doing we have to assume a simple form for the matrix 
element of the two-body interaction because of the 
difficulties in determining it for actual metals. Because 
of this and other approximations used in the calculation 
the result is bound to be of a qualitative nature. 

In Sec. II the equations of motion for the collective 
variables in the presence of an external electromagnetic 
field are solved for a simple type of transverse collective 
excitations which can couple with radiation. In an 
attempt to get a physical interpretation of the trans- 
verse collective excitations it is explicitly shown in Sec. 
[II that they can be viewed as bound states of a pair of 
quasi particles. In Sec. IV the correction to the BCS 
paramagnetic current density is calculated, from which 
we can determine the surface resistance R,(Q) of a bulk 
superconductor for frequencies below the energy gap. 
The ratio of R,(Q) to the normal resistance in the ex- 


* E. A. Stern, (unpublished). 

+P. W. Anderson, Phys. Rev. 112, 1900 (1958) 

*N. N. Bogoliubov, V. V. Tolmachev, and D. V. Shirkov, A 
New Method in the Theory of Superconductivity (English transla- 
tion: Consultants Bureau, Inc., New York, 1959), Chap. 4. 

* These possible explanations are discussed in detail by Richards 
and Ginsberg in their doctoral thesis (see reference 1). 

* G. Rickayzen, Phys. Rev. 115, 795 (1959). 
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treme anomalous limit is then computed and compared 
with the experimental data. We shall not discuss here 
the case of a thin film because it is not clear how the size 
affects the collective excitations, although we would 
expect more or less the same effect as in the bulk sample. 
In this work we consider only the case of zero tempera- 
ture. The notation used here is the same asin Rickayzen’s 
article. The basic equations and their derivations in 
Sec. II are almost the same as in Sec. VI of the latter 
article, so that we do not repeat them in detail. 


Il. EQUATIONS OF MOTION FOR 
COLLECTIVE VARIABLES 


The Hamiltonian of the system is 
Ho=> 2.6 €xCk oh g 


+ 7 Vo kk’ Ci’ «6 k’+¢ st k+q,eCk,o’s (1) 
bi .¢,¢.0° 


where V p(k,k’) includes the unscreened Coulomb inter- 
action. In the following V (k,k’) denotes the interaction 
responsible for the superconducting transition, which is 
screened and is predominantly negative. In terms of 
quasi-particle operators introduced by Bogoliubov, 


il kt UEC. ns” 


Y x07 U ee et”, 
ue=4(1+€,/E;,)}, 

the collective variables in a superconductor are defined 

as 

p(Q)= Le m(k,Q) (vere 

Br(Q)=d2 V(K,R)n(h,Q) (verqo*ver* +7 e ), (2) 

Ax(Q)= — De V(K,R)UR,Q) yes 90°7 e1* —Vererv eo), 

where 

u,u 


1(k,Q) 
m(k,O)= uy, 
n(k,O)= utes 


we have omitted the parts in- 


and Yeu*7ve. 


In the definitions (2 
volving Ye qo" kO 
physical states, always give interaction 
Hamiltonian with a transverse electromagnetic field, 


gi which, operating on 
zero. The 


a(0,Q) exp[ —iQ-X—it+-nf] 


satisfying a-Q=0 (throughout this paper we put h 


is given by 

H,=—ae~ 8" F , a(O2)(2k+Q 
x p(k,0) (yx0*y 

where 


and a=e/2mc. An infinitesimally small quantity 7 is 
introduced in order to ensure that the interaction is 
switched on adiabatically With H=Ho+A, we calcu- 
late the equations of motion for the pair operators 
Yerqo*yei” and Ye:erveo with the help of the random- 
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phase approximation, linearizing them with respect to 
the BCS ground states: 


CH vereo*ve* ] 
= (Ext+Enso)vergo*vu*+ V (Q)o(O)m(k,0) 
+4n(k,O)B,(Q)—4(k,Q) Ax (Q) 
+ 2ap(k,O)a(Q,Q) «ke err’, 


[A veverveo | 
—(E,t+Ex, Q)V e+ QrYno— V n(Q)p(Q)m(k,2) 
—}hn(k,Q)Bi(Q)—4l(R,Q)Ai(Q) 
+ 2ap(k,O)a(Q,2) - ke Wetes. 


Since we are looking for the linear response of the 
system in the ground state to the external field, we can 
treat the pair operators as c numbers and keep only the 
part varying as e~“’*+**, thus replacing the left-hand 
side of the equations by —(Q+i)ysreo*vn* and 
— (Q+in)yererves, respectively. Then, it is easy to 
derive the equations of motion for the collective vari- 
ables, which are the basis of the present analysis: 
p(Q)= Lisl V v(Q)e(O)m(k,0)+4n(k,0)B.(Q)} 
K m(k,O)S: (Ext Enre) 
—¥e{ —4U(k,Q)A MQ)+ 2aplk,O)a(O,Q) -k} 
XK m(k,O)S2(Eit+ Exce), (6) 


Bx(Q)=X V(K,R){V v(O)o(O)m(k,0) + 3n(k,0) BO) 
Xn(k,O)S: (Ext Exye)—L V(K,R) 
X {—31(k,0)A e(Q)+ 2ap(k,O)a(Q,2) - ky} 
Xn(k,Q)S2(Eit Exe), (7) 


Axg(Q)=Xi V(K,A){V v(Q)o(O)m(k,O) + 4n(k,O)BLO)} 
X1(k,O)S2(Eit Exve)—Le V(K,R) 
X {—41(k,Q)Au(Q)+2ap(k,Q)a(O,Q) - k} 
KUROSEit Ese), (8) 


where 


Si(x)=2x/[(Q+in)—2*],  S2(x)=20/[(Q+in—2"]. 


We first note that the inhomogeneous term in (6) is 
identically zero for a transverse field with a-Q=0. As 
was pointed out by Rickayzen, if V (k,k’) is independent 
of the angle between k and k’ the terms involving a in 
the above set of integral equations vanish and there will 
be no effect of transverse collective excitations. Physi- 
cally V(k,k’) might be a complicated function of k—k’ 
We assume that V(k,k’) is only a function of the angle 
u=k-k’/kk’, its dependence on k and k’ being taken into 
account only as a cutoff at e,=w,, where w, is the 
average phonon frequency. Let us write V(u) in the 
form, 

Vin) = > View". 9) 
nO 


The driving term in Eq. (7) for Bx(Q) is 


Exe “ek 


on 
-aes- V(K (ak) (——-—) s(t Raga) 
k 
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If we replace the sum by integrals, it involves an integral 


over € of the form, 


wes a 
f de ( _ )s. E.t+Enn9), 
wav Exe Ey 


where we can approximate esq by «s+ (k-Q)/m to 
order (/ky». Since we are interested in the values of Q 
such that 1(0<w,, we can readily show that this integral 
vanishes because of the symmetry with respect to the 
Fermi surface. The driving term in Eq. (8) for Ax(Q) is 
equal to 


«  V,__ (K-k)* 
aat) nN > 


m* K* a 


kk, Si(Ext Enya), 


Eure 


where we took a in the z direction and Q in the x 
direction. To order Q/ky, only the terms with even 
n (#0) fail to vanish, and in general they take the 
following form: 


a(Q0,2)(e,-K)™(e.-K)™(e,-K) "J (0,9), 


where @;, @2, and e; are the unit vectors in the directions 
of a, Q, and aX Q, respectively, and m,+2+;=n is an 
even integer. Therefore we may suppose Ax«(Q) and 
Bx(Q) to be of this form also. Then, by the same 
argument as we have used for the driving term in the 
equation for Bx(Q), we can show that the cross terms 
connecting Bx(Q) and Ax(Q) vanish. Similarly the 
cross term connecting p(Q) with Ax«(Q) in Eq. (6) 
vanishes when we sum over the angle of k, provided 
that any one of m, m2, and , is odd. In this case A x(Q) 
are decoupled from the rest of the collective variables, 
p(Q) and Bx(Q). Because the driving terms in the 
equations of motion for p(Q) and Bx(Q) are small, we 
can put them equal to zero as in the static case. The 
equation of motion for Ax«(Q) is now reduced to 


| , €x€xr gre? 
314+ — )A,(Q) 


Ax(O)=-¥. V(K,k 
A FE, Eng 


€0 €k— €k4.Q 


+- 2am 0(0.0)-k} Si Et Es. (10) 
E,E, +Q 
Since at present we do not have any detailed knowl- 
edge of V(k,k’) we have to proceed by assuming a 
simple model. As the odd-power terms in (9) do not 
contribute to the excitations which can couple with the 
transverse field, we take as our simple model, 


—V(u)=V[1+oP2(p)], 


where P2(yz) is the Legendre polynomial and o is a 
parameter. For this form of V(«) the inhomogeneous 
term in Eq. (10) becomes 


€r (a-K)(Q-K) 
3a0N (0) V—- ~—"1(09), 
K 


€9 


(11) 


(12) 
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where 


i 1 
L(Q,Q)=- f dy p?(1—p?*) 
271 


w/e 1 , 
xf z—-—_—____—_,_ (13) 
ela YY (wtin?—(y+y'? 


with <= €x/ €0, z= € b+ o/ €0, y= (x?+ 1)4, and w=Q/ eo. 
From the expression (12) we suppose 


Ax(Q)=(a-K)(Q-K)K~*A(Q,Q), (14) 


as in the static case discussed by Rickayzen. Substi- 
tuting this into (9) we get the equation for A(Q,Q): 


[1—G(Q,2) ]A (0,2) = 3aoN (0) V (er/eo)L(Q,2), (15) 


where 

‘du 
G(Q,2) = —4oN (0) vf — w?(1—p?) 
1 


wel 1+22’ 
xf ds (1+ —) 
w/e yy’ 


yt+y’ 


. (16) 
(w+in)?— (y+y’)? 


The dispersion relation for this type of transverse 
collective excitation is hence given by 


1—G(0,2)=0. (17) 


III. BOUND PAIR STATES 


Before going into the calculation of the absorption of 
electromagnetic waves due to the transverse collective 
excitations, it would be desirable to get some physical 
understanding of their nature. Anderson pointed out 
that the transverse collective excitations could be re- 
garded as bound pairs of the Cooper type in excited 
states.’ In order to see this somewhat more clearly, let 
us consider a pair of quasi particles and set up an 
equation of the Bethe-Salpeter type for the pair. 
Starting from the quasi-particle vacuum |0), that is the 
BCS ground state,’ we construct states with a pair of 
quasi particles present : 

(18) 
Let V) be an eigenstate of the Hamiltonian with eigen- 


value E (the energy of the ground state is taken to be 
zero): 


Vern =e 0"Vn1*| 0). 


HwW)= EW). 


¥) can be expanded in terms of V,-,) as 


(19) 


v)= ; > fier a eek). 
k’ke 

7 When the collective excitations p(Q), Ax(Q) and Bx(Q) are 
taken into account, the true ground state is defined by «;|0)=0 
where y,’s are the normal! modes including the collective excitations 
(see reference 6), and is no longer the BCS ground state. However, 
for the purpose of this section we may approximate it by the BCS 
ground state. 
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We may consider f,-,, as a wave function for the pair in 
momentum space. Rewriting (19) in the form 
, i 
D> feel LHove0*ve* ]- 
kk 


veo" e1* Ho} |0)= BY), 


and then making a projection into the two-body Fock 
space, we get an integral equation for fy ,.: 
> We |i V0" e1* || 0) fi Efx LK: (20) 
k’ ke 
Now the commutator has already been calculated with 
the random phase approximation. Substituting (5) into 
(20) we find 


V v(Q)m(K,0)>- m(k,O) fereeth d VK) 


k k 
XK {n(K,O)n(k,O)+1(K,O)(R,O)} fere.e 


(E— Ex Ex+q)fx+e.K (21) 
with the help of Eqs. (2). 

A bound state is possible only for transverse waves, 
that is, for fx,9,x proportional to the component of K 
perpendicular to Q, for which the first direct term 
vanishes, and the left-hand side of (21) is negative. 
Introducing a new quantity defined by 


frsqKn=l(K,O E Ex+.e@ Ex FP eio.K, (22) 


we rewrite Eq. (20) in the form 
4n(K,O)>— V(k,K)n(k,O)I(k,O)(E— Ei— Err) Frere. 
x 


+1(K,O)(4 5 V(R,K)P(R.O 


xX (E- E.— Exre Fire Frio.K | 0, (23 
where we have omitted the direct term. Let us make the 
following ansatz for Fx.¢.. 


Fria.K e) K Q K "K-* ) "F (0), (24) 


where e, (A=1, 2) are the unit vex 


Q. As we shall see below, »=0 corresponds to p wave 
and n= 1 to d wave (that is the same form as considered 
in Sec. I1). For this form of Fx,9,« one can show that 
the first term in (23) is zero to order Q/kr (correspond- 
ing to Bx(Q) being negligible). Therefore we are left 
with the equation for F,.(Q 


lors perpe ndicular to 


[1-4 ¥ V(k,K)P(R,O)(ey-k 
k 


x (Q-k)"%*-*"'0-"(E-E, »+@) JF .(Q) =0. 


‘ (25) 
This determines the eigenvalue E for each value of Q and 
F,(Q) is a delta function. This is a consequence of the 
random-phase approximation. It should be noted that 
this equation is slightly different from the one for A x(Q) 
[Eq. (10) without the driving term]; because of our 
approximate ground state the pole, E= —(Ex+ Exyg), 
is missing in (25). 
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If we introduce the center-of-mass coordinate 
R=4(x:+x:) and the relative coordinate r=x,—x; 
where x, and x; are the positions of two quasi particles, 
the wave function for the pair in configuration space is 
given by 


¥.(r,R) =exp(—iQ-R)> exp[i(k+Q/2)-r] 
k 
(e,-k)(Q-k)* —-1(k,0) 
xK * on — 


—F, (0). 


-- (26) 
E-—-E,.- Exe 


ktign 
The wave function for relative motion is simply 
¥.(r)=C > exp[i(k+Q/2)-r] 
. (e,-k)(Q-k)* 1(k,Q) 
~~ eign  E(Q)—Ei—Ene’ 


(27 


where E(Q) is the solution of (25) fora given Q and C is 
a constant. In the limit of Q— 0 the p and d wave take 
the following forms, 


(ex-n)/r i d\sinker 
as) AN 
r kp rdr/ ker 


(ex-rh(eon/r 2/1 dy? sinker | 
wate) or— ( -) (- —) m I ; 
r kr r dr ker 


where e¢9= Q/Q and 


w/a 
sn= f dx [ (a*+-1)!— E(0)/2e9 |" coséx 


with ‘=1r/x&o. Note that this is a function similar to the 
one appearing in the correlation function of electrons of 
opposite spin in the BCS ground state.* Following the 
same argument as in the case of the correlation function 
one can show that for large r the function f(r) falls off in 
the same way as 


x 


rom f dx [ (x*+1)!— E(0)/2e0}" cosix 
0 


ned t 4 E(0) ° Kajo(t) 
-( E|(-) — 
mOL X27 eo J IL(n+1)/2] 
where K,,2(/) is a modified Bessel function. It can be 
shown that /(r) falls off like exp{ —¢(1— (£(0)/2e9)* }'} 
for r>>wto, whereas the correlation function behaves like 
e~'. From this one can see that the bound-state wave 
functions spread out as E approaches 2¢». For finite 0 
the wave functions are deformed and the corresponding 
energy eigenvalues become larger. 
If we expand ¥,(r) and ¥2(r) in terms of spherical 


* J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957), Appendix D. 
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harmonics, they are just linear combinations of Y ;*"(6,¢) 
and Y,*'(@,¢), respectively. We may note that the p- 
wave state does not contribute to the absorption of 
radiation since the matrix element of current density in 
terms of the quasi-particle operators is 


(W.15(Q)0) 
= —ac 5 (2k+Q)p(k,O)(a|vereo*ver*|0), (30) 


which vanishes for m=1 because of the factor p(k,Q) 
that is proportional to k-Q for a small Q. In general only 
even parity waves contribute to the absorption of 
radiation. 


IV. CALCULATION OF SURFACE RESISTANCE 


In this section we shall calculate the correction to the 
BCS paramagnetic current due to the transverse col- 
lective excitation Ax(Q) and determine the surface 
resistance of a bulk superconductor for frequencies less 
than the gap. 

The paramagnetic part of the current density is 


jp(Q)= —ca Y (2k+Q)p(k,0) (yar. c0*ve1*— Vay or7 eo). 
k 
From Eqs. (5) one can easily derive the expression for 


the current density to first order in a(Q,Q) (see refer- 
ence 6): 


j»(0,2) = —4a? X (2k-+Q)a(Q,0) 

E.:tEne 
‘O+in!— (Bit Emo? 
+4ca © (2k +Q)A.(Q) 





‘kp (k,O 


L= 


€0(€x— €44.Q) ExrtEnre 
XK , (31) 
EE ue (Q+-in)?— (Eit+ Ene)’ 





The first term yields the BCS paramagnetic current 
density which, together with the London diamagnetic 


current, we write 
jo(Q,0) =~ (c/4x)Ko(0,0)0(0,0). (32 


Substituting A«(Q) given by (14) we can calculate the 
second term: 
kok 


, z 

, 
ExtEne 

ExEng (Q+in)—(Est+Eme)” 


joor(Q,2) = — 2caa(Q,2Q)0A (0,2) 
k 


f 
€o\ €k— €44-.Q) 


(33) 


where the'x and z axis are chosen in the directions of a 
and Q, respectively. Let us define the kernel relating 
Jeot! and a as 


jo (OD) = — (6/44) Kon (ODa(QM). (34) 
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With the aid of (15) we get 


Ox? fo\? L202) 
oN(OV( Je ——, (35) 
16 AL 1—G(0,2) 


where £o=v/mreo is the correlation length and Aj,? 
- mc*/4arne®. Because G contains an imaginary quantity 
in, the kernel K.o1; has an imaginary part given by 


Kois(0,2) 


Or? o 2 
ImK eoi1(0,2) = oor ) FL?(0,Q) 
16 AL 


0G | 
x 6[Q- 


aa 


| 


2(O0))}, (36) 


where 22(Q) is the solution of 1—G(Q,Q)=0. 

Let us assume for the sake of simplicity the boundary 
condition of specular reflection. Then the instantaneous 
field inside a bulk superconductor is given by the 
spectrum 


a(0,Q) [H(0)/x | O?—27/2+K (0,2), (37) 


where /7(0) is the magnetic field at the surface. Because 
we are interested in the infrared region we can neglect 
{F/c?. Furthermore, for our purpose of crude estimation 
we may neglect K.oy in the denominator’; in other 
words we consider the field inside the superconductor to 
be largely determined by the ordinary kernel Ko. The 
rate of absorption of a wave with frequency 2 is equal to 


0 


2(2ny f Re[j(0,2)-E(Q,Q) \dQ 


0) wn 


f ImLK(Q,2)a*(Q,2) dQ. (38) 


T 0 


Substituting (37) for a(Q,Q), one can find the resistance 
R,(Q) of a superconductor for Q< 2¢9: 


22 f® ImKeoii(0,2) 
f dO. 
rT 0 [OC + K, (OQ) 


The problem now is to evaluate the integrals G(Q,Q) 
and L(Q,Q). By suitable transformations G(Q,Q) can be 


R,(Q) (39) 


* Strictly speaking, this procedure is not correct because Keoi1 
contains a singularity. In order to avoid this difficulty, we have to 
start from the Maxwell equation for the vector potential with the 
boundary condition of specular reflection: 


(+ Ko(Q0,2)+Keoi(O,2) Ja(0,2) = — H(0)/x. 


Let us take an average over a small range of Q around Q(Q), a 
solution of G=1, assuming a(Q,Q) varies smoothly with Q. If, for 
sufficiently small AQ/Q, 
f AQI2(¢2 + Ko )dO~AQ0/A& 4 gens Keoii(Q,2)d0 | 
AQ | J—AQ.2 | 
holds, we may neglect K.o1) in determining the field. One can show 


that this is the case here {The above inequality reduces to 
AQ/Q> (49/5)g8*/w*| g|, [see Eq. (48) ].} 
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brought into the following form, 
4)o’N(O)VI (gq, 
3/14)0’N(0)V(q/w)*, (40) 


a’ —(15 


G(0,2) 


where o’=a/5, g=A)/ €0, 


1 


1 1 
I(q,w f 
& 


1 


£ dx 
x f | 
y 2+qux+ (gi! 


Y 


4+w*/ (w*— g’u*) 


In deriving this expression the use has been made of the 
relation N(0)V sinh (w,/« 1, limits of 
integration in J(gw) are extended to infinity from 


i 
+w,/e€, which is allowed in the weak coupling case. 
Although the first integral 


and the 


carried out 
explic itly, it is rather « ompli: ited and we are « ompelled 
to make an approximation that is valid only for small 
values of g. Since, as we shall see below, the collective 
excitations with frequencies below 2¢€) can occur only 
for small values of Q, it will, at least partly, serve our 
purpose. If g<2 : Y, we get 


over x Can be 


} 
I (q,w) 
15 


In this case the ition of the excitation is 


given by 


dispersion r 


where B is defined as 


B= (1 (44) 


In particular the minimum value of w corresponding to 


qg=0 is simply given by the solution of 


B=wo(4—w sin (wo/2). (45) 


The value of wo de pe nds rather sensitive ly on the value 


of c, the parameter of the angular dependence of V (y). 
For small c, the frequency wo approaches very close to 2, 
where the continuum of single particle excitation starts. 
It may be noted here that the maximum value of g for 
which w= 2, is determined by 


(46) 


if ¢max is still small compared to 1. Unfortunately, for a 





TRANSVERSE COLLECTIVE 
reasonably strong angular dependence gmex would not be 
within the limit of applicability of our approximation. 

For small values of g the integral L(Q,Q) can be ex- 
pressed in terms of J(q,) ; the lowest order term is just 
(2/w*)I (gw). Hence, for Q and Q such that G(0,.2)=1, 
we get 


L(0,.2)~—86/15e%, (47) 


because of (40). If we substitute this into (36) and 

rewrite the expression, expecting an integral over Q, we 
find c 

Se sO-O(Q)] 

ImK w11(Q,2) = $-—— — 

AEaw* —g(qw) 


where Q(Q) is the solution of G=1 for a given Q and 
g(q,w) is defined as 
i | 9G; 
g(quo)=———_|—. 
o'N(0)V\ dq | 
For small g2 the denominator of (39), @+Ko(Q,Q), 
can be approximated by 1/A,?. Then, we get from (39) 
and (48) an expression for the surface resistance due to 
the transverse collective excitation: 


AZ Fw) 
R,(Q2)=—#ee— — ; 
Sr fo w'gl g(w),w | 


(49) 


The ratio of this to the resistance of normal metals in 
the extreme anomalous limit, 


R,(Q)=3 % (od 1/4) 'Eotes 
is equal to 


R,(Q) 32 Ar\! ¢(w) 
R.(Q) Sr(4v3)! NEF wg 9(w) wo] 

With the help of (42) we can evaluate this ratio for 
frequencies not too close to 2¢. The result for various 
values of o is shown in Fig. 1. 


Vv. CONCLUSION 


The observed data of Ginsberg, Richards, and 
Tinkham seem to indicate that the absorption in the gap 
starts from a frequency near half the gap frequency and 
its maximum lies around 3? of 2¢9. According to our 
calculation, in order that the absorption due to the 
transverse collective excitations can occur considerably 
below the gap, the angular dependence of V (k,k’) must 
be quite strong; in our model wo=1 requires o~4. 
Otherwise they fa!l very close to the gap. As one can see 
from Fig. 1, the ratio R,(Q)/R,(Q) obtained here is ap- 
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Fic. 1. The ratios of the surface resistance for a superconductor 
to the normal resistance in the extreme anoma limit, 
R,(Q)/R.(Q), as a function of frequency, calculated for various 
values of = (1—¢’)/e’N(0)V, where o’ is the parameter of the 
angular dependence of V (k,’’). 


parently too small to account for the observed structure, 
although it shows a maximum for a frequency below the 
gap. For example, if we take f/x for lead equal to 4, 
the maximum value of the ratio is only about 0.02, 
whereas the observed bump is at least of order 0.1. 
Therefore it seems unlikely that within the framework 
of the weak coupling theory the transverse collective 
excitation can explain the observed structure in the gap. 
However, we cannot exclude the possibility especially 
because of the fact that lead and mercury, the only 
metals so far known to possess this anomaly, have both 
relatively small values of 0p/T7,, so that our calculation 
based on the weak coupling limit is probably inade- 
quate. It is possible that corrections due to the strong 
coupling would enhance the effect of the collective 
excitations. 

It may be added that according to the expression (50) 
the absorption due to the transverse collective excita- 
tions is not likely to be observed in superconductors 
with large values of £)/Az. This is consistent with the 
fact that the structure has not been found in aluminum.” 


ACKNOWLEDGMENTS 


The author is greatly indebted to Dr. G. Rickayzen 
for suggesting this problem and for his helpful discus- 
sions. It is a pleasure to express sincere thanks to 
Professor J. Bardeen for his valuable help and constant 
encouragement. 


” M. A. Biondi and M. P. Garfunkel, Phys. Rev. Letters 2, 143 
(1959). 





PHYSICAL REVIEW VOLUME 


118, 


NUMBER 4 


Iron Series Hartree-Fock Calculations* 


R. E. Watson 


Solid-State and Molecular Theory Group, Massachusetts Institute 


f Technology, ¢ bridge, Ma 


sachuselt 


Received November 10, 1959 


Seventy-six Hartree-Fock calculations have been completed for the iron series (S« 
All calculations are for the (3d)* type of configuration (i.e., 


ions 


to Cu) atoms and 
no 4s electrons are present). The results 


are discussed, but due to lack of space, are not presented here. Comparisons are made with the experimental 
ionization and multiplet spectra. Agreement is poor due to limitations in the Hartree-Fock formalism 
The results are used in an effort to gain information concerning correlation energies 


I. INTRODUCTION 


RULY self-consistent Hartree-Fock solutions for 

the nonclosed shell iron series (Sc to Cu) ions 
have not been available until recently. This has been 
due to the large amount of work associated with the 
computations. The first such calculation was that of 
Worsely' for V III (V**). There have also been calcula- 
tions by Mayers,’ by Piper,’ and by the writer.** It 
seemed desirable to carry out a large number of Hartree- 
Fock calculations for the iron series so as to observe 
the properties of Hartree-Fock wave functions for this 
very interesting row of the periodic table. Seventy-six 
separate calculations have been completed with this 
purpose in mind. Unfortunately space considerations 
make it impossible to present the results here. These 
and discussion of the Hartree-Fock formalism and of 
the computational techniques used will be found 
elsewhere.*:* This paper will be limited to the results of 
a single sample calculation and to a discussion of the 
whole set of results. 

The calculations are limited to the 3d" configurations 
(by configuration we mean the assignment of the 
one-electron principal quantum numbers m and / to 
each electron). In other words no 4s electrons are 
present. These calculations were done on the Whirlwind 
computer at M.I.T. and the inclusion of the 4s shell 
would have necessitated a severe decline in numerical 
accuracy if the computations were to stay within 
Whirlwind’s capacity. The 3d" configuration is the 
most important one for doubly (IIT) and more highly 
ionized ions. It competes with the 3d*~4s in supplying 
the ground states for the singly ionized (II) ions and it 


provides high-lying states for the neutral (I) atoms. 


* Part of a thesis submitted in partial fulfillment of the require- 


ments for the degree of Doctor of Philosophy in Physics at the 
Massachusetts Institute of Technology. This work was supported 
in part by the Office of Naval Research, and in part by the U. S. 
Army, Navy, and Air Force 
B. H. Worsley, Proc. Roy. Soc 
DD. F. Mayers, Proc. Roy. So 
W. W. Piper (unpublished) 
‘R. E. Watson, Technical Report Number 12, June 15, 1959, 
Solid-State and Molecular Theory Group, Massachusetts Institute 
of Technology Cambridge, Massachusetts unpublished ) 
Available on request 
R. E. Watson, Ph.D. thesis, Department of Physics, Mass- 
achusetts Institute of Technology, Cambridge, Massachusetts, 
February, 1959 (unpublished 


London) A247, 390 (1958). 
to be published) 


Many of the neutral atom 3d” states, for which I have 
done calculations, are the lowest lying states of their 
particular symmetry. 

The calculations which have been done are listed in 
Table I and a of c denotes a calculation for the average 
of all the multiplet states of a configuration,® i.e., a 
calculation where the variational principle is applied 
to the center of gravity of the configuration rather than 
to a single state. 

The calculations have been done with the Roothaan 
procedure’ as modified by Nesbet.* They yield analytic 
one-electron Hartree-Fock radial functions of the form: 


> 5 CypAtt re Sr, (I-1) 
l is the angular quantum number of the particular 
one-electron function of which U;(r) is the radial part. 
The A,’s and Z,’s of the basis functions are supplied 
to the computer and the C,,;’s are determined by a 
variational calculation. One cannot do a calculation with 
a complete set of basis functions since one does not 
have a computer of infinite capacity. As a result, the 
Roothaan procedure has associated with it the problem 
of choosing good, incompl te sets of basis functions. 
To offset this disadvantage, the Roothaan procedure 
the numerical which introduce 
errors into the numerical methods for 
solving Hartree-Fock equations. It is my belief that 
with the existing computers and computational tech- 
niques the Hartree-Fock solutions can be more econom- 
ically and accurately obtained by analytic methods 
than by numerical techniques. There is one special 
feature of the version of the Roothaan procedure used 
by me which should be noted. It cannot handle nonzero 
off-diagonal Lagrange multipliers which are occasionally 
necessary if the final Hartree-Fock one-electron 
orthogonal. This is no limitation 
the belief of some workers, the 


avoids integratio! 


conventional 


functions are to be 
here, for contrary to 


* J. C. Slater, Quarterly Progress Report No. 27, Solid-State 
and Molecular Theory Group, Massachusetts Institute of 
Technology, January, 1958 published), p. 3; G. H. Shortley, 
Phys. Rev. 50, 1072 

C. C. J. Roothaar 

*R. K. Nesbet, Pr 
Quarterly Progress Report No. 15, Solid-State 
Theory Group, ts Institute echnology, January 
1955, p. 10; ibid, No pril, 1955, p. 38, p. 41; ibid, No. 18, 
October, 1955, p. 4; and f I 


23, 69 (1951 
A230, 213 (1955); 
and Molecular 
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3d" configuration does not require such terms and as a 
result my calculations are, except for computational 
inaccuracies, solutions of Hartree-Fock equations of 
the form described by Hartree.® 

One would like to know how the accuracy of these 
analytic Hartree-Fock solutions compares with numer- 
ical solutions. It is easy to obtain accurate values of 
the one and two-electron integrals and in turn the total 
energy for the analytic solutions but this is not the 
case for numerical solutions for which no total energies 
are available. Comparison of total energies would be 
one of the best measures of Hartree-Fock wave function 
accuracy but since this is impossible one must compare 
one-electron radial functions and the few available 
integrals. I have observed‘ that the analytic solutions 
agree best with the numerical solutions carried to 
greatest accuracy. One currently cannot say whether 
the best of the numerical results are or are not superior 
to the analytic results. 

In the sections which follow one will find a sample set 
of results, then discussions concerning how well the 
Hartree-Fock solutions predict multiplet and ionization 
spectra and finally a description of an effort to gain 


Taste I. A list of states for which Hartree-Fock calculations 
have been done. 


‘FP Mn IV 
a ofc Mn [V 
i Mn IV 
a ofc Mn V 
*D=a of ¢ Mn VI 
IS=a ofc Fel 
‘p Fel 
‘P. Fe Il 
FP Fe ll 
aofc Fe II 
*D=a of ¢ Fe III 
1S=a ofc Fe IV 
6s Fe IV 
aofc FeV 
*‘D FeV 
aofc Fe VI 
J Col 
Co II 
Co III 
*D=a ofc Co Il 
'S=a ofc Co IV 
é ‘p Co IV 
Cr il LA) CoV 
Cr Il ‘5p Co VI 
Cr ill a ofc Nil 
CriIv ‘Pp Ni II 
CriIv ‘Pp Ni Ill 
Criv °G Ni II 
Criv d °p Ni IV 
Criv a ofc Ni IV 
CrvV Ni V 
Cr V a ofc Ni V 
Cr VI *D=a ofc Ni VI ‘ 
Mn I ‘P Cu fl Sma of ¢ 
Mn II ‘pD Cu Il *D=a of ¢ 
Mn Ill *s Cu IV ’ 
Mao III aofc Cu V 
Mn IV ‘Dp Cu VI 


*D. R. Hartree, The Calculation of Atomic Structure (John 
Wiley & Sons, New York, 1957). 
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Taste II. Mn III basis function parameters. 


I A; Z; 


0 0 26.0651 
0 1 22.7184 
0 11.4540 
0 10.5661 
0 6.0612 
3.8730 


16.0787 
9.5095 
8.7370 
4.9595 
3.0743 
2.0235 
3.9754 
7.4822 


~~, 


For the construction 
of s functions 


Que one 
_ 
= 


~s 


p functions 


oem 


d functions 


coco KOS NNN 
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some information about correlation energies (i.e., the 
differences between the Hartree-Fock total energies 
and the true total energies). 


Il. A SAMPLE SET OF RESULTS 


The results of a calculation for the Mn III 3d* *S 
state have been chosen as an illustration of the results 
which have been obtained. Hartree” did his pioneering 
calculation for this state. Due to the size of the computa- 
tion, he used interpolated one-electron functions for the 
inner shells and solved Hartree-Fock (henceforth 
denoted as H-F) equations for the 3p and 3d alone. 
This led to results which differ‘ noticeably from mine. 

The basis function parameters are listed in Table II. 
These and the parameters for the other calculations 
are the result of an extensive variational investigation 
which is described elsewhere.* Table ITI lists the results 
which consist of the total energy, the one-electron 
energies (i.e., the eigenvalues of the Hartree-Fock 
equations), the one-electron nuclear potential+kinetic 
energy integrals, the C,,;’s and all the two-electron 
integrals which contribute to the total energy. These 
are in the form of Slater F* and G* integrals." It should 
be noted that due to the analytic form of the wave 
functions, the one and two-electron integrals are 
generally accurage to six digits for these functions. 
This does not mean that the Roothaan procedure 
converged this far. 


Ill. COMPARISON OF RESULTS WITH THE 
OBSERVED MULTIPLETS 


The energy expressions for the set of multiplet states 
for a single configuration differ in the two-electron 
integrals where both electrons are in nonclosed shells. 
Much work has been done on calculating the differences 
in the energy expressions. If one assumes a common set 
of radial functions for all the multiplet states, these 


1). R. Hartree, Proc. Cambridge Phil. Soc. 51, 126 (1955). 

" E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953) (in 
particular Chap. VI). 
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Tasie III. Mn III 3d* *S results (total energy = —2298.2099 ry). 


Average one electr 


His) = 
H(2s)= 
Hi3s)= 
H(21p) =- 
H(3p) = 
H (3d) = 


F*(is,is) 
F*(1s,2s) 
F*(1is,3s) 
F*(2s,2s) 
F°(2s,3s) 
F®(3s,3s) 
G*(1s,2s) 
G*(1s,3s) 
G*(2s,38) 
F2(2p,2p) 
F°%(29,2p) 
F2(2p,3p) 
F*(2p,3p) 
F%(3p,3p) 
F°(3p,3p) 


= +30.54914 


= +0.8241432 


energies (K) in rydbergs 


482.3830 
59.51487 
8.921829 
50.92840 
6.261782 
2.583616 


K (1s) 
K (2s) 
K (3s) 
K (2p) 
K (3p) 
K (3d) 


n energies (H) and nuclear potential +kinetic 


624.7135 
— 152.6847 
— 58 48680 
—151.3391 
—54.89494 
—45.90934 


Two electron F* and G* integrals (rydbergs) 


0 ls 
(2s 
°(3s 
F*(is 
F*(2s 
F*(3s 
Ps 
F*(2s 
F*(3s 
G(2p 
2p 
Ftp 
F*(2p 
F%(3p 
F%(3p 


F 
*=+9.055729 fF 
= + 3.050969 F 
= +6.445168 
= +2.740247 
= +2.091190 


= +0.1029509 
= +0.1758411 
= +3 481113 
= +7.378854 
= +0.5173625 
= +2.690531 
= +0.9967973 
= +1.981962 


Cy Combining Coefficients 


jml 
2 
] 
4 
5 
6 


is 


+244.9321 
+280.1814 
~1.608468 
+3.639575 
0.1279412 
+0.0057261 


2p 
+190.7758 
+273.5570 
+4,.259848 
+2.247107 


2p) = +10.12992 
2p) = +6.812214 
2p) = +2.779520 
3p) = +2.959449 
3p) = +2.641607 
3p) = +2.034158 
3d) +2.365510 
3d) = +2.327156 
3d) +1.853596 
3p) +-0.2058069 
3p) +0.1968488 
jd) +0.4183382 
3d) + 2.336507 
3d) +0.8598438 
3d) = +1.809526 


seiteataeaad 


2s 


—73.82540 

—474.7808 

4+ 389.7162 

+625.4454 
+5.728098 
~0.0693771 


3p 


—57.22179 
— 108.7043 
—11.68352 
+72.44829 


G*(1s,2p) 
G'(2s,2p) 
G' (35,29) 
G'(is,3p) 
G"(2s,3p) 
G'(3s,3p) 
G*(1s,3d) 
G*(2s 3d) 
G*(3s,3d) 


F*(3d,3d) 
F*(3d,3d) 
F*(3d,3d) 


+ 1.682690 
+3.938323 
+0.2184650 
+0.1844419 
+0.1518273 
+1.354236 
+0 .0030536 
+0.2715640 
+0.8144374 
+0.1677535 
+0.2956213 
+0.6482390 
+1.072835 
+0.4843713 
+0.7774090 
+1.673131 


aa 


3d) 
3d) 
3d) 

3d) 


Bee ee eee e eee ee 


3s 


+27.19187 
+165.9776 
— 140.7843 
— 532.3601 
+91.03777 
+38.54133 


3d 


+2.225893 
+29.24675 
+65.10942 
+23.89884 


~),0907603 +10.61107 


differences give theoretical estimates of the multiplet 
splitting. Slater collected the existing published F* 
and G* integrals which had been obtained by fitting 
the observed iron series spectra. He then made addi- 
tional fits using the method of least squares and 
the writer continued this work. Figure 1 shows the 
F?(3d,3d)’s resulting for the 3d" configurations. Only 
the F*(3d,3d) and F*(3d,3d) contribute to the 3d" 
multiplet splitting if we assume common radial func- 
tions and neglect configuration interaction and other 
effects. The two F*(3d,3d)’s stay moderately close to a 
fixed ratio, the F?(3d,3d) being larger and of more 
importance to the splitting. The figures shows points for 
different states of ionization and different atomic 
number. In several cases, fits supplied by several 
researchers for the same ion have been graphed. In 
some cases the resulting spread is considerable. The 
points do suggest curvature along the isoelectronic 
sequences. The points also show some structure in the 
lines of common ionization (appearing in the F*(3d,3d)/ 
F*(3d,3d) ratio as well). This structure is harder to pin 
down and it seems that straight lines are about all 
that can be reasonably drawn. The lines on the graph 
have been drawn so that they vary smoothly from one 
to another. Detailed fitting of the lines to the points 
has been neglected. This figure is of interest to us 
because if we assume hydrogenic 3d functions, the 
F*(3d,3d)’s are proportional to the screening constants 


WATSON 


of the exponentials. This work emphasizes the linearity 
of functional variation along lines of common ionization 
rather than along isoelectroni 

Fits for F*’s were made for other configurations. 
It is of interest to note that the 3d*~4s fits, for the 
F*(3d,3d), for the I states, fall on the II line of the 
figure and the 3d*~*4s*(I) fits fall slightly below the 
III line. This tells us that the 4s electrons contribute 
almost no screening to the 3d electrons. Calculated and 


sequences. 


least square fit F*(3d,3d)’s are presented in Fig. 2. 
The calculated values come from average of configura- 
tion H-F Individual multiplet state 
F*(3d,3d)’s are not graphed. Lowest lying multiplet 
state values run larger than those for the averages of 


calculations. 


configuration (for the same atoms and states of ioniza- 
tion) with maximum increases of 0.001 rydberg. We 
see that are violent differences between the 
calculated the “experimental” F*(3d,3d)’s. The 
neutral atom (I st F?(3d,3d)’s are 
approximately twice as large as the “experimental” 
ones. This discrepancy decreases both in magnitude 
and in percent with increasing ionization. The calculated 
F?(3d,3d)’s run large by approximately 20% for the IV 
state. More accurate H-F solutions would not appreci- 


there 
and 


ate calculated 


ably change these discrepancies. 

It is more convenient to consider the ratio F4(3d,3d)/ 
F*(3d,3d) rather than the F*(3d,3d) alone because the 
ratio gives some measure of how hydrogenic the 3d 
functions are. The value of the ratio for a hydrogenic 
3d function is 0.649. Least fit 


square ratios flucuate 


Rydbergs 


F? (34,30) 








28 


Fic. 1. F?(3d,3d) as a function of atomic number and ionization 
as determined by least square fits of the iron series (3d)* configura- 
tion spectra. 





Fe SERIES HARTREE 
rather violently in value. For the most part they have 
values between 0.60 and 0.75 with an average of about 
0.67. Any trend in the values is rather well hidden 
by the fluxuations so we will not try to generalize on 
this matter. The F*(3d,3d)/F*(3d,3d) ratios for the 
H-F calculations are shown in Fig. 3. These values also 
represent the average of configuration solutions. All 
calculated values lie well below the hydrogenic ratio. 
What this implies in the shape of the functions can be 
seen in Fig. 4 which includes U(r) as a function of r 
graphs for the Fe I average of configuration 3d function 
and for the hydrogenic 3d function with the same 
F*(3d,3d) value. The calculated ratios lie on smooth 
curves as do the calculated F*(3d,3d) values. This is 
not surprising since the average of configuration H-F 
equations vary smoothly with varying numbers of 3d 
electrons. Lowest lying multiplet F*(3d,3d) 

F*(3d,3d) ratios do not vary as smoothly. This is due 
to less smoothly varying 3d H-F equations. Thes« 
ratios lie within 0.001 of average of configuration 
values. 

The calculated /*’s predict multiplet splittings which 
are much too large. There are two ways to improve on 
these predictions. First, one can do H-F calculations 
for individual multiplet states and use the differences 
in total energies to predict multiplet splittings. Secondly, , 
one can go on to wave functions which are superior to 
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Fic. 2. Comparison between experimental and Hartree 
Fock average of configuration values for F*(3d,3d)/ as 
function of atomic number and ionization for the iron series (3d)" 
configurations. 
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H-F wave functions. For example, one could super- 
impose configuration interaction on the H-F solutions. 
This would also require individual calculations for 
individual multiplet states when predicting multiplet 
splitting. We will shortly consider these approaches but 
let us first consider the spectra which we wish to 
predict. Inspection of Moore’s” tables shows that in 
general the order of the observed multiplets for any 
single configuration is somewhat different from the 
order predicted by the multiplet energy expressions. 
Further study shows that the observed order changes as 
one moves along an isoelectronic sequence. In the iron 
series, one of the extreme examples of this occurs for 
the (3d)* configuration. We have listed the predicted 
order and the observed orders from Sc I to Ni VIII for 


yD 
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roman numerals Genotng store 

nite 


. 
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Hydrogene 34 functoo tor Fel (its 

£7 (54, 34) 12 dentice! ewe that for 
Fel creroge of configuration 
Vorimum Gifference between lowest 
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Fie. 4. Fe3d wave functions [U (r)'s] for the (3d)* configurations 

"°C. E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1949), Vol. I-III; and for some corrections 
to the iron series ionization spectra see, M. A. Catalan and 
R. Velasco, Anales real soc. espafi. fis.¥y{quim A48, 247 (1952) 
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Taste I\ predicted and observed multiplet state orders 


Observed 


Vill CrIV MnV Fe VI 


‘fF ‘Ff 4} 
2p 2p ‘ip 
ip ‘ip G 
; G sf 
Dp 2p *p 
*H 7H] 2H] 


Predicted Sc I 


Till 


‘} 
1G 
‘p 
2p 
2h] D 
‘Dp tH 
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2p 2p 


Co VII Ni VIII 


‘ 
‘Pp 
%G 
27) 
2H 


‘fF 

‘p 
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‘ff 
27) 
‘p 


‘} 

‘1p 
°G 
2p 
2p 
2H 


‘Ff 
‘Pp 
2G, 
2) 
a | 


(3d)* in Table IV. The lowest levels are listed at the 
top of the columns and the bracket in the “predic ted”’ 
column signifies that these two multiplet states are 
supposed to have identical energy levels. Not one ion 
has a multiplet state order which is in agreement with 
the “predicted.” The *G falls lower than the ‘*P in 
violation of the predicted order for Ti II. All other 
violations are due to the ?P and one of the *D’s taking 
on lower level positions than predicted 

The writer has run computations for the average of 
configuration and the four lowest multiplet states of 
Cr IV. This is of inierest in light of the above discussion 
on ordering but is of greater interest since it gives an 
indication of how much the predicted multiplet split 
tings can be improved through the use of individual 
multiplet state calculations. This ion was chosen for 
(3d)* configuration and 
IV states, the (3d)" multiplet 
tates lie well below all other observed multiplet states 


two reasons. First, it has a 


econdly because for 
his assures us that any configuration interaction would 
lower energies. Let first consider Table V which 
lists the energies and a number of integrals 

are ig We that the 
K(3d)’s (one-electron kinetic plus 
nuclear potential energies) are of the order of the energy 
differences betwee! and that the 
K(3p) and K(3s) variations are about 0.1 and 0.05 of 
the ene rgy differences, respectively 
these 
Che 


us 
total 


which intere ing to Set 


compare. 


variations in the 


multiplet states 


The writer would 


y that represent important variations in the 


ion resuits of greatest interest are to be 


Vv. Cr IV 


a are 


PABLI total er s and 


ergs 


rec 


in rya 


tate K (3d) 

43.35800 
43.54521 
43.34633 
43.39908 
42.39416 


otal energy 
2082.7414 
2082.9435 
2082.7289 
2082.7844 
2082.7919 


av of conhg 
‘Fk (ground 


50.67848 
50.65748 
50.67985 
50.67391 
50.67441 


139.1392 
— 139.1382 
139.1393 
— 139.1390 
139.1389 


K (3s 


2s } 


54.00450 
53.99000 
54.0054 

54.00134 
54. 00168 


140.4926 
140.4919 
140.4927 
140.4926 
140.4924 
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in Table VI. This table g e multiplet split 
terms of 
The first colt 
values. The 


ol the ground energy 1s set t 


imn give perimentally 
second i y putting the re 


shoul 
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least squares fit 
We 


gave values of / 


Thess 


Wet s 


equations 
erage 


energy 


} erted 


conhiguration 
energy expressi il t ere ; was sh 
that the J ) qualed , | the 


second (and 


zert 


ind fifth 


is not strictly The third 
was calculated using 
F*/F* value of 0.649 


column gives the energy 
four multiplet stat 


a 
Che 
resuiting tr 

fifth 


Liu¢ 


a 


was calculated using } nd Ff tne 


or 
values associated with 1 variou umns are 


average 


underneath the 


Table VI ¢ 


spectra | 


0) 
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0.1501 
0.1526 


The first 
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equations 
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energy whi 
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0.21383 
0.15865 
0.16094 
0.23265 
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0.37248 


0.79608 
0.49826 


0.6267 





SERIES HARTREIF 


solutions might produce better multiplet splitting 
predictions, but the improvements would not be great 

It is apparent that configuration interaction (or som: 
other technique for wave function improvement) i 
necessary if we wish to accurately predict multiplet 
spectra. The need for configuration 
greater than had been previously thought. We should 
note that our discrepancies are in a direction which 
configuration interaction will improve. Any randomly 
chosen, singlé excited configuration is more likely to 
contain a multiplet state with low L and S values than 
a state with higher Z and S values. This suggests that 
configuration interaction will have its greatest effect on 
states with low S and L values. We have seen that the 
experimental (3d)* spectra show the *D and ?P terms 
lying lower than expected. These are the terms of 
lowest L and §S. One should that the 
lowest lying multiplet states generally have the 
largest S and LZ values (witness Hund’s rule). Thi 
suggests that these terms would be least affected by 
configuration interaction and thus that a H-F predicted 
spectrum would be more widely spaced than the 
experimental one. This means that the calculated F 
and F* integrals should run large and this is what we 
observe. 


interaction 1 


also note 


The writer does not believe that the configuration 
interaction can be restricted to the contributions of 
just a few configurations and produce good results. This 
matter will be discussed shortly. 


IV. Fe CALCULATIONS FOR VARIOUS 
STATES OF IONIZATION 


In the last section, we discussed both the fitting of 
the multiplet spectra and the variations in one-electron 
wave functions produced by obtaining solutions for 
different multiplet states. We will now discuss th 
discrepancies between observed and predicted ionization 
energies and the variation in 3d wave functions when 
going from one state of ionization to the next. We will 
use Fe as our example 

Let us first consider the variations in Fe 3d functions 
Figure 4 isa plot of the 3dU(r)’s as a function of r for 
the Fe I, III, and V average of configuration solution 
A hydrogenic 3d function, with an F?(3d,3d) which 
equal to that for the Fe I function, is also plotted. Let 
us note the fact that the 3d screening constant valu 
have a dependence on atomic number and ionization 
which roughly parallels the calculated F*(3d,3d) values 
With this in mind, it is interesting to see that althoug! 
all Fe V 3d screening constants [and to a less 
extent the F*(3d,3d 
the Fe V and Fe Il 


Fe I maximum is not twice as far out as 


the 
are roughly twice those for Fe TI, 
r) maxima lie close Loge ther. The 
the Fe V one, 
although this is what the change in screening constant 

would suggest. We see that the changes in the 3d function 
are primarily matters of shape. The 3d functions for 


tates of higher ionization are more nearly hydrogen 
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lasie VII. The A(é)’s and total energies for the Fe I, I, LI, 
and IV lowest (3d)* multiplet calculations in 1 ydbergs. 


Fel Fell 
675.7103 
165.3819 
63.30455 
164.0456 
59.63822 
47.69708 


Fe Ul 


675.7106 

165.3782 
63.61446 

164.0416 
59.93252 
50.27814 


Fe IV 


675.7094 
165.3781 
64.01641 
164.0429 
~ 6043305 
52.60767 


675.7103 

165.3840 
63.25324 

164.0475 
59.51367 


44.42264 


2524.2856 2523.3041 2521.2214 


This agrees with the F'/F* trend shown on Fig. 3. 
Some of the readers may have felt that an F*/F* ratio 
of 0.61 was really not far from the hydrogenic value of 
0.649. Figure 4 shows that this difference represents a 
rather pronounced change in the shape of the function. 
The last thing to note, concerning Fig. 4, is that the 
differences between average of configuration and lowest 
multiplet state 3d functions are so small that it is 
impractical to include both on the figure. The maximum 
difference for the Fe functions is illustrated on the 
hgure. 

Let us now consider Table VII. Here we have listed 
the K(i)’s kinetic+nuclear potential 
energies) for the Fe I, I, ILI, and IV lowest multiplet 
state calculations. The writer has also included the 
total energies. The variations in the K(3d) are greater 
than the total energy differences. The K(3s) and 
K(3p) variations are generally between one-quarter 
and one-half the total energy differences. From this, 
the author concludes that 3s, 3p, and 3d wave 
function variations are significant when going from 
state of to the next. Table VII also 
enables us to trace the variations of the functions, 
because K (i) moves in toward 
the nucleus and vice-versa. Although the writer finds 
these shifts interesting, he will not discuss them but 
let the reader study the table instead. 

Let us now compare the observed (3d)*" configuration 
ionization energies with the calculated values. Table 
VIII gives the comparison. The first column lists the 


(one-electron 


the 


one ionization 


ing reases when [ (i) 


observed values and the second is obtained by taking 


the differences in calculated total energies. The third 
column lists the (individual) one-electron energy of the 
electron being removed from the lower energy state as 
given by the calculation for the lower state and the 


laste VIL. Comparison of observed and calculated 
Fe(3d)* ionization energies in rydbergs. 


Higher 
state 
one- 
electron 
energy 


Differences Lower 
in state 
calculated 
total 
energies 


one- 
electron 
energy 


experi 
mental 


—0,34014 


+0.69715 
+ 1.8308 


+-0.35594 
4123847 
+2.3212 


+0.29938 

+1.17127 

+2.249 
not 


+0.0281 
+0.9815 
+2.0827 


obeerved 
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last column gives the (individual) one-electron energy 
of the same electron as given by the calculation for the 
higher state. We see that the differences in total energies 
give poorer results than do the third column one- 
electron energies. This is in contrast to the case of 
multiplet splitting where differences in total energies 
gave better results than did splitting estimates based on 
single calculations. The reason for the poor ‘‘difference 
in total energy” results, is that the various calculations 
are for systems with differing number of electrons 


When H-F 


where the totai 


solutions have been obtained for small 
atoms energy has been -observed 
experimentally, comparison of experimental and H-F 
total energies has shown that the magnitude of error 
in the H-F total energy increases when the number of 
electrons is increased. This appears to be happening 
here. We can use the discrepancies between the observed 
ionization energies and the differences in calculated 
total energies to give crude estimates of the error in 
the H-F total energy contributed by the electrons 
which are being removed. Doing this, we can say that 
for Fe, there is a H-F total energy error of 0.27 rydberg 
associated with the 28th electron, 0.19 rydberg with 
the 27th and 0.16 rydberg with the 26th. We will make 
use of these higures shortly. 

If we ignore the discussion of the preceding paragraph, 
we can quite easily understand the rather good predic- 
tions of the individual one-electron energies. Koopmans"* 
that the individual one-electron 
energies are just the energies gained or lost by adding or 
removing an electron, providing that both states of 
ionization have the same one-electron radial functions. 
We have seen that the radial functions do vary noticeably 


theorem tells us 


with changing ionization. We would expect that the 
calculations for the lower state would predict a large 
ionization energy since the resulting functions would be 
poor for the higher state (thus raising its energy). 
Similar reasoning would suggest that the higher state 
calculation should predict an ionization energy which is 
small. We might then expect an observed ionization 
energy to fall below the value given by the lower state 
one-electron energy and above the value for the higher 
tate one-electron energy. We see this happens in ail 
We might note that the average of the 
one-electron energy values is close to the value of the 


: 
three cases 


total energy difference in each case. 
The 


energies is 


the calculated Fe(3d)" ionization 
typical of that for the other series 
An exception occurs for the Cr I to Cr I 
ionization where the H-F total energies say that Cr I 
lies lower than Cr I by 0.087 rydberg. This is easy to 
0.174 
rydberg which is the smallest of the observed ionization 
energies of interest to us. It is smaller than the 0.20 
in H-F total energy error) 


behavior of 
iron 
elements 


explain. The observed ionization energy is 


or 0.25 rydberg penalty 


that Cr I pays more electron than 


tor possessing one 


r. Koopmans, Physica 1, 104 


1933 


WATSON 


Cr IL. Witl 


energy, we 


an observed 0.174 rydberg ionization 
that H-F 
predict that Cr II lies lower than Cr I 

We can use the crude H-F total energy discrepancy 
estimate for Fe’s 26th, 27th, and 28th 
give an even cruder estimate of the total error in the 
H-F total energy The writer believes that at the very 
minimum this error is 1.0 rydberg (the three 3d electrons 
contributed 0.6 ry 


should expect results would 


electrons to 


and that very likely the error is 
more than 4 rydbergs. We might hope to use configura- 
total 
Earlier the writer'* applied 
configuration m to Ni I[*F(3d)*(4s)*. The 
effects of configurations on the ground state 
were considered and second order perturbation theory 


tion interaction to wave function 


and the total 


improve tne 
energy. 
interactK 
single 


was used. This gave energy improvements of 


fv ground) HY (perturbing)dr 


AF IV-1 


F- (ground / perturbing 


The writer considered some of the perturbing configura- 
tions which produce the 
IV-1) and thus possibly the 
ity of integrals 
considered, for example, 


smallest denominators (in 
irgest Ak’s 


limited what 


Che availabil- 
configurations could be 
configurations with f and g 
workers believe suc h 
largest AE obtained 


was 0.005 rydberg. It is possible that a few very import- 


used 


electrons could not be 
conhgurations are 


some 


important). The 


ant configurations were overlooked but the result does 
suggest that effective iron 
interaction requires le use ol 


series atom configuration 


more than a few (say 


less than 50 


strongly 1 icting configurations 
V. IRON GROUP ONE-ELECTRON ENERGIES 
We have 


between Fe’s cal 


was remarkable 


lower state 


seen that agreement 
one-electron 


We will 


between calculated iron 


energies and its observed 
now make further comy 
energies and 


ionization energies 
aTISONS 
ionization 


part 


obse rved 
energies. The tables to be discussed are 


due to Slater 


series one-electron 


large 
Let us apply Koopmar average of 
do this, we can 


configuration energies (/ f£ we 
utilize the 
the experimental energy difference 
configuration energies of 


work of Slater’® where he discussed the 
s between average of 
n their normal states 


and of ions with one electron removed. These experi- 


atoms 


3d electrons 
here since 3d*"*4s* s rather than 3d’ 


mental values are for the 


onfhigura 


14 Ni I(3d)*(4s)? *F owe omewhat specia 
two near lying configu the (3d)*, 4s and 
multiplets of the same sym One would expect the strongest 
interactions to be between the 1)", (d)*"'4s and (d)*"*(4s)? 
See R. E. Watson, Quarterly Progress Report No Solid-State 
and Molecular Theory Group, Massachusetts Institute of Tech 
nology, Januar 

j.c t ” tev. 98 


ase in that the 
3d)", have no 


y, 1958 (unpublished); p. 1 
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tions were considered. We would like to recomput: 
FE ot 2s for 3d" configurations. One would like to do 
this by finding the weighted mean of the observed 
multiplet state energies of all the multiplet states of 
any given configuration. Unfortunately there are very 
few cases where all the multiplet states of a configura 
tion have been observed. Slater and the author have 
computed the 3d" E, o .’s from the experimental data 
in the following way. We took values of F*(3d,3d) from 
Fig. 1 and obtained F*(3d,3d)’s by assuming the 
F*(3d,3d)/F?(3d,3d) ratio to be the hydrogenic value 
of 0.649 (variations of the ratio within the range 
observed in the original fittings would have littl 
effect on our conclusions). These F’s were then used in 
computations for the energies of the multiplet states 
of the atoms and ions of interest. These computations 
utilized a program set up for this purpose on the 
704 computer. The computed energies lack the Ea ot 

terms which are of interest. The cornputed multiplet 
state energies were then subtracted from the observed 
values giving a different value of F,.1,- for each observed 
multiplet state. Whatever the choice of F* and F*, 
one will never obtain a common value of F, o . for all 
the multiplet states of a configuration because the 
experimental 3d" multiplet spectra cannot be exactly 
fitted by Racah’s expressions for the multiplet splittings 
A weighted average of the EF, ot .’s was obtained for 
each configuration. The EF, ot - of each multiplet state 
was weighted by the degree of that multiplet state’ 
degeneracy 


Pasie LX. Comparison of experimental average of configuration 
ionization energies with calculated one-electron energies for 
ionization processes involving the removal of 3d electrons 
Computed values refer to average of configuration solutions, 
except those in parentheses, which are computed for the lowest 
multiplet of a configuration 


Calculated 
lower state 
of 1onization 
one-electron 
energy 


Experimental 
ionization 


rransition energy 


Se I d? 
riid* 
ri tl @ 
ri U1 d 
Vid 
V Il d 


Mn II d@ 
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~IVd 
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-lId 
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0.22873 rydberg 
0.26713 
0.9608 1 
1.9580 
0.31937 
1.0497 
2.0874 
3.48695 
0.36333 
1.14523 
2.21000 
0.38753 
1.21696 
2.35802 
0.39888 
1.28721 
2.46869 
0.40277 
1.36365 
0.43246 
1.42955 


0.23072 
(0.32043 
(1.04643 

2.04648 

0.32280 

1.08397 

2.13157 

3.48145 

0.39748) 

1.29980 ) 

2.27563 

0.41532 

1.32693 

2.41948 

0.41946 

1.35454 

2.55251 

0.44547 

1.46752 
0.50065 
1.52535 
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Table X. Calculated one-electron energies compared with 
observed ionization energies involving the removal of an electron 
from any shell from neutral iron series atoms. Both calculated 
and observed values are for the averages of configuration, except 
for the calculated values in parentheses, which are computed for 
the lowest multiplet state of a configuration 


™ Tj j Cr 


331.50 ry 366.08 ) (440.62 
331.1 366.1 441.6 
37.80 (42.32 (52.24) 
37.3 42.0 51.9 
37.99 7 4.11 
43.0 
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60 
(3 91) 
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0.42) 
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610.46 
614.1 
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4d cak 0.50 
obs 0.43 


is cak 
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2p cak 

obs 
3s cak 
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3p cak 


ome Ce 


ds 


RAD D 
cot 
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—, 
-~>a>~> 


os 
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Let us now compare the calculated and experimental 
results. In Table LX, we consider the ionization energies 
associated with the removal of 3d electrons and compare 
the experimental average of configuration ionization 
energies with the calculated one-electron energies for 
the lower states of ionization. The experimental 
ionization energies are E,.¢.’s of the more highly 
ionized states minus the F,.,.’s of the less ionized 
states. In Table X, we consider the removal of electrons 
of any shell from the neutral atoms. The second table’s 
observed ionization energies are those found in Slater’s 
article,” supplemented by the newly calculated values 
for the 3d electrons. Calculated values in parentheses, 
in both tables, refer to calculations in which the 
calculated one-electron energies for the lowest multiplet 
state were used (due to the lack of an average of 
configuration calculation). Such calculated results 
differ somewhat from calculated average of configura- 
tion values 

Agreement between calculated and experimental 
values is remarkably good in both tables. This is duc 
to a cancellation of errors as was indicated in the last 
section. In the case of Fe, discussed in the last section, 
the calculated (lower state) one-electron energies were 
always larger in magnitude that the observed ionization 
energies. There are many cases where this is not so in 
the section. This occurs once in Table [X and is due to 
an experimental error. This will be discussed in the 


next section. In Table X the apparently small one- 
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electron energies occur for 1s and 2s functions. The 1s 
functions are just the ones which require relativistic 


With these 


ene rgi S are 


corrections to ne-electron energies 


corrections, the resultant one-electron 


larger than the observed ionization energies. We might 
note that the mag of these 


rapidly with increasing nuclear 


Lituce corrections increas 


charge his is just 


what is needed here 


VI. CORRELATION ENERGY 


Let us now consider what information we can obtain 


concerning correlation energy.” By correlation 


energy” the author means the difference between the 
true (1.¢ experimental 


ind the 


total ene rgy of an electroni 


system ystem’s H-F energy, that is, 


/ corr > | i FP. (\ | ] 


Chis definition differs from the normal in that one 


usually subtracts relativistic correction terms from 


Foy. and uses the resultant value in the equation 


Unfortunate ly, total ene rgies have not been observed 


for atoms for more than ten electrons so we must 
again turn to considerations of energy differences. Let 
us consider the change 


in correlation energy (£) during 


Ss 
ionization process 1.¢ 
of higher ionization 
-+(state of lower ionization 
Foote (lowet 
key r( higher + hy ruower 
(VI-2 
One might expect that £ is, for the most part, a correla- 
error “associated” 


It is particularly convenient to consider 


tion with the electron 
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be ing remove d 
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. show 


electron being removed. A graph of &* would 
breaks between the d*-—> d® and d >d 
i¢ graph would also show that most of the 

(Ron AEw.<AEo: electron) - he 
for the high-lying point cases of 
Fig. 5. inspec tion of Table LX shows that the one cas« 
of apparently small 


in its curves 
“4 


transitions. T] 


ts 
Ss 


EXce puions 


S are negative 


occur 
an average of configuration 
Ak one electron 18 for a high-lying point transition (\ 
IV -+V). The fact that the é’s and {*’s are generally 
out of line for the transitions suggest 

experimental rather than computational errors are the 
cause. The writer reran the pertinent H-F calculations 


as a check. No errors were uncovered. 


same that 


VU. CONCLUSION 


We have tl the Hartree-Fock 
generally in poor agreement with experiment 


the total energies are 


lat results are 


While 


than 


seen 


better 
percent, the observables we are trying to predict by 
taking total differences are even smaller 
and thus poorly predicted. The calculated F* (3d,3d 


accurate to om 


energy 
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\r expression 
as a function of the mean excitation potential J whicl 
loss di:/dx. The expression for R(T,) is obtained 
energy relations for Be, Al, Cu, and Pb. The 


an appropriate value of J is assumed 


resuitit 
Valu 


which gives the fractional change of R for a small 


provider 
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I. INTRODUCTION 


ANGE-ENERGY relations for protons’ have been 
Be, { Al, 
ations are 
dx whicl 


nclude the shell corrections at low proton energies and 
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Cu, 


recently calculated for six substances 
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(1/p)(dk/da 
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Taste II. Values of g= (//R)(dR/d1) for Be, C, Al, Cu, and Pb. 
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reference 5. The electron density m also enters into 4, 
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mately proportional to Z). Hence, we expect that no 
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Directional correlation measurements were performed on seven cascades involving the gamma rays in 
W'®. The angular momenta of the excited states and the character of the gamma transitions which were 
determined by the correlation measurements are in good agreement with the values as determined by 
previous investigators. There is evideice for the existence of three rotational bands with the possibility of a 
fourth band in W"™. The nature of these rotational bands is explained in terms of the Bohr-Mottelson model 
for spheroidal nuclei. The levels are characterized by the quantum numbers (XK, /, +). After correction fon 
x-ray interference the 1.222 Mev —0.068-Mev correlation results in a spin of 3 to the 1.290-Mev level. The 
0.068-Mev gamma ray is essentially pure dipole radiation. The results of the 1.231 Mev —0.100-Mev correla- 
tion are in good agreement with spin 3 to the 1.331-Mev level with a quadrupole content of 240.5% for the 
1.231-Mev radiation. The 0.152 Mev-1.222-Mev correlation is cnly in agreement with an assignment of 
spin 3 to the 1.374-Mev level with a quadrupole content of less than 0.5% for the 0.152-Mev transition. 
The 0.152 Mev-1.122-Mev correlation yields a quadrupole content of (3-11% or 94-99%) for the 1.122-Mev 
transition. The 0.222 Mev-1.231 Mev, 0.264 Mev-1.222-Mev correlations are in good agreement with the 
assignment of spin 4 to the 1.554-Mev level. However, spins of 3 or 5 for the 1.554-Mev level are also in 
agreement with the correlation data. 


INTRODUCTION are involved in this complicated decay. For many years 


HE decay of Ta'® to W™, as is found in a great 
many of the heavy isotopes, is described by 
numerous beta- and gamma-ray transitions. These 
transitions have been the subject of a number of in- 
vestigations with the result that various schemes have 
been proposed to represent the decay.*~* The most ex- 
tensive treatment of this decay has been carried out by 
Murray, Boehm, Marmier, and DuMond,* Fig. 1. The 
multipolarities of the gamma transitions which are 
based on measurements of the internal conversion co- 
efficients are shown in the same figure. Using these data, 
Alaga et al.” were able to classify the gamma transitions 
and the excited states of W'® by the theory for deformed 
nuclei. The energy levels were fitted into three rotational 
bands, with the possibility of the start of a fourth band. 
The quantum numbers (K, /, x) listed in Fig. 1 are those 
proposed by Alaga et al. In general the spins values (/) 
are in agreement with those values given by Murray et al. 
The present investigation is concerned with the angu- 
lar correlation of the various gamma radiations which 
t Supported in part by the Michigan Memorial Phoenix Project 
and U. S. Atomic Energy Commission. 
* Present address: Knolls Atomic Power Laboratory, Sche 
nectady, New York. 
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Murray, Phys. Rev. 92, 202 (1953). 
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(translation: Soviet Physics—JETP 5, 170 (1957) ]} 
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Rutledge, and 


gamma-gamma angular correlation techniques have 
proved to be very valuable in nuclear spectroscopy in 
helping to establish the spins of the excited states and 
the multipole order of the gamma radiations. Where the 
transitions do not appear to be described by a single 
muitipole order, the mixture content of multipoles can 
be determined. From the gamma-gamma angular corre- 
lation measurements, along with the work of the pre- 
vious investigators, it was hoped that more positive 
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Fic. 1. Decay scheme of Ta™ proposed by Murray et al. (see 


reference 6). The quantum numbers (K, /, x) are those proposed 
by Alaga et al. (see reference 10). 
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FG. 2. Scintillation spectrum of the gamma rays in W'™. The 
letters indicate the various discriminator settings used in the 
correlation experiments 


assignments of spins could be made for some of the 
excited states and the mixture content of a few of the 
gamma rays determined 


PROCEDURE 


The angular correlation measurements were carried 
out with a conventional “‘fast-slow” coincidence circuit 
with an effective resolving time of 3.510~-* seconds. 


M WIEDI 


The scintillation counters consisted of 2 in.X2 in. 
Nal(T1) crystals coupled to Dumont type 6292 photo- 
multipliers. The counters were shielded frontally by 
s-inch aluminum. Although differential discrimination 
was used to prov de lateral lead shield- 
ing was also employed in the measurements to eliminate 
ittering. The 
form of Tantalate in KOH solution 
fit of the 


energy selec 


t10n, 
coine idences due to sc: sources were in the 
In all cases a least 
to the 


squares correlation data 


function 


was made 


W (8) = Ao+A2P2(cosé)+A 4P4(cosd 


were calculated for the coefficients 


A, and A, represent the 


The errors which 
root mean square statistical 
errors. The effect of finite angular resolution was com- 
puted from the results of a collimated beam experiment 
by Arns." 


RESULTS 


The gamma-ray spectrum of W'® is given in Fig. 2. 
The directional correlation data are given in Table I. 
This table gives the gamma transitions involved in each 
correlation measured, the ¢ il values of A» and 
A,, and the approximate energy acceptance of each 
discrimination. The lett 1B, H which denote the 
discriminator settings corres} to the letters given in 
the dis- 
for the 
polarities of the gamma rays 
which were determined by both the angular correlation 


Xpe riment 


eTs 
| 


ond 


Fig. 2, which give the 


approximate 


a, : 
ad i he in 


energy 


criminators accept ignments 
and the 


as> 
excited states mult 
measurements and the experimental conversion coeffi- 
Table II. 

A spin of 2 was assigned to state D by Murray et al. 
on the basis of their conversion data which showed the 
1.222-Mev radiation to be more like #2 than either 
M1 or £1. If the spin of state D is assumed to be 2, the 
results of the 1.222 Mev—0.068-Mev correlation yield a 
spin of 3 f When the experimental values of 


cients are given in 


for state / 


TABLE I. Directional correlation results 


Gamma transitions involved 


Before x-ray—1.222-Mev subtraction 
1.222 Mev—0.068 Mev 
After x-ray—1.222-Mev subtraction 
1.222 Mev—0.068 Mev 
1.222 Mev—0.264 Mev 
1.231 Mev—0.222 Mev 
1.122 Mev—0.152 Mev 
1.222 Mev—0.152 Mev 
1.222+-1.122) Mev—0.152 Mev 
1.231 Mev—0.100 Mev 
Before background subtraction 
0.222+-0.229) Mev—0.100 Mev 
After background subtraction 
0.222-+-0.229) Mev—0.100 Mev 
0.222 Mev—0.100 Mev 


"™ R. G. Arns, University of Michigan (private communication). 


0.2404 


0.0764 
—0.012 
0.010 
0.037 4 
0.0244 
0.0374 


0.0274 


+-0.0344 


0.005 


Arta 


0.164 +0.013 


0.018 


0.035 
+().014 
0.014 
0.012 +0 
0.012 0 
0.012 ( 


+-0.016+0.055 


0.001 +0.020 
+-0013+0.019 
003-+-0.018 
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A, and A, are plotted on the mixture curve for the 
sequence 3 (D,Q) 2 (Q) O, connecting levels F, D, and A, 
the composition of the 0.068-Mev gamma ray is found 
to be (8941%D, 1141%Q). This is in fair agreement 
with the £1 assignment for the 0.068-Mev gamma ray 
which was determined on the basis of the conversion 
data. However, the assignment of spin 3 to state F is in 
disagreement with the value (spin 2) which was pro- 
posed by Murray et al., and Alaga et al. In such a 
complicated decay scheme, such as W'™, interference 
from spurious radiations is always a constant source of 
difficulty. Such interference could cause an error in this 
correlation. The discriminator which accepted the 0.068- 
Mev gamma ray undoubtedly accepted a certain frac- 
tion of the x rays which are produced by the low-energy 
gamma rays that are strongly converted. The coinci- 
dences between the x rays and the 1.222-Mev gamma 
rays would add a symmetric component to the correla- 
tion function. Therefore, the observed value of the 
anisotropy of the correlation would be less than the 
“true” anisotropy. Using the relative intensity of the 
gamma rays and the conversion coefficients of Murray 
et al., it was estimated that this symmetric component 
amounted to approximately 30% of the coincidences 
collected for the 1.222-Mev—0.068-Mev cascade. When 
this is subtracted out the resultant values of A, and A, 
are A2= +0.240+0.018 ; A,=0. These coefficients com- 
pare very favorably with the values A;= +0.250; A,=0 
which are the values of the coefficients for the sequence 
2(D)2(Q)0. This value of spin 2 for state F is in agree- 
ment with the value proposed by Murray et al., and 
Alaga et al. The dipole assignment for the 0.068-Mev 
transition is also in agreement with the multipolarity of 
E1 found by Murray et al. It therefore appears that a 
spin of 2 should be assigned to state F. 

Assuming spin of 2 for state D, the 0.152 Mev—1.222- 
Mev correlation data can only be explained by an assign- 
ment of spin 3 to state 7. The quadrupole content of the 
0.152-Mev gamma ray is found to be less than 0.5%. 
This is in agreement with the work of Murray et al., 
which showed the 0.152-Mev radiation to be £1. 

W'® being an even-even nucleus has a spin of 0 for 
its ground state. States B and C were given the spins 2 


TABLE II. A comparison of the multipolarities of a few of the 
transitions from the excited states of W™ as determined by con 
version coefficients and angular correlation. 
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and 4, respectively. These assignments are in agreement 
with the £2 character of the 0.100 Mev and 0.229-Mev 
gamma rays as determined from the conversion coeffi- 
cients and with systematics in this region of the periodic 
table. Therefore, since the spin of state H has been 
determined to be 3 the spin sequence involving the 
0.152-Mev—1.122-Mev gamma rays, connecting states 
H, D, and B, may be written as 3(D,Q)2(D,Q)2. Such 
double mixtures may lead to very ambigious results, 
especially when the experimental coefficients A; and A, 
are small. The complexity of this problem is reduced if 
the mixture in one of the transitions is known. As pre- 
viously described, the quadrupole content of the 0.152- 
Mev gamma ray was determined to be less than 0.5%. 
Therefore, the first transition is essentially pure dipole 
and the sequence may be written 3(D)2(D,Q)2. From 
the observed values of Ay and A, the quadrupole content 
for the 1.122-Mev gamma ray is determined to be either 
3-11% quadrupole or 94-99% quadrupole. Although 
the correlation measurements in this case are expected 
to be quite good there is no information available which 
allows one to choose between the two values of the 
quadrupole content which were obtained for the 1.122- 
Mev gamma ray. Murray et al., from their conversion 
coefficient measurements, were only able to determine 
that the 1.122-Mev gamma ray was a mixture of 
M1+-E£2. Therefore, the correlation data corroborate 
this result. There is the possibility of interference in the 
0.152-Mev—1.122-Mev correlation from the intense 
1.222-Mev gamma ray. This interference is though to be 
small. The result of the combined (1.222 Mev, 1.122 
Mev—0.152 Mev) correlation supports this assumption. 
In performing the combined correlation the discrimina- 
tor which selected the high-energy radiations was set 
symmetrically on the combined 1.222 Mev—1.122-Mev 
peak (see Table I, and Fig. 2.) Since the intensities of 
these two high-energy gamma rays are approximately 
equal, the (1.222 Mev+1.122 Mev—0.152 Mev) corre- 
lation was considered to be composed of 50% of the 
(1.122 Mev—0.152 Mev) correlation and 50% of the 
(1.222 Mev—0.152 Mev) correlation. If 50% of each of 
these separate correlations are combined the values of 
the coefficients A, and A, are Az=—0.023+0.009; 
A,= +-0.0084-0.013. This result is in agreement with 
the measured combined correlation as given in Table I 
and therefore it appears that the interference from the 
1.222-Mev gamma ray in the 1.122 Mev—0.152-Mev 
correlation is not important. The results of this correla- 
tion are therefore assumed to be fairly reliable. 

As can be seen from Fig. 1, the 0.264 Mev— 1.222-Mev 
correlation must be analyzed as a 1-3 correlation. In 
such an analysis the multipolarity of the unobserved 
transition, in this case the 0.068-Mev transition, must 
be known. When states F and D are assigned spins of 
2, the 0.068-Mev transition as was previously discussed, 
was determined to be nearly pure dipole. The following 
sequence, connecting states K, F, D, and A, 1(L,L’)- 
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2(D)2(Q)0 was then analyzed. The coefficients for the 
sequence 4(Q)2(D)2(Q)0 are A2=+0.051 and A,y= 
+-0.006 which in Table I are seen to be in agreement 
with the experimental values. The assignment of spin 3 
to state K also finds agreement with the correlation 
results. In this case the sequence 3(D,Q)2(D)2(Q)0 is 
analyzed and yields a quadrupole content of (10_¢*")% 
or (77_16**)% for the 0.264-Mev radiation. The sequence 
4(Q)2(D)2(O0)0 is in agreement with the results of 
Murray et al., which classified state K by spin 4 and the 
0.264-Mev transition as £2. However, the sequence 
3(23%D, 77%Q)2(D)2(Q)0 can not be completely ruled 
out for lack of agreement with the results obtained from 
the conversion coefficients, as multipole mixing ratios 
are not determined with great accuracy by conversion 
coefficients, i.e., a distinction between pure quadrupole 
and 77% Q quadrupole would be difficult. 

Murray et al. found the 1.231-Mev gamma ray to be 
E2 and the 0.222-Mev gamma ray to be £1. If these 
multipolarities are assumed correct, and in addition if 
spins of 4, 3, and 2 are assumed for states K, G, and B, 
respectively, the values of Az and A, may be calculated 
for a 4(D)3(Q)2 cascade. The results are A= —0.018 
and A,4=0. The experimental coefficients which were 
obtained from the 1.231 Mev—0.222-Mev correlation 
(A,= —0.012+0.014, A,= —0.001+0.020) are in agree- 
ment with these calculated values. However, the experi- 
mental coefficients are small and since multipole mix- 
tures in both transitions are possible, nearly any spin 
sequence with appropriate mixtures in the transitions will 
result in values of A» and A, which would be in agree- 
ment with the coefficients obtained from experiment. 

The only spin assignment for state G which is in agree- 
ment with the 1.231 Mev—0.100-Mev correlation data 
is a spin of 3. The experimental coefficients A, and A, 
when plotted on the mixture curve 3(D,Q)2(Q)0 repre- 
senting the transitions connecting states G, B, and A, 
yield a mixture of (98.5+0.5%D, 1.5+0.5%0) for the 
1.231-Mev radiation. This analysis of the 1.231-Mev 
gamma ray is in disagreement with the results of Murray 
et al., which listed the 1.231-Mev gamma ray as an E2 
transition. There is the possibility the 1.231 Mev—0.100- 
Mev correlation has been contaminated by the 1.222 
Mev—0.068 Mev coincidences. This latter cascade ex- 
hibited a large positive correlation and could conceivably 
have influenced the 1.231 Mev—0.100-Mev correlation 
results. 

The 0.224 Mev--0.100-Mev correlation function was 
corrected for the Compton background which is pro- 
duced by the high-energy gamma rays. It was also 
corrected for the 4-2-0 correlation which would be ex- 
pected for coincidences between the 0.229 Mev and 
0.100-Mev gamma rays. Because the correlation func- 
tion after these subtractions was isotropic and since the 
quadrupole content of the unobserved (1.231 Mev) 
radiation was not precisely known, no interpretation of 
this 1-3 correlation was attempted. 


M 


DISCUSSION 


made 


Interesting observations may be 
the beta transitions from Ta'™ 
W'®. There are no beta transitions observed from Ta'® 
to states A, B, and C in W'®. However, there are strong 
beta transitions to states F and K, although these beta 
transitions are much lower in energy than the transitions 


with regard to 
to the excited states of 


to states A, B, and C would be. For a given spin value, 
the transitions to the higher excited states would be 
expected to proceed with probabilities much less than 
for the higher energy transitions 

Other interesting observations concern the gamma 
transitions originating at states D and G and terminating 
at states A and B. These transitions are either pure 
quadrupole, or have a large quadrupole content, al- 
though dipole radiation is allowed. The absence of an E2 
transition of 893 kev from level D to the 4+ state at 
329 kev seems unusual. It is concerning such observa- 
tions (relative transition rates to various members of a 
nuclear rotational band) that the model for deformed 
nuclei makes precise predictions. W'™ with its 74 protons 
and 108 neutrons is expected to exhibit properties of 
deformed Both the number of neutrons and 
protons differe greatly from the shell which closes with 
82 particles. 

From conversion coefficients 
Murray et al. were able to classify both the 100 kev 
and 229-kev transitions occurring between states BA 
and CB, respectively as £2. Since the ground-state spin 
and parity of all even-even nuclei is 0+, and the tran- 
sition from the first excite to the ground state is 
E2, state B must have spin and parity of 2+. If the 
energy separation between the ground state and first 
excited state is used to compute the energy of the second 
excited state (4+-) of a rotational band, the 4+ level is 
found to occur at This 
agreement the value 
therefore appears that the ground state and first two 
excited states are of the ground-state rota- 
tional band. On the basis of the conversion coefficients, 
the level at 1.222 Mev (state D) was assigned spin 2. 
From both the conversion coeffi 
tion data level G was found to | 
these spins for states nd G to 
nd Mottelson relating the tran- 
sition rates between states of various rotational bands, 
the value of K = 2 for both states was found. (K is equal 
to the projection of the total angular momentum on the 
The ene rgy separation of 110 
G and D is approximately the same 


nuclei. 


measurements of the 


333.3 kev energy is in good 
of 329.4 kev. It 


observed 


with 


members 


ients and the correla- 


ive spin 3. Assuming 


be correct and using 


the expression of Bohr 


nuclear symmetry axis 
kev between level 


separation as is found between the ground state and 


first excited state. Therefore, since levels G and D have 


spins 3 and 2, respectively it appears that these two 
states be long to a second rotational band with K 2 
Since the 1.222-Mev gamma ray appears to be E2 radia- 


tion, the positive parity assignment was made to level 


D. The parities of all members of a rotational band are 
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the same and therefore if states G and D belong to the 
same rotational band state G must also be a positive 
parity state. Alaga et al. postulated that states G and D 
might belong to a “‘y-vibrational band.” 

After correction for x-ray interference the results of 
the 1.222 Mev—0.068-Mev correlation gave a spin of 2 
to level F with the 0.068-Mev gamma ray being classified 
as dipole radiation. This is in agreement with the assign- 
ments which were made on the basis of the conversion 
coefficients. The results of the 0.152 Mev—1.222-Mev 
correlation were satisfied by state H having a spin of 3. 
The 0.152-Mev gamma ray, between states H and D, 
was found to be mainly dipole radiation (<0.5%(). 
The energy separation of 85 kev between states 1 and 
F is only about 15% different than the 100-kev separa- 
tion between states A and B. It therefore appears that 
states F and H may belong to a third rotational band. 
Since, on the basis of the conversion coefficients and the 
correlation results, both the 0.152 Mev and 0.068-Mev 
gamma rays have been designated as £1 transition, 
negative parity was assigned to both states F and H. 
Alaga et al. assigned a K value of 2 to these states. Using 
the observed separation of 85 kev between states H and 
F, the next excited state in this band is calculated to be 
at 141.7 kev above state F. Although occurring at 198 
kev above state F, state J was assigned by the previous 
investigators” as the (2, 4, —) member of the rotational 
band which includes F and H. Since the parity of this 
band is negative, the possibility exists that this band is 
an octupole vibrational band. There were no directional 
correlation measurements performed which involved 
transitions which originated from or terminated at state 
J. There would have been too great an influence from 
other radiations to arrive at any reliable results. 

Murray et al. assigned the spin and parity as 4— to 
state K, with an E2 assignment for the 0.264-Mev 
gamma ray. Alaga et al. assigned a K value of 4 to this 
state. The correlation datum is not only in agreement 
with a spin of 4 for state K but also with the quadrupole 
nature of the 0.264-Mev radiation. However, the corre- 
lation results could also be satisfied by spins of 4 or 5 
for state K. 


CONCLUSIONS 


The spins of the excited states and the multipolarities 
of the gammas as determined by the results of direc- 
tional correlation measurements are in agreement with 
the values which were determined by Murray et al. on 
the basis of conversion coefficient measurements. There 
is only one case where there is disagreement. Murray 
et al. listed the 1.231-Mev gamma ray as an £2 transi- 
tion. From the correlation data the 1.231-Mev gamma 
ray appears to be mainly dipole radiation. The spins for 
the excited states which were determined from the re- 
sults of the correlation data are also in agreement with 
the spins predicted by Alaga et al. on the basis of the 
collective model for spheroidal nuclei. In W'™ there 
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exists a ground-state rotational band (K =0) with three 
members. Two “rotational-vibrational” bands also ap- 
pear. There are two members of the K =2 even parity 
band, and three members of the K = 2 odd parity band. 
The even parity band might be classified as a “quadru- 
pole” vibrational band. The odd parity band might be 
classified as an “octupole” vibrational band. The highest 
excited state had been given the quantum numbers 
(4, 4, —), and might be the start of a fourth “rotational- 
vibrational” band. These higher excited states which 
have been classified as vibrational states could equally 
well be purely “particle excitation” levels. 

The most definite evidence for the vibrational charac- 
ter of the bands would be lifetime measurements of the 
levels. If the lifetimes were found to be substantially 
shorter than predicted by the individual particle lifetime 
formulas, this would constitute strong evidence for some 
vibrational character for the levels. Such measurements 
by the present electronic techniques seems impossible, 
as the expected lifetimes are so short. The theoretical 
calculated mean lifetimes for an £2 transition from the 
(2, 34+) state at 1.331 Mev—single proton transition 
to the (0, 2+) state at 0.100 Mev would be approxi- 
mately 10-" seconds. The same transition if considered 
as a single phonon (vibrational transition) would have 
a mean lifetime of 10-“ seconds. 

Alaga et al., in their discussion of the decay scheme 
of Ta'™, cite as possible evidence for the vibrational 
character of the band at 1.222 Mev the fact that the 
rotational moment of inertia for the band is slightly 
(10%) smaller than that for the ground-state rotational 
band, whereas a particle-excitation level generally has 
a greater rotational moment of inertia. 

Speculation might arise as to why no K=0 bands 
associated with quadrupole and octupole vibrations are 
observed in the decay of Ta™, while there are bands 
observed with K=2. Murray et al. labeled level E as 
having spin and parity value of 1—. This state may be a 
K=0 state. From the proposed decay scheme it seems 
reasonable to assign ]= K = 2 or 3 to the ground state of 
Ta'™. The beta transitions leading to the ground-state 
rotational band members would then be expected to be 
weak and the log ft vaues high. Higher lying states with 
low spin and K =0 would also be populated very weakly 
by beta transitions, so that radiations from such states 
probably would have been too weak to be observed. 
Similar arguments apply when the possible population 
of high-lying K=0 states by gamma radiation from the 
K =2 bands is considered. For instance, a hypothetical 
(0, 1, —) state around 1-Mev excitation energy might 
be fed by dipole or quadrupole radiation from the higher 
excited states. The dipole radiation would be very weak 
due to K forbiddenness and the quadrupole radiations 
to this state would be reduced owing to the competition 
for the quadrupole radiations by the ground-state rota- 
tional band. The same type of arguments apply when 
other members of the high-lying K=O bands are 
considered. 
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The proton polarization resulting from proton-deuteron elastic scattering has been measured in a double 
scattering experiment. The first scattering took place in helium, which served as a polarizer, and the left- 
right asymmetry observed in a second scattering in deuterium. Spurious asymmetries were checked by 
substituting xenon and, separately, helium for deuterium as the second scatterer. Measurements taken at 
a proton-deuteron scattering energy of E,=3.4 Mev, 6=45° and 90°, and E,=3.74 Mev, @=45° all yielded 
results consistent with no polarization. From these data it is concluded that the proton polarization in p-d 


elastic scattering is <~10% in this energy region. 


INTRODUCTION 


HE presence of a large spin-orbit term in nuclear 

forces renders large polarization effects possible 
in nuclear reactions. Significant polarizations have been 
found in the elastic scattering of nucleons by heavy 
nuclei,' and these polarizations can be explained by the 
inclusion of a spin-orbit term of reasonable magnitude 
in an optical model potential. In the lighter nuclei high 
(~ 100%) polarizations have been observed in reactions 
proceeding through a well-defined resonance’ and in 
reactions which appear to proceed via a stripping 
mechanism.*~’ 

The situation in the very light (< He‘) nuclei is some- 
what different. An optical model potential cannot be 
considered as applicable to nuclei containing only two 
or three nucleons and few well-defined resonances are 
encountered in reactions involving only the very light 
nuclei. However, since only a few nucleons are involved, 
there is hope that with the aid of machine computing 
techniques the observable properties of reactions among 
the very light nuclei can be calculated directly from 
nucleon-nucleon forces. Such calculations are already 
underway for the case of nucleon-deuteron scattering.® 

The polarization of neutrons elastically scattered by 
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deuterons at energies in the Mev range has been meas- 
ured by White, Chisholm, and Brown’ who find polariza- 
tions ~ 50%, by Gerber, Briillmann, Meier and Scher- 
rer,” and also by Cranberg," both of whom find polari- 
zations < ~ 10%, with zero polarization being consistent 
with all of the points in the latter two experiments. As 
no sharp resonances are seen in n-d or p-d scattering, the 
phase shifts and therefore the polarization is expected to 
vary only slowly with energy and hence the results of 
White et al. must be considered in disagreement with 
those of Gerber et al. and Cranberg. From the symmetry 
between p-d and n-d scattering, one can expect the 
polarization in p-d scattering to be qualitatively similar 
to that present in n-d scattering. 


EXPERIMENTAL RESULTS 


The polarization of the protons scattered from deu- 
terium was measured in the present experiment by ob- 
serving the left-right asymmetry when the scattered 
protons were again scattered by helium. The polariza- 
tion in the deuterium scattering P, is related to the 
observed asymmetry by the formula 


A 
P; ; (1) 
P,1+. 


where P; is the polarization in the proton-helium scat- 
tering and A is the ratio of the number of protons 
scattered first left and then right or vice versa to the 
number scattered twice to the left or twice to the right. 
P; can be calculated from the known phase shifts in 
p-a scattering using, of course, the set of phase shifts 
which corresponds to an inverted doublet in Li’. The 
correctness of the polarization as calculated from these 
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Fic. 1. The first and second 
scattering chambers. The second 
chamber (in the 30.5° viewing 
position) contains the monitor 
counter and the two side counters. 


O-RING SEAL 


INSULATOR 


phase shifts has been experimentally verified in the 
range of energies of interest in this experiment.” 

A drawing of the target chamber is given in Fig. 1. 
Protons from the Northwestern electrostatic accelerator 
entered the first scattering chamber through thin 
(0.05 X 10- in.) nickel foils. The foils were cooled by a 
helium jet.” The scattered protons passed through a foil 
into a second scattering chamber, which could be placed 
at either 30.5° (45° c.m. for p-d scattering) or 63° 
(90° c.m.) to the incident beam. An angular spread of 
+7.5° was accepted at the 30.5° position, and +10.5° 
at the 63° position. The energy at the second scattering 
was adjusted by varying the thickness of the foil be- 
tween the chambers, and/or the gas pressure in the 
second chamber. The energy and angle of the second 
scattering were such as to have a high (80-100%) polari- 
zation in the helium scattering. An angular spread of 
+14° was accepted in the second scattering, the mean 
scattering angle being 59.5° to the axis of the second 
chamber. The doubly scattered protons were detected 
by thin CsI(T1) crystals. The pulse-height spectra from 
the crystals, after amplification, were displayed on two 
halves of a split 256-channel analyzer. 

The poor geometry (i.e., large solid angles) necessi- 
tated by the low yield inherent in double scattering 
experiments renders it essential to try to minimize the 
possibility that the left-right asymmetry measured is 
influenced by spurious effects. In the present experiment 
it was possible to use an analyzer of close to 100%, 
efficiency [i.e., P2=1 in Eq. (1)] and therefore, if 
spurious asymmetries were present, their effect was 
minimized. The actual values of A measured turned out 
to be close to unity and therefore a small error of a 
certain magnitude in A would be reflected as an error of 
one-half that magnitude in P. 

Spurious asymmetries were investigated by substi- 
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tuting xenon for helium as the gas in the second cham- 
ber. The proton energy at the second scattering was 
about 2 Mev which is far below the Coulomb barrier for 
xenon. An absence of spurious asymmetries would lead 
to a measured left-right ratio of unity for xenon, inde- 


pendent of the polarization of the singly scattered pro- 


tons since Coulomb scattering is known to show no 
polarization effects for nonrelativistic protons.” In fact, 
asymmetries of ~ 10% were measured with xenon as the 
second scatterer. As explained below, these spurious 
asymmetries could largely be accounted for by a differ- 
ence in detection efficiency between the two CsI(TI) 
crystals, and this effect was therefore suitably allowed 
for. 

The yield of doubly scattered protons was about 1 
count into each crystal per 50 microcoulombs into the 
first chamber. This low yield made it necessary to have 
the counters as insensitive as possible to the neutron and 
gamma-ray background from the accelerator. The crys- 
tals were therefore polished down until they were about 
10-* inch thick. It can be seen in Figs. 2-4 that with 
crystals of this thickness the proton peaks were well 
out of the background. The protons entered the crystal 
with energies of 1.0-1.3 Mev, and therefore their range 
was comparable to the crystal thickness. It was not 
feasible to polish the crystals very uniformly and there- 
fore parts of the crystals were so thin that some of the 
protons passed through without losing all of their 
energy; hence the low-energy tail in the pulse-height 
spectra in Figs. 2-4. A larger portion of the counts fell 
in the low-energy tail as the energy of the protons 
entering the crystals was raised. 

Since different crystals were used at various times, 
and since they differed somewhat in quality, perticularly 
as regards to uniformity, the doubly scattered proton 
spectra are of variable quality. The pulse-height spectra 
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Fic. 2. Typical pulse-height spectra in the side counters with 
one atmosphere of deuterium in the first chamber and ys atmos- 
phere of xenon in the second chamber. The second chamber is in 
the 30.5° position. The low pulses are due to protons which tra- 
verse thin parts of the crystal. These spectra allow one to com- 
pensate for mechanical asymmetries and differences in efficiencies 
of the counters. 


from both crystals with the second chamber in the 30° 
position and containing yy atmosphere xenon are shown 
in Fig. 2, and the corresponding spectra with 1 atmos- 
phere helium in the second chamber are shown in Fig. 3. 
In the D»-Xe case, the above-mentioned low-energy tails 
are particularly evident, and they introduce some un- 
certainty in the measurement of the number of protons 
entering the crystal. However, because the background 
decreased so rapidly with increasing pulse height, it was 
possible to count all pulses >4 the pulse height of the 
proton peak and thus the detection efficiency of the 
crystals was close to unity and therefore the uncertainty 
in detection efficiency was small. Pulse-height spectra 
similar to those of Figs. 2 and 3 are shown in Figs. 5 and 
6. The only difference is that the side crystals were 
changed and the second chamber was in the 63° position. 
In the latter two figures the low-energy tail effect is 
negligible. The high-energy peak is due to doubly 
scattered protons and the sharp rise on the low-energy 
end of the spectrum is due to gamma and neutron back- 
ground. For spectra such as those the proton pulses were 
considered to be all those greater than the pulse height 
corresponding to the minimum in the spectrum after 
background subtraction. 

The background was measured by running with the 
second chamber evacuated. The runs were monitored 
by a CsI(TI) crystal which counted the singly scattered 
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through the second chamber. 


When the second chamber was filled with helium, a 


protons coming straight 


correction of about 10% had to be applied to the moni- 


tor in order to account for the protons s« attered out by 


the helium. The background was ~ 20% of the total 
counting rate in the channels used in counting the 
doubly scattered protons when helium was the second 
scatterer. When xenon was used as the second scatterer, 
the background was <1% and was neglected. 

The gas pressure in the second scattering chamber was 
adjusted so that the protons entered the Csl1(T1) crystals 
with the same energy when they were scattered by 
xenon as when they were scattered by helium. The 
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Fic. 3. Typical pulse-height spectra in the side counters with 
one atmosphere of deuterium in the first chamber and one atmos 
phere of helium in the second chamber. The second chamber is in 
the 30.5° position. The points indicated by X were obtained with 
the second chamber evacuated. They are a direct measure of the 
background 


asymmeiry with helium in the second chamber was 
compared to that with xenon as the second sc atterer, 
with the same channels counted in both cases. Thus, 
differences in detector efficiencies tended to cancel out. 
The left-right asymmetries used to calculate the polari- 
zations in this work were corrected for the asymmetries 
with xenon as the second scatterer. 

The above procedure still leaves room for some small 
error as the wide (+ 14°) angle accepted in the scattering 
lead to a 20% spread in proton energy due to the helium 
recoil, while this spread is negligible for the case of a 
xenon scatterer. Thus, even though the average energy 
of the protons entering the crystals was the same in both 
cases, the was somewhat different. 


energy spectrum 
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Furthermore, the angular distribution of the scattered 
protons differs between the two cases and therefore the 
relative importance of the different areas of the crystals 
might have been different. Finally, we note that the 
average energy of the protons entering the crystals was 
matched to no better than 10%. 

From the above considerations it is estimated that a 
systematic error of as much as 5% could be present in 
the measured left-right helium asymmetry. This estimate 
is based on noting the sensitivity of the result to the 
choice of which channels to count. A spurious asymmetry 
of 5% would lead to a 2}% error in the polarization. 

As a check on the above procedure runs were taken 
with helium as the first scatterer, at an energy at which 
a large polarization was to be expected. One of several 
pairs of spectra obtained are shown in Fig. 4, where it 
can be seen that there were about twice as many counts 
in the backward counter. After correcting for the xenon 
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Fic. 4. Pulse-height spectra obtained with one atmosphere of 
helium in both chambers. The second chamber is in the 63° posi- 
tion. These were run as a further check on the apparatus. The 
angles and energies were chosen so as to produce about twice as 
many counts in the backward counter. 


asymmetry (10%) a value for the polarization product 
P,P,=0.3240.04 was obtained to be compared with 
the calculated? value of 0.29. The error quoted includes 
only counting statistics. 

Data were taken for the proton-deuteron scattering 
at three different points and these data are summarized 
in Table I, which also includes the n-d results reported 
by other workers. At each point data were taken with 
the second chamber in the “normal” position, and then 
with the second chamber inverted. In each case the 
results obtained in the two positions agreed within the 
accuracy of the counting statistics (~+0.03 for P,) and 
therefore the values quoted in Table I are the average 
for the two positions. The results of the present experi- 
ment are all consistent with zero polarization which 
agrees with the n-d results of Cranberg" as well as those 
of Gerber et al.,"° but is in disagreement with the work 
of White et al. 
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Fic. 5. Pulse-height spectra in the side counters with one 
atmosphere of deuterium in the first chamber and ys atmosphere 
of xenon in the second chamber. The second chamber is in the 
63° position and the crystals in the side counters are different from 
those used to obtain the spectra shown in Fig. 2 and Fig. 3. 
Practically all of the protons lose their full energy in the crystal. 


The polarization intensity can be expressed” 
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FG. 6. Pulse-height spectra in the side counters with one atmos- 
phere of deuterium in the first chamber and one atmosphere of 
helium in the second chamber. The points indicated by X were 
obtained with the second chamber evacuated. The experimental 
conditions are the same as for Fig. § except that helium has been 
substituted for xenon. 
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Taste I. Summary of polarization measurements in nucleon-deuteron scattering 


Reference Polarizer 
Present work 
Present work 
Present work 
White et al. 
White et al. 
Cranberg* 

Gerber et al.4 


H?(p,p)H? 
H?(p,p)H? 
H*(p,p)H? 
H?(d.n)He*® 
H?(d,n)He?® 
Li’ (p,m) Be’ 
H?(d.n)He*® 


* Polarization measured along the direction Kine X Kou 
> See reference 4 


maximum value of orbital angular momen- 
differential 


where Linax 
tum taking part in the reaction, and do/dw 
cross section. 

The work of Christian and Gammel" indicates that 
the d-wave contribution should still be small at E,=3.5 
Mev. The sum in Eq. (2) therefore consists of two terms: 


P(da/dw)—~ay sin6+ a, sin8é cosé. (3) 


The angular distributions are known" to vary only 
slowly with energy, and therefore the polarization should 
also be a slowly varying function of energy. We can 
therefore consider the measurements at 3.34 and 3.45 
Mev as having been made at the same energy. The low 
polarization at 90° implies ao/(do/dw) small, while, 
taking into account the angular distribution data, the 
45° measurement indicates that a,/(do/dw) is likewise 
small. Hence, the polarization at all angles at this 
energy should be small (<~10%). 

The fact that the polarization does not vary rapidly 
with energy is experimentally verified by the agreement 
between the two measurements at 6..m.=45°; taken at 
proton energies separated by 0.4 Mev. We therefore 
conclude that the polarization at all angles and energies 
in the region about E,=3.5 Mev must be less than 
about 10% in absolute magnitude. 


DISCUSSION 


It has been realized for some time (for the case of 
proton-proton scattering) that it is necessary to perform 
several experiments, in addition to polarization and 
angular distribution measurements, before a complete 
set of scattering parameters can be determined. The 
situation in nucleon-deuteron scattering is even more 
complicated than that in proton-proton scattering as the 
deuteron has spin 1, and, furthermore, the simplifiying 
circumstance that the system consists of two identical 
particles is no longer present. Hence, for any value of 
angular momentum > 1 there are six phase shifts in the 
nucleon-deuteron case, as against only one or three 


4 R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953). 
‘8 N. Jarmie and J. D. Seagrave, Los Alamos Scientific Labora- 
tory Rept. 2014 (unpublished). 


Analyzer 


He*(p,p)He* 
Het(p,p)He* 
He‘(p,p)Het 
H? (n,n )H? 
H? (n,n )H? 
H? (n,n )H? 
H? (n,n )H? 


En or » lab 6. m 
for scattering of 


45 +0.04+0.05 
45 +-0.06+0.05 
90 0.02+0.05 
90° +0.48+0.05 
90 +0.40+0.20 
several <0.07 
several 0.02+-0.08 


ue 


wm wn Ww Ww w 
NK Kees 


~! 


© See reference 11. 
1 See reference 10. 


phase shifts for each / value in p-p scattering. The data 
presently available in nucleon-deuteron scattering must 
therefore be considered as rudimentary when compared 
to what is required in order completely to determine the 
scattering. Hence, at the present time, the most reason- 
able approach to nucleon-deuteron scattering appears 
to be to compare measured or easily measurable quan- 
tities with theoretical calculations, recognizing that the 
various theories cannot be put to a full test until more 
complete data is available. 

Christian and Gammel" have performed a phase shift 
analysis of the p-d and n-d scattering data in the 0-10 
Mev range. Their approach was to use a central nuclear 
potential and adjust the strength of the various (eight 
in all) two-body potentials such that the calculated 
angular distributions best fit the experimental data. 
Since only central forces were used in calculating the 
phase shifts only one doublet and one quartet phase 
shift was obtained for each value of / (i.e., S, 4S, sp, 
‘P,*D, ---). With their analysis Christian and Gammel 
were able satisfactorily (rms deviation~ 3%) to fit the 
experimental data (data accurate to ~+3%). 

It is not clear how much the phase shifts could be 
split, and still an equally good fit to the data obtained. 
One could certainly expect that there could be some 
splitting of the phase shifts, and consequently some 
polarization, without worsening the fit to the angular 
However, the fact that the angular 
g phase shifts derived using 


distribution data 
distribution can be fit usin 
only central forces does indicate that small polarizations 
might be expec ted. 
Delves and Brown"* have calculated differential cross 
sections and polarizations for the neutrons in neutron- 
deuteron scattering also for the energy range 0-10 Mev. 
These authors included distortion of the deuteron and 
a tensor force in their nucleon-nucleon potential, but 
they also had to make various simplifying assumptions. 
The neutron polarizations predicted by this work range 
lower limit of 


up to ~10% which is just about the 


detectibility in the present experiment. As Delves and 


} 


Brown remark, all of the present p-d or n-d polarization 


16 L. M. Delves and D. Brown, Nuclear Phys. 11, 432 (1959). 
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data to date, with the exception of that of White et al.,’ 
is consistent with their calculation. 

A more exact, but as yet incomplete, calculation using 
high speed computers has been performed by Haas and 
Robertson.* These authors have calculated the *S and 
‘S phase shifts which, of course, can give no insight into 
the polarization. However, it is hoped that the calcula- 
tions will be extended to include the higher angular 
momenta, in which case the polarization data should 


PHYSICAL REVIEW VOLUME 


POLARIZATION 


IN p-d SCATTERING 1059 


prove a rather stringent check on the validity of the 
calculation.” 


ACKNOWLEDGMENT 


We wish to thank Mr. J. R. Hearst for providing the 
helium circulating system for the foil cooling jet. 


? Several papers relevant to the work presented here were pre- 
sented at the Proceedings of the International Conference on 


Nuclear Forces and the Few-Nucleon Problem, July, 1959 (to be 


published). 


18, NUMBER 4 


Nonelastic Scattering of Fast Neutrons* 


J. T. 


Prup' Homme, P. L. 


Oxunvuysen,t anv LI. L. 
Texas Nuclear Cor poration, 


MorRGAN 
Austin, Texas 


(Received December 2, 1959) 


The relative angular distributions of neutrons inelastically scattered from iron, yttrium, zirconium, 


radiogenic lead (88% 


Pb™*), lead, and bismuth were measured for neutrons in the region from 3.7 
The relative anode distributions of the low energy (0.5 to 4 Mev) 


to 4.7 Mev. 


neutrons resulting from nonelastic 


scattering of 15.2-Mev neutrons were also measured. In each case the distributions were found to be isotropic 
within experimental error (+15%), therefore supporting earlier evidence of compound nucleus formation 


as the predominant interaction mechanism. 


I. INTRODUCTION 


CCORDING to Hauser and Feshbach,' the angu- 
lar distributions of the neutrons inelastically scat- 
tered by nuclei will be symmetrical about 90° provided 
a sufficient number of levels are excited in the compound 
nucleus. Moreover, the distributions are expected to be 
isotropic if enough levels are excited in both the com- 
pound and residual nuclei and if the density of levels 
of spin J in the residual nucleus is proportional to 
(2J/+1). If direct interactions occur, the angular dis- 
tributions will, in general, be peaked in the forward 
direction. 

The present work was undertaken with a view to the 
measurement of the angular distributions of inelastically 
scattered neutrons. 

Until recently, there has been very little experimental 
data on the angular and energy distributions of in- 
elastically scattered neutrons. Possibly the most promis- 
ing method, at the present time, for studying inelastic 
neutron spectra is by time-of-flight techniques. The 
work by O’Neill? indicated that for a bombarding energy 
of 14.8 Mev the neutrons nonelastically emitted from 
carbon, aluminum, and lead in the range 0.5 to 4 Mev 
were isotropic to within about 15%. Similar results were 
obtained by Rosen and Stewart,’ who found that the 


ss uEEET by the Modern Physics Research Branch, Aero- 
nautical Research Laboratory, Wright Air +o Center. 
t Now at The University of Texas, Austin, T 
‘ W. Hauser and H. Feshbach, Phys. Rev 87. "366 ( 1952). 
2G. K. O'Neill, Phys. Rev. 95, 1235 (1954). 
* L. Rosen and L. Stewart, Phys. Rev. 107, 824 (1957). 


angular distributions of the low-energy neutrons (0.5 to 
4 Mev) due to nonelastic scattering in tantalum and 
bismuth were isotropic. In addition, Rosen and Stewart 
found that the angular distributions of neutrons emitted 
with high energy (4 to 12 Mev) were highly peaked in 
the forward direction. The results of Rosen and Stewart, 
as well as those of O’Neill, indicate that most of the 
high-energy neutrons may be scattered by a direct inter- 
action mechanism, while the low-energy neutrons may 
result from compound nucleus formation. Other recent 
experiments*~* at 14 Mev confirm these conclusions. 
Cranberg and Levin’ measured the angular distribu- 
tions of neutrons inelastically scattered from iron, 
nickel, and titantium at incident neutron energies of 
2.25, 2.35, and 2.45 Mev. Their results show that the 
angular distributions are, in general, nearly symmetric 
about 90°. The experiments of Muehlhause et al. at 
Brookhaven* show that for incident neutrons of 1.58 
and 1.66 Mev the neutrons from the 0.845-Mev level in 
iron are asymmetric about 90°. They attribute this 
asymmetry to a direct interaction process. More recent 
experiments® indicate that for an incident energy of 


* J. D. Anderson, C. C. Gardner, J. W. McClure, M. P. Nakada, 
and C. Wong, Phys. Rev. 111, 572 (1958). 

* J. H. Coon, R. W. Davis, H. E. Felthauser, and D. B. Nico- 
demus, Phys. Rev. 111, 250 (1958). 

*W. G. Cross and R. L. Clarke, Bull 
(1959). 

7 L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 

*C. O. Muehlhause, S. D. Bioom, H. E. Wegner, and G. N. 
Glasoe, Phys. Rev. 103, 720 (1956) 

*H. H. Landon, A. J. Elwyn, G. N. Glasoe, and S. Oleksa, 
Phys. Rev. 112, 1192 (1958). 
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Fic. 1. Time-of-flight spectrum of 4.21-Mev neutrons scattered 
from yttrium. The open circles indicate the background. Time 
increases to the left. 


2.2 Mev, the angular distribution of the neutrons that 
result from excitation of the 0.845-Mev level in iron is 
isotropic. Very recent experiments by Thomson et al.” 
on Bi®™ and Mg™ indicate that for bombarding energies 
of 2.0, 3.0, 4.0, and 5.0 Mev no direct interaction occurs. 

In the present work, we have measured the distribu- 
tions of the neutrons inelastically scattered from iron, 
yttrium, zirconium, lead, bismuth, and radiogenic lead 
(88% Pb**) at a neutron energy of 4.2 Mev, and the 
angular distributions of the neutrons inelastically scat- 
tered from iron, yttrium, zirconium, and lead at an 
incident neutron energy of 15.2 Mev. Angular distribu- 
tions for lead were also measured at 3.67 and 4.7 Mev. 
In all these measurements, the incident neutron energy 
spread was large enough to insure that a large number 
of levels were excited in the compound nucleus. 


Il. EXPERIMENTAL PROCEDURE 


The measurements were made using a pulsed beam 
time-of-flight spectrometer of the type developed by 
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Fic. 2. Time-of-flight spectrum of 4.21-Mev neutrons 
scattered from zirconium. 


”D. B. Thomson, L. Cranberg, and J. S. Levin, Bull. 
Phys. Soc. 3, 365 (1958). 
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Cranberg et al. at Los Alamos. The details of this type 
of spectrometer have been described elsewhere.’ The 
experimental arrangement has been illustrated and de- 
scribed in a previous publication." The experimental 
procedure consisted of bombarding cylindrical samples 
with monoenergetic neutrons and recording the time- 
of-flight spectrum in a 20-channel analyzer. A run 
with the scatterer removed yielded the background to 
be subtracted. Complete angular distributions were 
taken and then repeated from two to five times. 

The scattering samples consisted of elemental metals 
in the form of cylinders 5.08 cm long by 2.54 cm in 
diameter. The purity of all samples, as stated by the 
manufacturers, was 99% or better. The radiogenic lead 
sample was obtained from the Atomic Energy of Canada 
Limited, and the spectrographic analysis given by them 
was Pb™, 0.08%; Pb™*, 88.25%; Pb*’, 8.78%; and 
Pb™®, 2.92%. 

Neutrons from the D-D reaction were obtained by 
bombarding deuterium in a gas cell with a mean deu- 
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Fic. 3. Time-of-flight spectrum of 15.2-Mev neutrons 
scattered from lead. 


teron current of 0.4 microampere. The deuterons entered 
the cell through a nickel foil 0.00025 cm thick. Gas cells 
ranging in length from one to three centimeters were 
used at pressures ranging from one to three atmospheres. 
The tritium target used to produce 15.2-Mev neutrons 
from the T(d,)He* reaction consisted of tritium gas 
absorbed in zirconium metal. This target was approxi- 
mately 160 kev thick for incident deuterons of 300 kev. 
The neutron detector consisted of a plastic scintillator 
(Pilot B) optically coupled to an RCA 6342 photo- 
multiplier tube. The detector was biased so that the 
threshold, i.e., the point at which the efficiency attained 
one-half of its maximum value, was 0.5 Mev. This was 
determined experimentally 
with T(,”) neutrons. 


by calibrating the detector 
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Okhuysen and J. T. Prud’homme, Phys. Rev. 116, 
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Ill. RESULTS 


Figures 1 and 2 show time-of-flight spectra of 4.21- 
Mev neutrons scattered from yttrium and zirconium. 
These spectra were taken at 90° using a flight path of 1 
meter. The resolution, width at half maximum, of the 
system for the elastic peak was between 5 mysec and 
7 mysec. The only inelastic neutron group which was 
resolved in these spectra was that caused by excitation 
of the 2.18-Mev level in zirconium-90. The unresolved 
peak just to the left of the elastic peak in the yttrium 
spectrum was caused by neutrons which resulted: from 
excitation of the first two levels in yttrium-90 (0.91 and 
1.50 Mev). 

Figure 3 shows a typical time-of-flight spectrum of 
15.2-Mev neutrons scattered at 90° from lead. The 
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Fic. 4. Relative angular distributions of the neutrons inelas- 
tically scattered from iron, yttrium, zirconium, radiolead (88° 
lead-206), and bismuth. The bombarding energies and energy 

reads are indicated, as well as the energy interval comprising 
the energies of the inelastically scattered neutrons for which the 
angular distributions were measured. 


presence of the elastically scattered neutrons was ob- 
scured by the large background of neutrons from the 
target which penetrated the shielding. The resolution of 
the spectrometer was not sufficient to resolve inelastic 
neutrons of energies greater than about 4.0 Mev from 
the elastic neutrons. Consequently, the angular distri- 
butions given include only neutrons whose energies lie 
in the interval from 0.5 Mev to 4.0 Mev. 

Relative angular distributions of the inelastically 
emitted neutrons were obtained from time-of-flight 
spectra taken at each angle. The analysis consisted of 
subtracting the background and integrating the number 
of counts between the two pulse heights corresponding 
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Fic. 5. Relative angular distributions of the neutrons 
inelastically scattered from common lead. 


to the energy limits given for each of the angular dis- 
tribution curves. 
after subtraction of the background, the contribution 
due to the tail of the elastic peak was subtracted. This 
contribution 
number of counts. 
each angle was normalized to the corresponding number 
of counts at 90° 
angular distributions of the 
tempt was made to determine cross-section values. 


From the number of counts obtained 
was always less than 10% of the total 
The nuraber of counts obtained for 


. Since our primary aim was to measure 
inelastic neutrons, no at- 


Angular distributions for neutrons inelastically scat- 
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Fic. 6. Relative angular distributions of the neutrons emitted 
from iron, yttrium, zirconium, and lead in the energy interval from 
5 to 4.0 Mev due to bombardment with 15.2-Mev neutrons. 
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tered from various elements at 4.2 Mev are shown in 
Fig. 4. The interval of inelastic neutron energies taken 
and the incident neutron energy spreads are indicated 
in the figures. Figure 5 shows angular distributions ob- 
tained with a lead scatterer for various incident energies 
and energy spreads. In all cases, the distributions are 
isotropic to within the experimental errors (+15%). 
These results are in agreement with the predictions of 
the statistical theory and with the recent results of 
Thomson et al." 

Figure 6 shows the angular distributions of neutrons 
of energies from 0.5 to 4.0 Mev nonelastically emitted 
from various elements for an incident neutron energy of 
15.2 Mev. No significant deviations from isotropy were 
observed. 

The angular distributions were not corrected for 
multiple scattering, but due to the fact that the amount 
of anisotropy was smail, the distortions introduced in 
the distribution by multiple scattering were estimated 
to be less than about 5%. Cranberg and Levin,’ as well 
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as Landon et al.,° have made measurements to test this 
assumption, and they have found that the error intro- 


duced by multiple scattering was negligible. 
IV. CONCLUSION 


From the data in the energy region from 3.7 to 4.7 
Mev we conclude that, for these energies and for the 
elements studied, the upper limit for any anisotropy 
due to direct interaction is 15%. 

For incident neutrons of 15.2 Mev, our results also 
show that the low-energy neutrons (0.5 to 4 Mev) from 
nonelastic scattering result from compound nucleus 
formation, in agreement with the results of O’Neill? and 
of Rosen and Stewart.’ 
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Energy spectra of deuterons from (p,d) reactions on medium and heavy weight « 
The experimental method of particle identification is described. The spectra show gross stru 
of strong selection rules. The gross structure can be correlated with nuclear shel! structure, 
which are most strongly excited are those which have the same shell configuratior 
neutron missing. Angular distributions confirm the shell assignments. This leads to a pict 
mechanism for (p,d) reactions in which the incoming proton interacts principally with a single ne 


rather than with the nucleus as a whole 


INTRODUCTION 


PREVIOUS study of (p,d) reactions with 22-Mev 

protons showed striking similarities among the 
deuteron spectra from lead isotopes and bismuth.’ A 
survey of (p,d) spectra from various elements showed 
that the shapes of the spectra could not be interpreted 
as being due to the product of a level density and a 
Coulomb-barrier penetration function; the intensity of 
deuterons falls off with decreasing energy well above the 
Coulomb barrier.” In the survey, however, the resolution 
was not sufficient to show detailed structure. 

The present work was undertaken to explore the struc- 
ture of deutron spectra from (p,d) reactions and to look 
for element-to-element regularities in the structure of 
the kind suggested in reference 1. 


* Operated for the U 
Carbide Corporation 

1B. L. Cohen and S. W. Mosko, Phys. Rev. 106, 995 (1957). 

? B. L. Cohen and A. G. Rubin, Phys. Rev. 114, 1143 (1959). 
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APPARATUS 


The proton source is the external beam of the Oak 
Ridge National Laboratory 86-inch cyclotron which 
provides 22.2-Mev protons magnetically analyzed by a 
15-deg bending magnet. The protons strike a target in 
the center of a 24-in. diam scattering chamber and stop 
on a carbon block in a Faraday cup attached to a direct- 
current integrator. A proportional-counter-scintillation- 
counter telescope similar to one previously described? is 
mounted on the continuously rotatable upper part of 
the scattering chamber. The proportional counter is 
cylindrical with the particle path on the axis and a 
0.001-in, tungsten anode wire displaced from and paral- 
lel to the The 
aluminum foils sealed 


axis. windows are 2.8 mg/cm? full hard 


against neoprene O rings. The 
dist nce 


window-to-window is approximately 10 cm. 


7C. D. Goodman a 


Rev. 110, 676 (1958 
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The scintillation crystal is NaI(Tl) canned in an air- 
tight mount.‘ 

The proportional counter is usually filled to 14 atmo- 
spheres with a gas mixture consisting of 90% argon and 
10% methane. In some instances, when only high- 
energy deuterons are being counted, the gas pressure 
is increased to two atmospheres to enhance the dis- 
crimination between protons and deuterons. 

The pulses from the two counters are amplified in 
doubly differentiating (DD2) amplifiers’ and fed to a 
pulse-multiplier circuit, the output of which is of the 
form, 


P=(E+kAE+Ey)(AE), 
where E is the pulse height from the scintillation 


counter, AE is the pulse height from the proportional 
counter, and k and EZ, are adjustable constants. The 


























Fic. 1. Block diagram of electronic circuitry. 


multiplication is performed with the use of two Ray- 
theon QK329 analog square law tubes, in a circuit 
similar in logic to one designed by Briscoe.* 

Figure 1 shows a block diagram of the system. The 
pulse shapers preceding the multiplier remove the 
negative swings of the amplifier output which would 
otherwise appear as a positive output from the squaring 
tubes, since they perform four quadrant squaring. The 
steep falling edge of the pulse, characteristic of the out- 
put of the DD2 amplifier is maintained. The integral- 
differential pulse-height selectors are of Fairstein’s 
design’ in which the output pulse occurs on the falling 
edge of the input pulse. This feature minimizes the time 


*C. D. Goodman and J. L. Need, Oak Ridge National Labora- 
tory Report ORNL Nc.-2066 (unpublished). 

* E. Fairstein, Rev. Sci. Instr. 27, 475 (1956). 

* W. L. Briscoe, Rev. Sci. Instr. 29, 401 (1958). 

7 E. Fairstein, Rev. Sci. Instr. 27, 549 (1956). 


REACTIONS AT 


22 MEV 


MULTIPLIER OUTPUT 


SCINTILLATION COUNTER OUTPUT 


Fic. 2. Time exposure of oscilloscope display. The vertical line 
at the left represents the gating band chosen for counting deu- 
terons. The horizontal line at the bottom and the flare around it 
result from gamma-ray pulses from the scintillation counter. The 
long band is due to protons, and the spots to the right of the 
vertical mark are due to ceuterons. 


jitter in the system. The circuit was modified to give 
separate control of the top and bottom of the slit. Such 
an analyzer on the multiplier output is used to gate a 
twenty-channel pulse-height analyzer which records 
the deuteron energy spectrum. The system shown within 
the dotted lines is a system for displaying the multiplier 
output vs energy on an oscilloscope and is identical to 
the system used previously at this Laboratory.’ Figure 2 
shows a time exposure of the oscilloscope display, and 
Fig. 3 shows the corresponding pulse-height spectrum 
from the multiplier for the entire energy band accepted 
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Fic. 3. Pulse-height spectrum from multiplier taken simul- 
taneously with the picture of Fig. 2. Protons on iron at 35°. 
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Fic. 4. Typical spectra of deuterons from proton bombardment 
of the targets indicated. 


by the system. The lowest pulse-height group corre- 
sponds to protons, the second to deuterons, and the 
third to tritons. The proton peak is double because the 
multiplier parameters are adjusted to make the very 
intense peak due to elastically scattered protons come 
to a lower pulse height than the rest of the proton dis- 
tribution. This condition minimizes the counting of 
elastically scattered protons within the deuteron gating 
band. 
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Taste I. Isotopic analyses of Zr targets 


Major 


isot« ype 


Zr™® 


90 98.66 
91 6.91 
92 2.00 


All targets except yttrium and the separated isotopes 
of zirconium were thin metal foils of natural isotopic 
abundances. The Zr™, Zr”, and Zr® targets were pre- 
pared from enriched isotopes in the form of ZrO,. The 
oxide was suspended in polystyrene dissolved in xylene 
and poured in a y linder pla ed over a piec e of 0.0005- 
in. thick Mylar. The suspension was allowed to settle 
and most of the xylene was decanted off. The remainder 
was allowed to dry and the polystyrene served as a 
binder. The isotopic abundances in the enriched targets 
are given in Table I 


RESULTS AND DISCUSSION 


Figures 4, 5, and 6 show a surve y of deuteron spectra 
from several targets of various atomic weights taken at 
45 deg with m axis. The spectra are 
plotted as counting rate per Mev vs Q of the reaction, 
where (Q is defined in the usual manner as the center-of- 
mass kinetic energy of the final system minus the center- 
e initial system. Due to un- 
cknesses and beam energy, 
error by as much*as 0.5 Mev. 
utput of the 20-channel 


respect to the bea 


of-mass kinetic energy of tl 
certainties in the target 
the O values may be 

The reduction of data from the 


RELATIVE CROSS SECTION (CURVES ARBITRARILY DISPLACED) 


Fic. 5. Typical spectra of deuterons from proton bombardment 
of the targets indicated. 
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analyzer was performed on an IBM 704 computer with 
a data-analysis code called CONDAC I.* This code 
takes into account the energy loss of the particles in the 
absorber between the target and the scintillation crystal 
and also performs the solid angle transformation from 
the laboratory system to the center-of-mass system. 

Spectra for Ti, V, Rh, Cd, and Au were also obtained 
with 19-Mev protons by degrading the cyclotron beam 
with an aluminum absorber. The analyzed spectra show 
peaks at the same values of Q as the 22.2-Mev spectra. 
This indicates that the deuteron energy is not an im- 
portant parameter in the gross structure. 

Gross structure in the spectra of Figs. 4, 5, and 6 is 
apparent and there is a hint of element-to-element 
regularities. The systematics of this gross structure 


suggests a model for the (p,d) reaction at these energies 


based on the following three assumptions: (1) The (p,¢) 
reaction takes place by a direct interaction; in particu- 


6 6 


-O (Mev) 


Fic. 6. Typical spectra of deuterons from proton bombardment 
of the targets indicated. 


lar, the incident proton “picks up” a neutron from the 
nucleus. (2) The shell model provides a good represen- 
tation of the initial and final states. (3) The interaction 
of the proton is principally with the neutron which it 
picks up so that the configuration of the rest of the 
target nucleus remains unchanged. 

To test the validity of this picture, (p,d) spectra were 
obtained for the nuclides Y®, Zr™, Zr™, Zr”, and Nb”. 
These targets span the region of the closed neutron 
shell at N=50 which provides‘a large gap in the single 
particle levels that should be evidenced in the deuteron 
spectra. The deuteron spectra from these targets, taken 
at 30 deg, is shown in Fig. 7. 

The similarity between these spectra is quite striking 
and in good agreement with the proposed mechanism. 
The neutron single-pariicle levels in the region N = 50 


* The CONDAC I code was prepared by Mr. B. D. Williams. 
Copies may be obtained by writing the authors. 
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Fic. 7. Spectra of deuterons from preton bombardment of sepa- 
rated zirconium isotopes, yttrium, and niobium. A peak appears 
near (= —8 for all these targets but has been omitted in this 
drawing except for the Zr” target. The peak is apparently due 
to nitrogen on ‘he target. 


are shown in Fig. 8.° Y® and Zr™ each has fifty neutrons 
which is a closed major shell. The broad triple peak ob- 
served for these elements is attributed to picking up 
neutrons from the gojz level and other nearby levels. 
Zr has 51 neutrons and hence one neutron beyond the 
closed shell of 50. The broad triple structure observed 
for Y® and Zr® is again seen and is attributed to picking 
up a neutron from the same levels as before. The extra 
peak at Q0=—5 Mev is attributed to picking up the 
neutron from the d, level. This same agrument is easily 
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Fic. 8. Order of 
shell model states for 
neutrons (reference 
9). 
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“©M. G. Mayer and J. H. D. Jensen, ‘ismentory Theory of 
Nuclear Shell Structure (John Wiley & Sows, “iw York, 1985). 
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Fic. 9. Angular distribution of the deuteron group from 
Zr" (p,d)Zr™ to the ground state of Zr. 


extended to the Zr” and Nb® targets where a pair of 
neutrons are found beyond the closed shell. A peak near 
Q= —8 appears on all the spectra of Fig. 7 but has been 
omitted except for Zr”. This is apparently due to nitro- 
gen on the targets; an enhanced peak in that position 
was obtained by heating a niobium foil in a nitrogen 
atmosphere before using it as a target. 

An examination of the curves shows that the peak 
corresponding to removal of the neutron from the pair 
beyond the closed shell is shifted in energy by about 
1.5 Mev from the position of the peak for picking up 
the single neutron beyond the closed shell in Zr". This 
energy difference is thus the pairing energy for the dy 
level. 

If this interpretation is correct, the angular distribu- 
tions of the peaks should be characteristic of the orbital 
angular momentum of the picked-up neutron.” An 
angular distribution for the peak in the Zr™ spectrum 
at approximately Q 5 Mev is shown in Fig. 9. The 
solid line is the spherical Bessel function [ 7,(Qr) P which 
is a simple approximation of the theoretical angular 
distribution rather than the full expression of the 
Butler theory involving a Wronskian and a form factor. 
Employment of the simple square of the Bessel function 
approximation requires the use of a somewhat large 
nuclear radius but remains definitive enough to enable 
the selection of the proper / value for the pick up. This 
is amplified below. In the case of Fig. 9 the fit is for /=2 
with a value of R=7.77 fermis. The known spin of the 
Zr" ground state is 5/2, and the shell-model assignment 
of the odd neutron is dy. Thus the pickup of the odd 
neutron of Zr* leaving the 0* ground state of Zr® would 


” S. T. Butler, Phys. Rev. 106, 272 (1957). 
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observed 
his transition agrees with the 
| the Q value as obtained from 


correspond to an /=2 transition. That the 


peak corresponds 
angular distribution an 
mass data." 

If one accepts the interpretation of (p,d 
proposed here, the (~,d) reaction becomes a very con- 
venient tool for examining the position and properties 
of filled neutron states. A good example of this is the 
case of Zr™. It is probable that the dy and gz2 levels for 
neutrons lie quite clos« in fact, for protons 
the gzy2 fills first). With a pair of neutrons beyond the 
closed shell, Zr” has a ground-state spin of O*. It is not 
apparent whether the trons are paired in the dy 
level or if the additional pairing energy of the g state 
: level. 


reactions 


together 


‘ 


wo nel 


will cause them to pair in the g; 

The angular distribution for the deuteron peak 
leading to the ground state of Zr® is almost identical 
with that of Fig. 9. This says that it is also an /=2 
transition, and the two neutrons beyond the closed shell 
at 50 pair in the dy level. 

In the case discussed above, identification of the 
proper / values for the transitions has been made using 
only the square of the spherical Bessel function. This 
results in a somewhat large value of the nuclear radius 
parameter ro. For the case of Zr”, the spherical Bessel 
fit yields an ro=1.7X10-" cm. Fitting the first maxi- 
mum with the more complete Wronskian form of the 
Butler theory yields a nuclear interaction radius which 
makes ro= 1.3 10-" cm." It is felt that for identifica- 
tion of | values, the ease in calculating the simple Bessel 
function makes it preferable to the Wronskian form. 

The broad triple peak occuring in the Y® and Zr” 
spectra suggests that there are three single-particle 
levels lying near each other at the closed neutron shell 
of N=50. Inability to resolve these peaks adequately 
with the makes identification of the 
levels uncertain 


present system 
For general survey w reaction in 
the identification of sing] 
sufficient resolution to define individual levels is re- 
quired. In the case of zirconium isotopes, the target 
thickness was the limiting factor, and an effort is being 
made to prepare thin, uniform targets of the zirconium 
isotopes. A magnetic analysis system is being set up 
which should improve the energy resolution over that 


s, a system with 
1of 


which is represented in the present work 
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Radioactive Decay of Lu'” 
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Ytterbium oxide enriched to 95.9% in mass number 172 was 
irradiated with 6-Mev protons. An activity decaying by electron 
capture with a half-life of (6.70+0.04) days was produced and its 
assignment to Lu'” confirmed by the identification of the ytter- 
bium K x ray and by comparison with the activities produced by 
similar proton irradiations of the other enriched isotopes of 
ytterbium. The 4.0-hour positron activity previously assigned to 
Lu'” was not observed and is best attributed to an impurity. The 
observed activity of Lu'™ consists of the L and K x rays of ytter- 
bium and gamma rays with energies of 79, 91, 113, 182, 203, 270, 
324, 373, 490, 527, 697, 809, 900, 912, 1093, 1402, and 1583 kev. 
Because no positron radiation exists in the activity of Lu'®, the 
mode of decay is solely by electron capture to Yb'”. Gamma- 
gamma coincidence measurements, energy considerations, and 


INTRODUCTION 


WO activities have been assigned to Lu'”; one de- 
caying by electron capture with a half-life of 6.7 

days and one decaying by positron emission with a half- 
life of 4.0 hours.' Absorption measurements led to the 
conclusion that the 6.7-day activity includes gamma 
radiation of about 1.2 Mev and that the energy of the 
positron in the 4.0-hour activity is about 1.2 Mev. Eight 
transition energies have been assigned to the 6.7-day 
activity following the proton irradiation of natural 
ytterbium oxide.? These data were reported to suggest 
energy levels of 78.7 and 260.2 kev in Yb'”. Twenty- 
nine conversion electron energies have been measured 
in an activity with a half-life of 7 to 8 days found in the 
lutetium fraction produced by the irradiation of tan- 
talum with 660-Mev protons.’ The corresponding transi- 
tions were associated with the activities of Lu'™ and 
Lu'” which have similar half-lives, but no specific 
assignments were made. In a lutetium activity produced 


in the same way as that of the preceding reference and ' 


having the same half-life range, 47 transitions were ob- 
served by conversion electron measurements.‘ The 
transitions were again all associated with the activities 
of Lu'™ and Lu'” but some assignments to the indi- 
vidual activities were made. A recent investigation of 
conversion electron energies following the proton irra- 
diation of enriched isotopes of ytterbium has resulted 
in the assignment or confirmation of 30 transitions 


'G. Wilkinson and H. G. Hicks, Phys. Rev. $1, 540 (1951). 

2 J. W. Mihelich, B. Harmatz, and T. H. Handley, Phys. Rev. 
108, 989 (1957). 

* Iu. G. Bobrov, Ia. Gromov, B. G. Dzhelepov, and B. K. Preo- 
brazhenskii, Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 21, 940 (1957) 
{ translation: Bull. Acad. Sciences U.S.S.R. 21, 942 (1957) ]. 

*V. M. Kel’man, R. Ia. Metskhvarishvili, B. K. Preobrazhen 
skii, V. A. Romanov, and V. V. Tuchkevich, Zhur. Eksp. i Teoret. 
Fiz. 35, 1309 (1958) [ translation: Soviet Phys.—JETP 35(8), 914 
(1959) }. 


consideration of the relative numbers of the radiations observed 
in the activity of Lu'™ have led to the assignment of energy levels 
at 530 (6+), 1172 (3+), 1263 (4+), 1375 (54-), 1662 (3—), 
(1699), and 2072 (4+-) kev in Yb'” in addition to the previously 
known 78.7 (2+-)- and 260.2 (4+4-)-kev levels. The positions of all 
of the observed radiations and some observed only in conversion 
electron measurements are shown in a proposed energy level 
scheme for the decay of Lu'”. Approximate branching ratios for 
the electron capture disintegrations of Lu'” are also shown in the 
level scheme. Few, if any, electron capture transitions of Lu'™ 
occur to the ground and first excited states of Yb'”. Of the two 
predicted spins for the ground state of Lu'”, 4— is more consistent 
with the proposed energy level scheme 


specifically to the activity of Lu'".* Elimination of these 
latter transitions from the composite groups of the two 
preceding references and combination with those of 
reference 2 yields a group of transitions with a maximum 
energy of about 1100 kev which should comprise the 
6.7-day activity of Lu'”. 

Coulomb excitation of natural ytterbium oxide has 
led to the assignment of a 79-kev level to Yb'”.*’? 
Gamma rays of energies 79, 113, 181, 203, 325, 370, 
525, 820, 900, and 1090 kev were associated with the 
electron capture decay of the 6.7-day activity of Lu'” 
produced by the irradiation of natural lutetium oxide 
with 250-Mev betatron bremsstrahlung.* Energy levels 
of 373.1, 576.9, 901.5, 1082, and 1990 kev were assigned 
to Yb'” in addition to the previously reported 78.7- 
and 260.2-kev levels. These assignments were made on 
the bases of some gamma-gamma coincidence measure- 
ments and energy considerations. Gamma rays of 
energies 0.076, 0.18, 0.40, 1.09, 1.49, and 1.79 Mev have 
been observed following the 8- decay of the 64-hour 
Tm'” activity.’ Recently the enriched isotopes of 
ytterbium have become available and it is the purpose 
of this paper to discuss the results of an investigation 
of the activity of Lu'” produced by proton irradiations 
of the enriched isotopes of ytterbium. 


EXPERIMENTAL RESULTS 


Ytterbium oxide enriched to 95.9% in the 172 mass 
number was irradiated with 6-Mev protons. The com- 


‘B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev. 
114, 1082 (1959) 

*G. M. Temmer and N. P. Heydenburg, Phys. Rev. 100, 150 
(1955). 

7 E. L. Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and H. Mark, as reported in D. Strominger, J. M. Hollander, and 
G. T. Seaborg, Revs. Modern Phys. 30, 585 (1958) 

*L. T. Dillman, R. W. Henry, N. B. Gove, and R. A. Becker, 
Phys. Rev. 113, 635 (1959) 

*D. R. Nethaway, M. C. Michel, and W. E. Nervik, Phys. Rev. 
103, 147 (1956). 
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position of the remaining portion is in percent: 0.02 
Yb'®*, 0.08 Yb'”, 1.18 Yb'™, 1.47 Yb’, 1.14 Yb) and 
0.19 Yb'”*. The atomic number of the resulting activity 
was determined by the identification of the ytterbium 
K x ray which was compared with the known K x rays 
of europium, terbium, thullium, ytterbium, lutetium, 
and tantalum emitted from radioactive Gd'*, Dy'®, 
Yb'®, Tm'”, Hf'”*, and W'*!, respectively. Ion-exchange 
separation was deemed unnecessary. 

In order to determine the mass number of the ac- 
tivity, similar proton irradiations were performed on 
each of the other enriched stable isotopes of ytterbium 
and the resulting activities intercompared. None of the 
activities produced by these similar irradiations of the 
other enriched isotopes of ytterbium was found in 
identifiable quantity in the activity produced by the 
irradiation of enriched Yb'”. The activity obtained by 
the proton irradiation of enriched Yb'” was found in 
barely identifiable amounts in the activities produced by 
the irradiations of enriched Yb'" and Yb". This may 
be explained by the 3.4 and 2.3% of Yb'™ existing with 
the enriched Yb'™ and Yb", respectively. 

The half-life of the activity resulting from the proton 
irradiation of Yb'” is (6.70+0.04) days as determined 
by following the decay of the three most intense high- 
energy gamma rays for 5} half-lives as shown in Fig. 1. 
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Fic. 2. Gamma-ray 
spectrum of 6.70-day 
Lu!” (to 1200 kev). This 
spectrum is a composite 
of spectra taken at dif- 
ferent gains. Peak desig- 
nations are in kev. 
3X3-in. crystal was 
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The original assignment of the 6.70-day activity to 
~ > . 
Lu'” is therefore confirmed. A careful search was made 
following two irradiations of enriched Yb!” for the 4.0 
hour positron activity also previously assigned to Lu'”. 
No 4-hour annihilation radiation was observed in the 
gamma-ray spectrum of the activity resulting from these 
irradiations. It seems most probable that 
positron activity is attributable t 


the 4-hour 
an impurity. 

L and K x rays of ytterbium were detected in the 
activity of Lu'” with a Geiger tube used with aluminum 
and beryllium absorbers. Figure 2 shows the observed 
gamma-ray spectrum (to 1200 kev) of Lu'” which in- 


cludes gamma rays with energies of 79+1, 90+5, 


Taste II. Calculations for relative 
transitions in the activity of Lu'”. Columns 2, 3, and 4, respec- 
tively, are the ratios of the total number of transitions to the 
number of gamma rays, K-converted transitions, and transitions 
converted in the ¢ shell as indicated in column 5. The a’s were 
obtained from Rose.* N; are the relative total numbers of transi- 
tions obtained from the products of the values in column 4 by the 
appropriate relative numbers of conversion electrons given by 


Mihelich et al.® 


numbers of low-energy 


E,(kev) 


78.7 
90.6 
112.8 


181.5 


203.4 3 5 ‘ , 340 
550 

2 a 415 

270.1 1.1 6 ) 300 


* M. E. Rose, Internal 
Company, Amsterdam, 1958 


>» See reference 2 
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11342, 18242, 20347, 27043, 32445, 37343, 
490+7, 52744, 69745, 80945, 90047, 912+7, 
109344, 1402415, and 1583410 kev. No evidence of 
positron activity was found in Lu'” by the method of 
plastic scintillation spectrometry, by the use of a Geiger 
tube with aluminum and beryllium absorbers, nor by a 
search for annihilation radiation in the gamma-ray 
spectrum. Therefore the mode of decay of Lu'” is solely 
by electron capture to Yb'™. 

The fourth column of Table I gives the relative number 
of counts under the spectral distribution after correction 
for crystal efficiency of the observed radiations listed 
in the third column. The value 82 in the last column of 
Table I was obtained by multiplying 8.1 in the third 
column by 10.1 in the second column of Table II. The 
value 29 was obtained in a similar manner. The values 
20, 3, 8, and 5 in the last column of Table I were ob- 
tained by multiplying, respectively, the appropriate 
numbers in the last column of Table II by the ratio 
82/4200. The last number in the fifth column of Table I, 
107, is the number of K x-ray producing events of which 
only 100 are observed because the K-fluorescence yield 
in ytterbium is 0.937.” 

Table III is a tabulation of the coincidence informa- 
tion for the activity of Lu'” obtained with a coincidence 
circuit of resolving time 2r=3X10~ sec and with two 
1}-inch by 2-inch NalI(T1) crystals used at either 90° 
or 180°. This information was obtained from the analy- 
sis of 25 coincidence measurements some of which lasted 
for 14 hours. Figure 3 shows four typical coincidence 
spectra. The upper curve in each case is the noncoinci- 
dence spectrum. Curve A shows the 91-kev gamma ray 
which is obscured by the 79-kev gamma ray in the non- 
coincidence spectrum and that the 91-, 113-, and 182- 
kev gamma rays are in coincidence with the 79-kev 
gamma ray. Curve B shows the 203- and 270-kev gamma 
rays which are obscured in the noncoincidence spectrum 
and that the 79-, 113-, 203-, and 270-kev gamma rays 
are in coincidence with the 182-kev gamma ray. Curve C 
shows clearly that the 527- and 373-kev gamma rays 
are in coincidence and that this cascade is parallel to the 


” A. H. Wapstra, G. J. Nijgh, and R. Van Lieshout, Nuclear 
Spectroscopy Tables (North-Holland Publishing Company, Amster- 
dam, 195%). 
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Taste III. Coincidence data for Lu'”. Gamma-ray energies in kev. 
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697-, 810-, and 900-kev gamma rays but in coincidence 
with the 1093- and 912-kev gamma rays. Curve D shows 
that the 373-, 527-, 697-, 809-, and 900-kev gamma rays 
are in coincidence with the 1093-kev gamma ray. This 
coincidence spectrum was interpreted to show the rela- 
tive amounts of the 809 and 900 gamma rays in co- 
incidence with the 1093 gamma ray and hence in the 
absence of the 912 gamma ray. The ratio of the heights 
of the 809 and 900 photopeaks was corrected for energy 
efficiency and found to be 1.00/1.64. The ratio of the 
heights of the 9004-912 gamma rays to the 809 gamma 
ray in the noncoincidence spectrum is 37/17 as shown 
in Table I. From these two ratios, the ratio of 900 to 912 
gamma rays is 3.1. A similar calculation was made using 
the coincidence spectrum gated by the 900, 912 peak. 
The result gave a range of values which includes that 
obtained above. 
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Fic. 3. Typical gamma-gamma coincidence spectra obtained 
for the activity of Lu'” with a coincidence circuit of resolving time 
27=3X10°* sec. Peak designations are in kev. The upper curve 
in each case is the noncoincidence spectrum. Individual coinci- 
dence spectra are coincidences gated by 79-kev events for curve A, 
by 182-kev events for curve B, by 373-kev events for curve C, and 
by 1093-kev events for curve D. 
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DISCUSSION 


Figure 4 shows a proposed energy level scheme for the 
decay of Lu'”. Energy levels of 530 (6+), 1172 (3+), 
1263 (44+) 1375 (5+), 1662 (3—), (1699), and 2072 
(4+) kev are assigned to Yb'” in addition to the pre- 
viously known 78.7 (2+-)- and 260.2 (4+-)-kev levels. 
These new assignments are made on the bases of gamma- 
gamma coincidence measurements and by consideration 
of the energies and the relative numbers of the gamma 
rays and of the rules governing transitions among levels 
in the region of elliptically deformed nuclei, particularly 
the rules of K forbiddenness. The accuracy of the 
energies of these levels has been obtained by the use of 
the energies of the transitions in Yb'” resulting from 
the conversion electron measurements of references 2 
and 4. Because this energy level scheme differs greatly 
from the one previously proposed as mentioned in the 
Introduction, an explanation of the scheme resulting 
from this investigation is given below. 

The 1093- and 900-kev gamma rays are intense and 
in coincidence in agreement with reference 8. Four argu- 
ments for placing the 1093-kev transition immediately 
preceding the 79-kev transition, and the 900-kev transi- 
tion therefore preceding the 1093-kev transition im- 
plying levels of 1172 and 2072 kev in Yb'™ are (1) the 
1093- and 900-kev gamma rays are both in coincidence 
with the 79-kev gamma ray, (2) the 900-kev gamma ray 
is, and the 1093-kev gamma ray is not in coincidence 
with the 182-kev gamma ray, (3) the number of K 
x rays after accounting for K conversion of the low- 
energy transitions in Yb'” is not sufficient to account 
for K capture to the levels of Yb'” if the 79-kev transi- 
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tion and the 900-1093-kev cascade both occur to the 
ground state of Yb'”, (4) the 79- and 1093-kev transi- 
tions have been observed following the 8 decay of 
Tm'” but the 900-kev transition has not. For these 
reasons levels of 1172 and 2072 are assigned to Yb". 

The 900-kev gamma ray is in coincidence with the 
912-kev gamma ray and the latter transition fits be- 
tween the 1172- and 260-kev levels. The 809-kev gamma 
ray is in coincidence with the 1093-kev gamma ray and 
the composite 900- and 912-kev peak although more 
predominantly with the former, implying that the 
809-kev transition is in coincidence with only one of 
the two transitions in the composite peak. The 809-kev 
gamma-ray coincidence spectrum shows both the 79- 
and the 91-kev gamma rays but the 91-kev more pre- 
dominantly. It is observed that the sum of the energies 
of the 809- and the 91-kev gamma rays is 900 kev. Thus 
the 809-91-kev cascade parallels the 900-kev transition 
with their orders undetermined. The 91-kev 
transition has been designated as FE, from conversion 
electron measurements’ and is highly internally con- 
verted. This explains why the 91-kev gamma ray is 
weaker than the 809-kev gamma ray in the gamma-ray 
spectrum. The 697- and 203-kev gamma rays are in co- 
incidence and their energies total 900 kev. The 113-kev 
gamma ray and the 91- and 697-kev gamma rays are in 
coincidence, and the 203-kev gamma ray is in coinci- 
dence with neither the 91- nor the 113-kev gamma rays. 
The 113- and 203-kev gamma rays have been designated 
as EE, from conversion electron measurements.? The 
79-, 113-, and 203-kev transitions may be assumed to 
be transitions among the levels of an excited rotational 
band with the 1172-kev level as its ground state. These 
levels are then all populated by transitions from the 
2072-kev level. Thus levels of 1263 and 1375 kev are 
proposed as members of an excited rotational band in 
Yo. 

The 373-, 527-, and 1093-kev gamma rays are all in 
coincidence and the energies of the first two total 900 
kev. Thus there is another cascade between the 2072- 
and 1172-kev levels. The 373- and 527-kev gamma rays 
have nearly the same intensity, however their order 
has not been proved. The existence of a weak 324-kev 
transition in both the observed gamma-ray spectrum 
and the conversion electron spectrum of reference 4 
favors the placement of the 373-kev transition higher 
because the energy difference between the implied 1699- 
kev level and the 1374-kev level is 324 kev. Thus a level 
of 1699 kev is tentatively assigned to Yb'™. 

The low intensity 1402- and 1583-kev gamma rays 
are both observed in the coincidence spectrum of the 


is vet 


79-kev gamma ray but only the lower energy one is ob- 
served in coincidence with the 182-kev gamma ray. A 
level of 1662 kev is therefore implied from which transi- 
tions occur to the first and second excited levels of the 
ground state rotational band. It should be noted that 
these are the only observed transitions which cross over 
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the 1172-kev level. This 1662-kev level is also favored 
by the existence of 410- and 399-kev transitions in the 
conversion electron spectrum of reference 4. These two 
transitions may occur between the 2072- and the 1662- 
kev levels and between the 1662- and the 1263-kev 
levels, respectively. One other transition, 1002 kev, ob- 
served in the conversion electron spectrum of reference 
4 but not in the gamma-ray spectrum has been fitted 
into the level scheme of Yb'™. 

Only the 270-kev gamma ray remains to be placed 
in the level scheme of Yb'”. This gamma ray is in co- 
incidence with the 182-kev gamma ray. The theoretical 
ratios for the excited ground-state rotational energies 
of even-even nuclei in this region of elliptically deformed 
nuclei are 1.00: 3.33: 7.00 for the first, second, and third 
levels, respectively. The experimentally observed values 
of these ratios are consistently smaller or about 
1.00: 3.30:6.75. These later ratios predict levels of 260 
and 531 kev in Yb'” for the second and third ground- 
state rotational levels. The 260-kev level has previously 
been established. Because the 270-kev gamma ray is in 
coincidence with the 182-kev gamma ray and the place- 
ment of the 270-kev transition immediately preceding 
the 182-kev transition results in a level with the energy 
predicted for the third rotational level, a 530-kev level 
with a spin of 6+ is assigned to Yb'”. 

The spins of the excited levels of Yb'” other than the 
ground-state rotational band will now be considered. 
The rotational band with a ground-state energy of 1172 
kev is assigned the K quantum number 3+ and hence 
spins of 3+-, 4+-, and 5+ to the 1172-, 1263-, and 1375- 
kev levels for the following reasons: (1) transitions from 
the 1172-kev level occur to the 2+ and 4+ ground-state 
rotational levels only, (2) no transitions are observed 
from the 1263- and 1375-kev levels to the members of 
the ground-state rotational band but rather to the 1172- 
kev ground-state level of this band, (3) the observed 
ratio of the energies of these levels above the 1172-kev 
ground state is exactly the same as the theoretical ratio 
of the energies of the levels of a rotational band with 
K=3+. The theoretical ratio is 2.25:1.00 from the 
formula EZ, « [J(J+1)—Io(Io+1)] where J» is the spin 
of the ground state of the band and J is the spin of the 
excited level. Reason (2) implies that K is greater than 
2 for this band. For rotational bands with K = 2, transi- 
tions to the K=0+ ground state do occur. For K=3, 
the rule of K forbiddenness, AK< L, makes transitions 
within the band where AK =0 much more probable than 
to the ground-state band for which AK=3. These 
transitions are either nonexistent or very weak. 

The fact that the 91- and 113-kev transitions are both 
predominantly £; is consistent with this choice because 
M;, radiation between members of a K=3 rotational 
band is highly hindered. The 203-kev crossover transi- 
tion is also EZ, in agreement with this choice. 

The choices of J=4+ and K=4+ for the 2072-kev 
level are made because transitions occur from this level 
to the three levels of the K = 3+ rotational band in the 


DECAY OF Lu''*® 1071 
relative amounts shown in Fig. 4 and because no transi- 
tions occur from this level to those of the ground-state 
rotational band. These latter transitions are highly K 
forbidden. 

The choices of J=3— and K=0— are made for the 
1662-kev level because (1) transitions occur from this 
level to the 2+ and 4+ levels of the ground-state ro- 
tational band, (2) these transitions cross over the 
K=3+ rotational band implying a low value for K, 
(3) this level is not strongly populated by electron 
capture as would be expected consistent with the spin 
assignment for the ground state of Lu'”. If this choice 
is correct, then the level with J=1— and K=0-— is not 
expected to be populated. 

71Luyo;'” is an odd-odd nucleus in the region of ellip- 
tically deformed odd-odd nuclei. The collective model 
predicts a doublet of states for such a nucleus, one of 
which is the ground state. ;,Lu'”® and 7Ybio:'" have 
measured ground-state spins of 7/2+ and 1/2-—, re- 
spectively. Therefore 7,Lujo:'" would be expected to 
have spins of 3— and 4—. The choice of J=4— and 
therefore K=4— for the ground-state spin of Lu'” is 
made because of the population by electron capture 
from Lu!” to the 4+ (0+), 6+ (04+), 54+ (3+), and 
4+ (4+) levels of Yb'”. The level scheme of Fig. 4 
accounts for all of the radiations observed in this in- 
vestigation and includes transitions corresponding to 
all 8 of those reported from conversion electron meas- 
urements in reference 2 and for 18 of those of reference 
4. The coincidence data of this investigation agree in 
some part with those of reference 8 but the few cases of 
disagreement have resulted in very different energy level 
schemes for the decay of Lu'”. However, all of the 
gamma rays reported in reference 8 were observed in 
this investigation. 

The bases for the spin and parity assignment made 
for the levels of Yb'” populated by the electron capture 
of Lu'” have been given. The multipole orders for the 
transitions between levels of Fig. 4 are shown in the 
third column of Table I. All of those multipole orders 
which have been determined from conversion electron 
measurements agree with these assignments. 

The approximate percentages of electron capture 
from Lu'” to the levels of Yb'” shown in Fig. 3 were 
obtained as described below. L capture is considered 
negligible with respect to K capture to all of the levels 
of Yb'”. From the 107 K x rays of Table I, one K x ray 
was subtracted for every K capture required to balance 
the difference between the number of transitions from 
an excited level and the number of transitions to the 
same level. K x rays were also subtracted to account for 
K conversion of all of the transitions in Yb'” for which 
this process is significant. The number of K x rays re- 
maining indicate that few if any electron capture transi- 
tions from Lu'” occur to the ground and first excited 
level of Yb'”. 

The 8 decay of Tm’” as reported in reference 9 fits 
into the proposed energy level scheme of Yb'”. Spins 
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of 2— and 3— are predicted for the ground state of 
Tm!” by the method described above. Tm!” with either 
of the two predicted spins and at sufficiently high energy 
might be expected to decay into the 2+ level of the 
ground-state rotational band, to the 1172-kev 3+ level, 
and to the 1— and 3— levels of the K=0— band which 
would produce the observed radiations mentioned in 
the Introduction. 
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Multiple Scattering of Polarized Electrons 


M. K. SUNDARESAN 
Department of Physics, Panjab University, Chandigarh, India 
(Received December 29, 1959 


The theory of multiple scattering derived earlier is used to evaluate the numerical 1 
depolarization produced due to multiple scattering in gold foil of thickness 1 mg/ 
of velocities: 8/c=0.6, 0.7, 0.8, 0.9. The depolarization effect is found to be extremely small 
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The correction 


due to multiple scattering to the electrostatic rotation of spins is also computed 


N a recent paper, Miihlschlegel and Koppe' have 

investigated the single and multiple scattering of 
polarized electrons with a view to obtaining expressions 
for the amount of depolarization produced due to these 
processes. They found that, since in the nonrelativistic 
approximation the polarization due to Mott scattering 
vanishes, the magnitude of the polarization vector P of 
the initial electrons remains unchanged; however, its 
direction is altered. In fact they have shown that this 
change in the direction of the vector P is exactly as 
though the polarized electrons were subjected to a 
transverse cylindrical electric field of constant magni- 
tude. They have investigated the possibility that, 
although the single scattering of the electrons leads 
only to a pure rotation of the polarization vector, the 
multiple scattering could lead to some depolarization 
due to the fact that electrons scattered at a given angle, 
on account of their different paths, would have their 
polarization vectors pointing in different directions. 
However, in their final analysis, they have used 
Moliére’s theory of multiple scattering which has been 
recently shown’? to involve an inconsistent approxi- 
mation. It is the purpose of this note to use the theory 
of multiple scattering of reference 2 to evaluate the 
numerical magnitude of the electrostatic rotation of the 
spins and the amount of depolarization produced, re- 
spectively. 

In the theory of multiple scattering, an expression 
for the “‘screening angle,” X,, has been derived on the 
basis that the experimental single scattering cross 
section at small angles is correctly represented if terms 

' B. Mihlschlegel and H. Koppe, Z. Physik 150, 474 (1958). 


? B. P. Nigam, M. K. Sundaresan, and Ta-You Wu, Phys. Rev. 
115, 491 (1959) 


of the first and second Born approximations alone are 
retained in the theoretical formula. X, is given by? 


i-f* 
Xa? = Xo"] 1+4ax ( InXo+ 
8 


where a=2Z/137 (Z being the atomic number of the 
scatterer and z the number of units of charge on the par- 
8 the velocity of the 
particle in units of the velocity of light, and 


0.2310 


+ iasse ) |, (0 


ticle undergoing scattering), 


Xo=u(AZ*/0.885 par). (2) 


Here p represents the momentum of the particle under- 
going scattering, do the Bohr radius, and uw a parameter 
to be suitably chosen to describe the multiple scattering 
angular distribution properly. By fitting the angular 
distributions of electrons multiply scattered in gold and 
beryllium at high energies (15 Mev), the value of u is 
found to be 1.80. A direct calculation of X, for beryllium 
from the variational wave function of the atom yields 
the value n= 2.1. There are reasons to believe that this 
value of u does not change very much with the energy 
of the incident particle as long as it is relativistic (@~1). 

The formula given above for X,, due to the very 
assumptions on which it is based, has greater validity for 
B values close to unity. We estimate that it should be 
quite good even for 8 values for the electron of the 
order of 0.6. For values of 8 much smaller than 0.6, 
errors will be introduced due to the more and more 
unreliable nature of the Born approximation itself. 


3 For comparison we also give Moliére’s expression for Xq 


Xa? =Xou"| 1 134+-3.76(a?/# ] Xow = AZ! 0.885 pas. 





MULTIPLE SCATTERING OF 


Taste I. Depolarization effect due to multiple scattering from 
gold foil of thickness 1 mg/cm? at d= 1.0. 
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A detailed discussion of our expression (1) for X, has 
already been presented in our earlier paper.” 

In the theory of multiple scattering an angle X, is 
introduced which is defined by 


X= 4eNieZ(Z+1)2*/(pc8)?, 


where N is the number of particles per cc in the scat- 
tering foil and / is the thickness of the scattering foil. 
A quantity 5 is introduced in the theory defined by 


b= € In(X,2/4)—In(X,""/4), 
where 
1 1 


-=In 
ey .. 


2aXo 
+}-C+ (1—6*)(1—C), 


2aXo 
and §=1+——(1-—8”). 


(Here C is Euler’s constant 0.577---). A transformation 
is made to another parameter B by means of 


B-—étlnB=), 


and the multiple scattering angular distribution /(6,/) 
is written in terms of B as an expansion parameter. It is 
clear that a change in the definition of X, from that due 
to Moliére will have a corresponding effect on B. 
Miihlschlegel and Koppe have given an expression 
for the depolarization due to multiple scattering in 


the form 
P=Pfi- (s?/4Bf)], 


where P» is the initial polarization, P the final polariza- 
tion after multiple scattering, s=[1—(1—*)!]*x.*B, 
and f is given by 


F(8) = f°(8) + (1/B) f™ (8) + (1/2 1B) f (8) 


with d= (6/x.B!). In the expression for f, the terms f‘” . 


and f™’ of our previous paper have not been included, 
because their effect on the distribution function is small 
at the small angles involved in multiple scattering. 
A proper treatment of the large angle scattering must 
include these terms and the calculations of Miihl- 
schlegel and Koppe have to be carried out without 
resorting to the small angle approximation. This we 
have not done here. However, formally the expression 
they have given for the depolarization due to multiple 
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Taste II. Electrostatic rotation of spins due to scattering from 
gold foil of thickness 1 mg/cm* at 0= 2.0. 
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0.2442 
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0.3391 
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scattering is valid in our treatment also; only, the 
quantity B is to be calculated using the correct ex- 
pression for X, given above. The change from Moliére’s 
B to our B is not negligible especially at the lower 8 
values where Moliére’s B are somewhat smaller than 
the correct B. However, due to the occurrence of s* in 
the numerator and B in the denominator in the expres- 
sion for the depolarization, the amount of depolarization 
is anyway extremely small and the error due to using 
Moliére’s theory does not make itself felt. In Table I 
we have presented the numerical value of (s?/4Bf) at 
= 1.0 for scattering from gold foil of thickness 1 mg/ 
cm? and £8 values ranging from 0.6 to 0.9. It is seen that 
the amount of depolarization is extremely small. 

Miihlschlegel and Koppe have also derived an ex- 
pression for the electrostatic rotation of the spins and 
it is given by 

n=+/sd[1—sa(d) }. 


Experimentally, P, which is the component of the 
polarization vector P perpendicular to the momentum 
is of significance. If » is the angle between P and the 
chosen gz axis, then we have P,= —P sin(@—»). Again 
the expression given above for is formally correct. 
The correction to the electrostatic rotation due to 
multiple scattering is represented by the function a(d) 
in their theory, and curves are plotted for a(#) as a 
function of # for different values of Moliére’s B should 
be replaced by our B in calculating the electrostatic 
rotation. In Table II we have given the value of 9 at 
= 2.0 for scattering from gold foil of thickness 1 mg/ 
cm? and § values ranging from 0.6 to 0.9. 

It is observed from the above that the calculated 
depolarization effects in multiple scattering are ex- 
tremely small. Hence, it does not seem possible to 
attribute the deviations in the measured value of 
polarization from the theoretical value of —#/c in the 
experiment of Frauenfelder et al.‘ to effects of multiple 
scattering in their even thinner analyzing foils. 
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The Lr, Li, Lon, M1, Mu, Mon, Mrv, N1, Nun, and O; conversion lines of a 26.22+0.01-kev transition 
in Pb** have been found from studies with electromagnetically separated samples of Bi®*. The transition, 
having M2 character, most probably takes place from a 4-msec ij3/2 state of 1014.0 kev to the 987.6-kev 
9/2- state, thus causing the latter state to appear metastable, as has earlier been reported. This suggestion 
is also supported by strong evidence for the existence of a 310.5-kev E3 transition between the isomeric 


state and the 703.3-kev state. The energy 1014.0 kev of the ija/2 state coincides wit! 
Pb™* earlier reported, and is found to fit well into the energy systematics of the 


in the odd lead isotopes. 


N isomeric 43/2 — fs2 transition in Pb*® has long 
been sought. From a systematic study of such 
transitions in Pb’, Pb™, Pb™, Pb**, and Pb*”’ (Stock- 
endal et al.') an M4 transition was expected to exist 
in Pb® with an energy of 980+40 kev and a half-life 
of 1.5+0.5 sec. However, no such transition was ob- 
served in the “milking” experiments performed with a 
sample of Bi®*. It was therefore suggested, among other 
alternatives, that the metastability of the i3/2 state in 
Pb** is destroyed by an underlying complex state of 
intermediate spin. This assumption was later supported 
by results of Schmorak et al.,? who made an extensive 
investigation of the decay of Bi**. The complex level 
scheme proposed by them includes energy levels at 703.3 
and 987.6 kev having spin and parity 7/2— or 9/2—. 
Recently, Vegors and Heath’ observed an activity of 
4.8+41.5 msec half-life in the decay of Bi*°*. The isomeric 
level was found to decay with the emission of 987.8-, 
703.3-, and 284.4-kev gamma rays, but no other gamma 
rays of energy greater than 10 kev were observed in the 
decay of this isomer. At first one might suspect that the 
987.8-kev transition is, after all, the M4 transition 
searched for in Pb®®. However, from a recent absolute 
measurement by Stockendal and Hultberg* of the K- 
conversion coefficient of the 987.8-kev transition, it 
must be concluded that the multipolarity is £2, as was 
already indicated in the experiments of Schmorak et al. 
Furthermore, the half-life of 4.8 msec experimentally 
found is considerably shorter than expected for an M4 
transition. 

There was, however, in the experiments of Vegors and 
Heath’ some evidence (L x-rays in coincidence with the 
987.8-kev gamma ray) that the 988-kev level itself 
may not be isomeric but that it may be fed entirely by 
a highly converted low-energy transition (16<E<88 
kev) from an isomeric level. The experimental evidence 
on this point was not conclusive. 

The present investigation was undertaken in order to 


'R. Stockendal, J. A. McDonell, M 
strém, Arkiv Fysik 11, 165 (1956) 

*M. Schmorak, R. Stockendal, J. A. McDonell, I. Bergstrém, 
and T. R. Gerholm, Nuclear Phys. 2, 193 (1956/57). 

*S. H. Vegors, Jr., and R. L. Heath, Phys. Rev. 118, 547 (1960). 

* R. Stockendal and S. Hultberg, Arkiv Fysik 15, 33 (1959). 
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ascertain whether or not such a transition in Pb*™ in 
the above energy region exists. The measurements were 
carried out in a double-focusing beta spectrometer, ad- 
justed to give a relative half-width of about 0.35%. A 
window of about 20 ug/cm? Formvar foil was used for the 
G.M. tube giving a cutoff energy of (2.340.2) kev. 
The Bi® source was prepared by 
magnetic isotope separation. 


y means of electro- 

In addition to the Auger lines some very strong con- 
version lines were found in the energy region between 
10 and 26 kev, as shown in Fig. 1. Their intensities are 
of the order of 1-15 times higher than the intensity of 
the strong K line of the 703.3-kev transition. Some of 
these lines (although unassigned) had been seen also 
earlier at this institute? on a photographic film. How- 
ever, because of the low sensitivity of the film for low- 
energy electrons, these lines were very weak. On the 
basis of the measured energy values, the lines can be 
interpreted as L; 26.22, Liz 26.21, Lin 26.22, My 26.22, 
Mu 26.22, Min 26.23, Miv 26.22, Ny 26.22, Nin 26.22, 
and O; 26.22, thus suggesting a transition in Pb of 
energy 26.22 kev (adopted value). The relative inten- 
sities of the measured conversion lines are consistent 
only with an M2 assignment for this transition. 

If the new transition is identical with the predicted 
low-energy transition 987.6-kev state, 
an isomeric state would be situated at (26.24 987.6 
= 1013.8) kev. The fact that a transition of 1014.2? or 
1014.0 kev® is known in the decay of Bi® lends strong 
support to this suggestion. As indicated in the work of 
Schmorak et al.,? a state of this energy is suggested also 
from the energy relation (1014.24 1552.3= 2566.5) kev 
(see the energy level at 2566.5 kev). (However, in the 
quoted investigation it was not possible to decide the 
order of emission of the two gamma rays.) From the 
collected information on Pb™®, it seems probable that 
the state of 1014.0 kev (adopted mean value) is the 
13/2+ state searched for in this nucleus. Especiaily 
significant is the fact that this assignment is in agree- 
ment with the multipolarities M2 and E2 proposed for 

22 and 987.8 kev, respectively. The 


populating the 


the transitions of 26.22 


* A. R. Fritsch and J. M 
6, 165 (1958) 


Hollander, J. Inorg. Nuclear Chem. 
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STATE IN 


Pb?e* 





Fic. 1. Conversion lines of the 
26.22-kev M2 transition as meas- 
ured in the double-focusing spec- 
trometer with an electromagneti- 
cally isotope-separated sample of 
Bi®*. These lines did not appear in 
a measurement with a Bi® source. 
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1014.0-kev transition to the 5/2— ground state of Pb” 
should then be an M4 transition. As shown in Fig. 2, the 
energy fits very well into the energy systematics of the 
i132 — foe transitions in the odd lead isotopes. 

If a 13/2+ state exists at 1014.0 kev, a transition of 
energy 310.7 kev should take place to the 9/2— (or 
7/2—) state of 703.3 kev. An examination of the con- 
version line spectra previously obtained at this institute? 
was therefore made, and three weak Bi®® lines with 
positions corresponding to (1) K 310.5, (2) Ly 311.1 or 
Ly 310.4, and (3) My 311.0 or My, 310.7 were found (a 
possible Ly: line would not be resolved from the Bi?* 
lines K 386.0 and LZ; 313.6). The first line, K 310.5, was 
earlier assigned Ly; 235.9, but from a consideration of 
L-subshell ratios one must definitely conclude that this 
line is wholly or partly due to another transition. The 
second line was earlier supposed to be the K line of a 
383.2-kev transition, other conversion lines of which 
were not observed. No assignment was previously made 
for the third line. 
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Fic. 2. Level spacing 
fisse + fers in the odd- 
mass isotopes Pb"’—Pb*” 
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The above examination thus suggests a transition 
of the expected energy. A rough estimate of the 
K/(I4+L) ratio (about 1) favors an E3 assignment 
for this transition in agreement with the fact that, 
according to the measured conversion energies, con- 
version takes place rather in the Ly and My, shells than 
in the L; and M, shells. 

Figure 3 shows the decay scheme proposed for the 
isomer Pb™™. The half-life given, 4.1+0.2 msec, is the 
result of the most recent measurements.* The branching 
ratio given for the M2 transition was calculated from 


~99% 


SLMS 1014.0 
26 224m2 


907.6 





a/2° 
9/2 - 











f2-(9/2-) —— 





Fic. 3. Decay of 
4.1-msec tis. state 
in Pb™. 














pp?” 


*I. Bergstrém, E. C. O. Bonacalza, A. Jech, M. Perez, and P. 
Thieberger, Nuclear Instr. (to be published). 
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the measured conversion line intensities of the isomeric 
transitions, using the theoretical conversion coefficients 
for the multipolarities proposed above. It should be 
pointed out that also the gamma-transition probabilities 
calculated for the isomeric transitions speak in favor of 
the multipolarity assignments made. However, in the 
case of the 1014.2-kev transition, the gamma-transition 
probability seems to indicate that only part of the radia- 
tion is due to the M4 transition. 

The £3 assignment of the 310.5-kev transition sug- 
gests that the 703.3-kev state has spin and parity 7/2—. 
This is in agreement with the theoretical predictions by 


PHYSICAL VOLUME 


STOCKENDAL 


Pryce’ and True.* Because of the £2 character of the 
703.3-kev transition®* 9/2 appeared more 
probable. 

It should also be menti« present results 
indicate that only about 65% of the feeding to the 987.6- 
kev level takes place via the 26.22-kev M2 transition. 

The investigation of this isomeric decay is being con- 
tinued. It is hoped that decisive information will be 
gained from the planned coincidence measurements. De- 
tails of experiments and results will appear in Arkiv 
for Fysik. 

7M. H. L. Pryce, Nuclear Phys. 2, 226 (1956/57) 

®W. W. True, Princeton Ur private communication). 
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Isomeric Transition in Pb’**} 
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\ (26+1)-kev transition in Pb®* occurring in the electron cap- 
ture decay of Bi®* has been identified from its L, M, and N internal 
conversion electrons measured in an intermediate-image beta-ray 
spectrometer. By using Nal scintillation detectors behind the 
source in the spectrometer the M and JN lines of the 26-kev transi 
tion are found to be not in coincidence with electron-capture K 
x rays but they are in coincidence with a principal gamma ray of 
1 Mev and weak components of ~0.7 and ~0.3 Mev. Since the 
Bi™ gamma rays of 987.8 and 284.2 kev and a fraction of the 
703.3-kev gamma rays have been shown by Vegors and Heath to 


INTRODUCTION 


F the many gamma rays occurring in the electron- 

capture decay of 14.5-day Bi®* it had been found!” 
that the strong 987.8-kev transition is not in coincidence 
with any other gamma ray in the spectrum. Vegors and 
Heath*® recently extended the coincidence work and 
showed that this gamma ray is also not in coincidence 
with electron-capture K x rays, thus requiring that an 
isomeric state exist in Pb”®. It was then discovered by 
Vegors and Heath that an activity of 4.8-msec half-life 
follows the decay of Bi®® and that the spectrum of 
gamma rays in delayed coincidence with electron- 
capture K x rays exhibits the 987.8-kev transition and 
the 284.4-703.3 kev cascade transitions, the latter with 
a relative intensity of about 10%. They suggested that 
the 987.8-kev level itself may not be isomeric but that 
it may be fed by 
transition. 


a highly converted low-energy 


t Work performed u 
Energy Commission 

''M. Schmorak, R. Stockendal, J. A. McDonell, I 
and T. R. Gerholm, Nuclear Phys. 2, 193 (1956/57) 

2A. R. Fritsch and J. M. Hollander, J. Inorg. & Nuclear Chem 
6, 165 (1958) 

7S. H. Vegors and R. L 


der the auspices of the U. S. Atomic 


Bergstrém, 


Heath, Phys. Rev. 118, 547 (1960). 


be delayed with respect to electron capture K x rays with a half 


life of 4.8 msec, the that the 
delayed radiation is associated with the 26-kev transition originat 
ing from an isomeric Pb™ at 1013.8 kev. The 26-kev 
transition is probably a quadrupole and a possible assignment is 
M2 if the spin-parity assignment of the level is 9/2 

and if the 1013.8-kev level is the 13 state predicted at 1.1 
Mev by Pryce The possibility that a art of the known 1014.2- 
M4 transition in 


present coincidence results indicate 


state in 


987 8-kev 


kev gamma radiation constitutes the ‘‘missing”’ 

Pb™ is discussed 
In the conversion-electron spectrum of Bi, low- 
energy lines at about 25 kev have been reported'? which 
have been assigned variously as the K lines of 112.2- or 
115.2-kev transitions. Vegors and Heath‘ reinvestigated 
the low-energy region with a beta-ray spectrograph and 
they tentatively assigned the three most intense lines in 
the neighborhood of 25 kev as the Ly, Ly, and Ly in- 
ternal conversion electrons of a 38.8-kev transition. 
the most likely candidate for 


transition the same energy region 


Since this seemed to be 
the 4.8-msec isomeri 
has been studied here in order to check the transition 
energy assignment, to sec if the transition is delayed 
with respect to electron and to measure the 
spectrum of gamma rays in coincidence 


apture 
with the low- 


energy internal conversion lines 


EXPERIMENTAL METHODS AND RESULTS 


The Bi® activity was made at 


bardment of radiogenic lead 
according to the procedures des 
Heath.? Carrier-fre 
carried out about 2 mor 


Oak Ridge by bom- 
with 20.8-Mev protons 
ribed by Vegors and 


bismuth was 


separation® of the 
the ’ 


he bombardment and 


*S. H. Vegors (private « 


5D. E. Alburger and G. Friedlander, Phys. Rev. $1, 523 (1951). 
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Fic. 1. Low-energy electron 
spectra from sources of Bi* and 
Bi?” measured in the intermediate- 
image spectrometer using a 50 
pug /cm? grid-supported G-M 
counter window. 
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6-mm diameter sources were prepared by electroplating 
onto copper backings. 

A description of the intermediate-image spectrometer 
has been published® as well as some applications of the 
instrument to the study of low-energy electrons.’ In the 
first part of the present work a G-M counter with a 
50-ug/cm? thick grid-supported window was used for the 
measurement of the electron spectrum. The grid has a 
transmission of 77% and the counter was filled with a 
mixture of 1 cm of argon and 1 cm of ethyl alcohol 
vapor. The upper part of Fig. 1 shows the Bi”* electron 
spectrum between 5 and 100 kev together with the un- 
resolved K-284.2— K-282.3 line included as an intensity 
reference. A spectrometer linewidth setting of 2.3% was 

used for these measurements. The intensity of the line 
labeled K-184.1+ K-185.4+L-115 shows, by comparing 
with previous results* on Bi®*, that the relative amount 
of Bi® present is at most a few percent of the total 
activity. Because of small systematic differences be- 
tween the energies of the lines below 60 kev derived from 
Fig. 1 and previous determinations,'* which may be the 


*D. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 

7G. Scharff-Goldhaber, D. E. Alburger, G. Harbottle, 
M. McKeown, Phys. Rev. 111, 913 (1958). 

*D. E. Alburger and M. H. L. Pryce, Phys. Rev 
(1954). 
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result of stray magnetic field effects, the accuracies of 
the energies of all of these lines is probably no better 
than +1 kev. 

For comparison purposes the Auger electron spectrum 
from a 6-mm diameter Bi®’ source, taken under the 
same conditions, is shown in the lower part of Fig. 1. 
This source is considerably thicker than the Bi®* sample 
as may be seen from the L-Auger region. 

Electron-gamma coincidence measurements were 
carried out by replacing the thin-window counter with 
an anthracene detector consisting of a crystal } in. 
thick by 1-in. diameter cemented on the end of a 28-in. 
long, 2-in. diameter light pipe curved down to 1-in. 
diameter at the crystal end. An RCA-6342 photomulti- 
plier tube was cemented onto the opposite end of the 
light pipe and it was magnetically shielded. Considera- 
ble reduction in tube noise was achieved by cooling the 
photomultiplier tube with dry ice. Under the pulse- 
height bias conditions selected, the ~60-kev (K-2L) 
Auger line could be detected with >90% efficiency 
whereas the efficiency for detecting the 22-kev line 
(M-26 in Fig. 1) was 12% and nothing at all above noise 
could be seen in the L-Auger region. The efficiency for 
detecting the M-26 line was sufficient for obtaining good 
coincidence data. At a distance of 2 cm behind the spec- 








COINCIDENCES 
WITH 22-hev LINE 


i i 1 
20 0 40 
CHANNEL 

Fic. 2. Upper curve—singles gamma-ray spectrum of Bi™* 
recorded with a 2 in. <2 in. Nal crystal on the end of a 28-in. long 
light pipe. Lower curve—gamma-ray spectrum in coincidence 
when the spectrometer was focused on the 22-kev line (M-26 in 
Fig. 1), using an anthracene crystal detector. Gamma-ray energies 
have been taken from previous work 


trometer source was located a 2 in. X2 in. Nal crystal on 
the end of a 28-in. light pipe leading out to another mag- 
netically shielded 6342 phototube. Standard coincidence 
circuitry (resolving time=2X10~? and a 100- 
channel pulse-height analyzer were used. Coincidence 
runs were taken at the maximum spectrometer 
transmission. 


sec) 


Some of the results of the coincidence work are shown 
in Fig. 2. Owing to the losses in the light pipe, the 
gamma-ray resolution of the detecting system is rather 
poor. However, the singles curve exhibits structure 
which may be correlated with the spectrum taken with 
(see reference 3, Fig. 1). When the 
spectrometer was focused at the peak of the 22-kev 
electron line (labelled M-26 in Fig. 1) the gamma-ray 
spectrum obtained in coincidence in a 2-hour run is 
shown in the lower part of Fig. 2. Between channels 30 
and 40 the real-to-random ratio was 7 and above channel 
45 the yield is due to random coincidences. The co- 
incidence curve displays a principal peak at 1 Mev and 
weak lines at ~0.3 and ~0.7 Mev. A very similar 
spectrum was obtained in coincidence with the 25-kev 
line (V-26 in Fig. 1) whereas the spectrum in coinci- 
dence with the K-2L Auger line (the lowest energy and 
most intense K-Auger line in Fig. 1) had about the same 
shape as the singles curve in Fig. 2. 

As a test to see if the 26-kev transition itself is de- 
layed the low-energy electron spectrum was measured 
in coincidence with K x rays. For these experiments the 
2 in. 2 in. Nal crystal was replaced with a Nal crystal 
2 mm thick and 2X2 cm? in area, a size which greatly 
diminishes the detection of higher energy radiations as 
compared with the detection of K x rays. With a 
channel placed around the A x ray peak the spectra of 


go xd resolution 
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low-energy electrons in prompt and in random coinci- 
dence with the K x rays 
curve of net coincidences the 


were run. In the difference 
K-115 line amplitude was 
found to be ~4 times larger than the M-26 line, whereas 
in singles (see Fig. 1) the K-115 line is estimated to be 
1/7 as intense as the M-26 line. Thus there are rela- 
tively only ~5% as many K x rays in coincidence with 
the M-26 line as there are in coincidence with the K-115 
line. 


DISCUSSION 


There are three arguments which support the energy 
assignment of 26 kev to the low-energy transition in 
Pb™®. If the lines in Fig. 1 labelled M-26 and NV-26 were 
instead the Zy41 and Ly lines of a 38.8-kev transition, 
as tentatively proposed by Vegors and Heath, (the 
energy separation \-M is very nearly the same as 
Lyi— i+), the corresponding M and N lines would 
then appear in the vicinity of the weak lines at 32 and 
35 kev in Fig. 1. However, the intensity ratio of the 
sum of the 22- and 25-kev lines to eit or 35- 
kev line is ~60 which is at least an order of magnitude 
larger than the theoretical L/M ratio for a 38.8-kev 
transition of any multipole order according to calcu- 


her the 32- 


lated internal conversion c 


efficients.’ Since the 22- and 
25-kev lines have the proper energy separation for M 
and N lines and since both display the same gamma-ray 


spectrum in coincidence, the logical assignment is that 
they are in fact the M and N lines of a 26-kev transition. 
It is possible that the lines assigned by Vegors and 
Heath as L; and Ly; of a 38.8-kev transition are actually 
the M subshell lines of the 

A second argument is based on transition intensity 
considerations. The sum of the intensities of the 22- and 
25-kev lines, suitably corrected for their widths, was 
compared with the K-703.3 line intensity. By making 
use of the known data on the relative intensities of the 
more energetic internal conversion lines in the Bi™® 
spectrum, which have been measured several times with 
great care, together with the K-shell internal conversion 
coefficient” of the 987.8-kev transition, the ratio of the 
sum of the 22- and 25-kev line intensities to the total 
transition intensity from the 987.8-kev state was calcu- 
lated to be approximately 1/3. No gamma rays of >10 
kev have been seen® in coincidence with the 987.8-kev 
gamma ray which means that the low-energy isomeric 


26-kev transition 


transition must be highly converted. It may be con- 


cluded that other internal conversion lines must also be 


in coincidence with the 987.8-kev gamma ray in order 


to account for the transition intensity from this state 


and this would be explained if the 22- a1 
were the M and A 


1d 25-kev lines 
the L 


meas- 


lines of a 26-kev transition, 


lines being at a lower energy. According to thess 
urements the L/(M-+ 


V) ratio is ~2 
*M. E. Rose Internal Conversion Coefficients 

Publishers, Inc., New York, 1958 
” R. Stockendal and S. Hultberg 


Interscience 


Arkiv Fysik 15, 33 (1959). 
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Finally, it is fairly convincing from a comparison of 
the two curves of Fig. 1 that the Zy41 and Ly lines of 
a 26-kev transition in Pb®* have actually been observed. 
In spite of the source thickness effects which are ob- 
viously present in the Bi®’ L-Auger region, three of the 
four peaks may be correlated in momentum position 
with the peaks labeled 7.5, 11.6, and 13.9 kev in the Bi®”* 
spectrum. The largest Bi®*® peak on the other hand is 
definitely at a higher momentum value than the largest 
Bi*®’ L-Auger peak. Furthermore, the Bi®® peak labeled 
Ly1-26, which has a measured energy of 12.6 kev, has 
no counterpart in the Bi®’ spectrum. Its energy is 
correct to be an 111-26 line while the energy of the most 
intense line (9.6 kev) agrees approximately with that 
of an Ly411-26 line. Because of the superposition of the 
L-26 conversion lines on the L-Auger lines, it has not 
been possible to show whether the Ly,1 line is pre- 
dominately L; or Ly, or to derive accurate Ly411/ Lin or 
L/M intensity ratios. Judging from the appearance of 
the spectrum, it is likely that the Z1,1/Zm1 ratio lies 
between 1 and 2. One may also note from a comparison 
of the two curves in Fig. 1 that the total intensity of 
electrons in the L-Auger region of Bi®* is much greater 
relative to the K-Auger lines than in the case of Bi®’. 
(Note the factor of 2 change in the ordinate scale in the 
Bi™ curve.) 

The assignment of the 26-kev transition as belonging 
to the 4.8-msec isomer is based on the two sets of co- 
incidence data. Firstly, it has been shown that the M-26 
line is only weakly in coincidence with K x rays. A 
small coincidence effect is expected to occur because of 
K-shell internal conversion of the 284.2-kev transition 
but even disregarding this contribution the coincidence 
yield of the M-26 line with K x rays is more than a 
factor of 10 weaker than it would be if the 26-kev transi- 
tion were in prompt coincidence with the K-electron 
capture decay of Bi®*. The other coincidence data have 
shown that the spectrum of gamma rays in prompt co- 
incidence with the M-26 and N-26 conversion lines is 
similar to the spectrum of gamma rays which are de- 
layed with a half-life of 4.8 msec, as found by Vegors 
and Heath. 

These results indicate that the 4.8-msec isomeric 
state in Pb” is at an energy of 1013.8 kev if, as is gen- 
erally accepted, the 987.8-kev gamma ray is a ground- 
state transition. Based on the single-particle lifetime 
formulas it is probable that the 26-kev transition is a 
quadrupole. Whether it is electric or magnetic cannot 
be established from the present rather inaccurate esti- 
mates of the L1411/L1m and L/M ratios. There is a pos- 
sibility that the 1013.8-kev level corresponds to the 
13/2+ state predicted by Pryce" to lie at 1.1 Mev and 
by True” to lie at 1050 kev above the ground state of 
Pb™®. If this were the case the 26-kev transition would 
be an M2 if the 987.8-kev state is 9/2—. 


™M. H. L. Pryce, Nuclear Phys. 2, 226 (1956/57) 
2 W. W. True, see reference 3. 
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The existence of an energy level at 1013.8 kev at once 
leads to the question as to whether or not all or part of 
the known 1014.2-kev transition in Pb™ constitutes a 
direct ground-state transition from the 1013.8-kev level, 
since the energies agree within the limits of error. (If 
the Lr-38.8 line measured by Vegors and Heath is re- 
assigned as an N line, the transition energy would be 
close to 26.5 kev, depending on what value is used for 
the N-sheil binding energy. Adding this transition 
energy to the 987.8-kev level gives 1014.3 kev as the 
energy of the isomeric state, which is in remarkable 
agreement with the energy of the known 1014.2-kev 
transition.) Apparently neither the K-conversion co- 
efficient nor the K/L ratio of the 1014.2-kev transition 
has been measured and the only information” on its 
multipolarity is that it is not £1. Although this transi- 
tion has already been assigned as part of a (1014.2- 
1552.0)-kev cascade from a level at 2566.5 kev, whose 
ground-state transition has been observed,” let us 
assume for the momert that the 1013.8-kev level is 
13/2+ and that the 1014.2-kev transition actually takes 
place between this level and the 5/2— ground state. 
The branching ratio relative to the 26-kev transition 
may be calculated readily by making use of the K-1014.2 
line intensity relative to the K-987.8 line intensity, the 
theoretical K-conversion coefficient of a 1014.2-kev M4 
transition together with the known K-conversion co- 
efficient of the 987.8-kev transition and the relative 
branching of this state. The result is that the 1014.2-kev 
gamma-ray branch would be 0.8% relative to the 26- 
kev transition. Since the half-life of the 1013.8-kev state 
is 4.8 msec the partial half-life for the emission of 1014.2- 
kev gamma radiation would be about 0.6 sec. 

According to the systematics" of isomeric transitions 
in odd-mass lead isotopes, based on the occurrence of 
M4 transitions in Pb’, Pb™, Pb”, Pb™, and Pb”’ an 
M4 transition of 980+40 kev energy and 1.5+0.5 sec 
half-life is expected to occur in Pb™®. It is, therefore, con- 
ceivable that the 1014.2-kev gamma ray, both because 
of its energy and its tentatively derived partial half-life, 
may indeed be the “missing” M4 transition. 

On the other hand, Vegors and Heath find‘ coinci- 
dences between the 1552.0- and 1014.2-kev gamma rays. 
It would appear that there actually may be two 1014.2- 
kev transitions, one of which is part of a cascade from 
the 2566.5-kev siate and the other of which is an M4 
ground-state transition. 

In order to clarify this situation the following experi- 
ments are suggested : 


(a) Measure the K/L ratio and/or the K-conversion 
coefficient 1014.2-kev transition in order to establish its 
multipolarity. 

(b) Look for structure in the K-1014.2 line. 

(c) See if the 1014.2-kev transition is delayed with 
respect to electron capture K x rays. 


™ R. Stockendal, J. A. McDonnell, M. Schmorak, and 1. Berg- 
strom, Arkiv Fysik 11, 165 (1956). 
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Tests (a) and (b) require high-resolution beta-ray 
spectrometer techniques. A coincidence spectrometer 
having an electron-line resolution of 1% or better might 
possibly provide an answer to (c). (An attempt to do 
this was made with the intermediate-image spectrom- 
eter without success.) The problem is difficult because 
the 1014.2-kev transition is bracketed between the 
987.8- and 1043.7-kev transitions both of which have 
K-conversion lines ~5 times as strong as the K-1014.2 
line and which are separated from the K-1014.2 line by 
~2% in momentum. If the approach is to look for the 
absence of coincidences between the K-1014.2 line and 
the K x rays due to electron capture, one must bear in 
mind that K-conversion lines are always in coincidence 
with their own corresponding K x rays. In the coinci- 
dence spectrum of K-conversion lines with K x rays the 
intensity ratio of the K-1014.2 line to the K-1043.7 line 
should be measurably smaller than the ratio in the 
singles electron spectrum if the 1014.2-kev transition is 
delayed. The reduction of the ratio K-987.8/K-1043.7 
may be taken as a measure of what to expect since the 
987.8-kev transition is known to be delayed. It might 
be more profitable to look for the complete absence of 
coincidences between K x rays and the L-1014.2 line. 
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An experiment to see if the K-1014.2 line is in delayed 
coincidence with K x rays would probably be very 
difficult. 

Under the assumptions discussed above, a partial 
half-life value of 0.6 sec for the 1014.2-kev transition 
would be a lower limit. Any contribution to its K line 
by the K line of the above-mentioned cascade transition 
from the 2566.5-kev state would lower the M4 branch 
relative to the 26-kev transition and would thereby 
increase the derived partial half-life of the M4 transition 
in the direction of the value suggested by the syste- 
matics. On the other hand if the 1013.8-kev level proves 
to be a 13/2+ state at least 1/3 of the K-1014.2 line 
intensity would have to correspond to the M4 transition 
in order for the partial half-life to agree with the 
systematics. 
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The differential cross section for proton-proton scattering has been measured for 23 center-of-mass angles 
from 10° to 90°, with +0.8% absolute probable error at angles greater than 14°. The incident proton 


energy was 25.63-Mev lab. The 90 


*P,, 2.0°; "De, 0.62°. 


METHOD 


HE scattering chamber and electronics and most 
of the experimental techniques used in this ex- 
periment were similar to those reported in a 40-Mev 
proton-proton scattering paper! from this laboratory. 
The proton beam was obtained from the second ac- 
celerating cavity of the Minnesota linear accelerator. 
Since the desired energy was intermediate between the 
terminal energies of the cavity (10 and 40 Mev), a sheet 
copper diaphragm was placed in the cavity between two 
* Supported in part by the U. S. Atomic Energy Commission. 
t Now at Midwestern Universities Research Association, Madi- 
son, Wisconsin. 
1 L. H. Johnston and D. A. Swenson, Phys. Rev. 111, 212 (1958) 


cross section is 18.59 millibarns, and the interference minimum of 
17.09 mb occurs at 24° c.m. A set of phase shifts which fit the data are: 'S», 49.5 


; *Po, 8.2°; *P1, —4.2"; 


drift tubes at such a position that the electric field was 
cut off in the “later” part of the cavity. This gave a 
beam of normal intensity, angular divergence, and 
energy spread (+0.5%). The mean energy and energy 
spread were measured by a magnetic spectrometer." 
The target material was hydrogen gas at } atmosphere 
pressure, obtained from a palladium filter. To avoid 
substantial contamination of the gas by foreign gases 
from the chamber walls, fresh gas was added continu- 
ously at the rate of about one chamberful per hour, 
while the old gas was bled out through a pressure-regu- 
lating valve, as described in a recent publication.? 


? L. H. Johnston and D. E. Young, Phys. Rev. 116, 989 (1959), 





p’-~ SCATTERING AT 25 


TaBLe I. Summary of experimental errors. 


Relative 
error 


Absolute 
error 
+0.25% 
+0.45% 
+0.40% 
+0.2% 
+0.4% 
+0.8% 


+0.1% 
£0.35% 
+0.1% 
+0.2% 
+0.1% 
+0.5% 


Beam current errors 
Counting errors 
Geometry errors* 
Target errors 

Beam energy errors 
Rms error* 


* The geometrical errors 


are larger than indicated here for angles smaller 
than 8° lab. 


ERRORS AND RESULTS 


Table I gives a summary of probable errors assigned 
to various causes. The nature of the errors is discussed 
in reference 1. The geometrical formulas used to calcu- 
late cross sections in the laboratory system are given in 


TABLE IT. Values of the proton-proton differential scattering 
cross section for laboratory proton energy of 25.63 Mev. 


da /dQ 
(c.m.) 
Bem (mb/sr) 


10.07° 109.6 

12.08° 56.31 
14.09° 33.20 
16.11° 23.76 


Absolute 
probable 
error (+) 


1.8% 
1.2% 
0.9% 
0.8% 


Relative 
probable 
error (+:) 


1.8% 


18.12° 
19.13 

20.13° 
22.15° 


19.90 
18.70 
17.98 
17.33 


0.8% 
0.8% 
0.8% 
0.8% 


24.16° 
25.16° 
26.17° 
28.18° 


17.09 
17.16 
17.17 
17.30 


0.8% 
0.8% 
0.8% 
0.8% 


30.19° 
32.21° 
34.22° 
36.23° 


17.43 
17.68 
17.80 
17.93 


Uuauww 
9.9.9.9 
~b ) 


40.25° 
44.27° 
50.30° 
60.34° 


18.20 
18.33 
18.52 
18.56 


70.37° 
80.38° 
90.39 


18.65 
18.60 
18.59 


MEV 


MILLIGARNS 
ADIAN 


do 
oft 


bi7 ; 
6. 
r CV 2 40° ae ae  & 
Fic. 1. Angular distribution of proton-proton differential cross 


sections for 25.63-Mev proton energy. Error bers represent the 
estimated relative probable error of +0.5%. 


reference 2, and the conversion of angles and cross 
sections from the laboratory to the center-of-mass sys- 
tem of coordinates uses formulas identical to those given 
by Chamberlain et al.' 

Table II gives the resulting cross sections, along with 
their estimated relative and absolute probable errors. 
The probable errors at small angles increase due to un- 
certainty in the absolute angle calibration of the small 
angle detector telescope. The cross sections are plotted 
in Fig. 1. 

A phase shift analysis of these data is currently being 
performed by M. H. MacGregor of the Lawrence Radia- 
tion Laboratory in Livermore. He has supplied us with 
two preliminary sets of phase shifts which fit the data 
as follows: 

1S *Po *P; *Ps 'Ds 
45.2° —17.1° 0.8° 4.1° 0.62° 
49.5' 8.2° —4.2° 2.0° 0.62° 
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The gamma rays following the decay of 45-day Fe® have been studied using the techniques of gamma-ray 
scintillation spectrometry, including y~y coincidence and y-y directional correlation measurements. In addi 
tion to the previously reported 0,192-, 1.10-, and 1.29-Mev gamma rays, two additional gamma rays having 
energies of 0.145 and 0.337 Mev were observed. These latter two arise from a state at 1.43 Mev in Co™. All 
gamma rays were observed to decay with a half-life of 4545 days. Directional correlation measurements on 


the 0.14-1.29 Mev and 0.19-1.10 Mev cascades were performed. The results of these n 
with the gamma-ray relative intensities, suggest an assignment of 4 


I, INTRODUCTION 


HE decay of Fe™® has been studied by many 

authors. The most detailed of this work is that of 
Metzger! and of Schiff and Metzger.’ Their investiga- 
tions included beta-ray and conversion electron spectra, 
B-y and y-y coincidence measurements, and y-y direc- 
tional correlation studies. Three gamma rays, with 
energies of 0.19, 1.09, and 1.29 Mev, were observed. 
From these results a level scheme for Co® was con- 
structed which was consistent with the observed data. 
This scheme was simple, with levels at 1.1 Mev and 
1.29 Mev. The 0.19- and 1.09-Mev gamma rays were 
found to be in cascade, with the 1.29-Mev gamma ray 
crossing over to the ground state. 

Recently the Co® energy level structure has been 
investigated by Mazuri, Sperduto, and Buechner’ in a 
(p,p’) scattering experiment. The results of these meas- 
urements indicated levels at 1.097, 1.189, 1.289, 1.432, 
1.458, and 1.479 Mev. These results, together with data 
obtained at this laboratory’ which indicated the 
presence of additional low-energy gamma rays in the 
decay of Fe®, prompted further study of this nuclide. A 
more complete decay scheme is proposed, based upon 
coincidence spectrometry and y-y directional correlation 
measurements. 


Il. SOURCE PREPARATION 


To reduce the possibility of contamination, considera- 
ble care was taken in the preparation of source material 
for these studies. Sources were made from material pro- 
duced by thermal neutron activation of enriched Fe** 
by the Isotopes Division of the Oak Ridge National 
Laboratory. This material was further purified by re- 
peated solvent extraction of Fe in ether. 


t Work performed under the auspices of the U. S. 
Energy Commission 

1 F. R. Metzger, Phys. Rev. 88, 1360 (1952). 

? D. Schiff and F. R. Metzger, Phys. Rev. 90, 849 (1953). 

+ M. Mazuri, A. Sperduto, and W. W. Buechner, Massachusetts 
Institute of Technology, Laboratory for Nuclear Science Annual 
Progress Report, May, 1957 (unpublished), p. 134. 

*R. L. Heath, DB: G. Proctor, and C. W. Reich, Bull. Am. Phys. 
Soc. 4, 278 (1959) 


Atomic 


easurements, together 
to the 1.43-Mev state in Co™® 


Ill. GAMMA-RAY MEASUREMENTS 


The gamma radiation emitted in the decay of Fe® 
was observed with 3-in.X3-in. cylindrical Nal(Tl) de- 
tectors. Sources were prepared on rubber hydrochloride 
films (10 mg/cm?) and counted at 10 cm on the vertical 
axis of the detector, using 400 mg/cm’ polystyrene 
beta-ray absorbers. All measurements were made in a 
detector shield with inside dimensions of 32 in. X32 in. 
X32 in. to reduce the effect of scattering from material 
surrounding the detector. If smaller detector shields are 
used, the magnitude of the back-scatter peak is suffi- 
cient to prevent the observation of weak gamma rays 
in the energy region from 100 to 400 kev. Energy cali- 
bration of the spectrometers was achieved by using 
sources of Ce™, Cs*7, and Zn®. The method of internal 
comparison was applied to reduce the effect of rate- 
dependent gain fluctuations in the photomultipliers. 

A typical pulse-height spectrum obtained from Fe® 
is shown in Fig. 1. Gamma rays were observed at the 
following energies: 0.145, 0.192, 0.337, 1.10, and 1.29 
Mev. The decay of a source was followed for a period 
of two half-lives with an indication that all gamma rays 
decayed with a half-life of 4545 days. The decay of the 
low-energy region of the gamma-ray spectrum is shown 
in Fig. 2. 

Relative intensities of the gamma rays were obtained 
by successive subtraction of pulse-height distributions 
representing the response of the detector to monoergic 
radiation for the particular geometrical arrangement 
used in these measurements. This method is discussed 
in some detail in the report by Heath.* Relative emission 
rates were then obtained using calculated detector eff- 
ciencies and determined photopeak 
efficiencies.* The results of the gamma-ray analyses are 
given in Table I. In the case of the weak low-energy 
transitions, the accuracy of the method 
limited by the large 
electron distributions of the two high-energy gamma 
rays. As a check on these results, relative intensities 
were dire: tly from y-y 


measurements 


experimentally 


is somewhat 
contribution from the Compton- 


also obtained coinc iden e 


*R. L. Heath, At 


1957 (unpublished 
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Fic. 1. Gamma-ray spectrum of 45-day Fe*. 


IV. COINCIDENCE MEASUREMENTS 


From an examination of the information obtained 
from the singles gamma-ray spectrum, the intensities 
and energies of the two previously unreported gamma 
rays at 0.145 and 0.337 Mev suggested a new level at 
1.43 Mev. This level would de-excite to the 1.29-Mev 
level by the 0.145-Mev gamma ray and to the 1.10-Mev 
level by the 0.337-Mev gamma ray. 

To verify this proposed level, y-y coincidence meas- 
urements were made using a pair of 3-in.xX3-in. Nal 
detectors. The detectors were mounted 6 cm apart with 
their axes in a horizontal line. A graded back-scatter 
shield was used to reduce false-coincidence effects from 
scattering between the two detectors. Polystyrene ab- 
sorbers were used to stop the beta radiation. 

The coincidence circuitry was of the “fast-slow”’ type 
with a fast resolution of 6X10~ sec. The coincidence 

Taste I. Energies and intensities of Fe® gamma rays. 


Intensity (percent 
of 8 transitions) 
from analysis of 
singles spectrum 


Intensity from 
coincidence 
experiments 

0.145+0.005 08 0.7 

0.192+0.005 2.6 

0.3374+0.01 

1.10 +0.01 5 

1.29 +0.01 


Gamma-ray 
energy (Mev) 


5 
3 
4 
A 
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Fic. 2. Decay of the low-energy region of the Fe® gamma-ray 
spectrum. The lower curve shows the spectrum taken 43 days later 
than the upper spectrum. 


spectrometer consisted of an automatic sliding-window 
single-channel analyzer operated in coincidence with a 


'100-channel discriminator type pulse-height analyzer. 


Two experiments were sufficient to establish the 1.43- 
Mev level as the origin of the two gamma rays in 
question. The single-channel analyzer was set in turn 
to span the photoelectric peaks of the 1.29- and 1.10- 
Mev gamma rays. The results of these measurements 
are shown in Figs. 3 and 4. From the first measurement, 
only the 0.145-Mev gamma ray is found to be in co- 
incidence with the 1.29-Mev gamma ray. The 1.10-Mev 
gamma ray was observed to be coincident with the 
0.145-, 0.192-, and 0.337-Mev gamma rays. These coin- 
cidence relationships together with relative intensities 
and energies are considered to be reasonable confirmation 
of the existence of the 1.43-Mev level. 


* V. DIRECTIONAL CORRELATION MEASUREMENTS 


Directional correlation measurements of the 0.19-1.10 
Mev and 0.14-1.29 Mev cascades were also performed. 
These cascades provided a situation containing most of 
the difficulties inherent in such measurements. Thus, it 
was felt that this case could provide a reasonable test 
of the techniques under adverse conditions. Both cas- 
cades presented two difficulties : low intensity of the low- 
energy gamma ray, and the large factor by which the 
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Fic. 3. Gamma-ray spectrum of radiation coincident with the 
1.29-Mev gamma ray in the decay of Fe™ 


energies of the two gamma rays in the cascade differ. 
This latter feature put rather stringent requirements on 
the timing relationships in the coincidence circuitry. A 
detailed description of the apparatus and techniques 
involved in the directional correlation measurements is 
planned for a subsequent paper and will not be included 
here. 

As set up for the correlation measurements, the co- 
incidence circuit had a measured resolving time of ~60 
muysec and a low- nergy ¢ utoff of ~ 80 kev. The gamma- 
ray detectors 3-in.X3-in. NalI(TI) crystals 
mounted on Dumont-6363 photomultiplier tubes. The 


were 


Fe® source, in HCI solution, was contained in a thin- 
walled Lucite holder (34, inch i.d.). The source-detector 
distance was 10 cm. In the experiment, a coincidence 
was required between the fast outputs of the fixed and 
the movable detectors and the slow output of the fixed 
detector, which was set to detect only the photopeak of 
the higher energy gamma ray. When this requirement 
was met, the coincidence circuit gated on a conventional 
20-channel analyzer, which examined the spectrum in 
coincidence with the high-energy gamma ray. Thus, at 


each angle, a coincidence spectrum of the low-energy 


radiation was obtained, from which the number of co- 
incidence counts in the photopeak could be obtained by 
the usual means.® The use of a multi-channel analyzer 


with one of the detectors provides several advantages 


AND PROCTOI 


over a second single-« lyzer. First, the neces- 


sity for correcting t! omc ice dat 
in the movable detector cir« 


a for gain shifts 
is eliminated. In view 


of the nature of the low-energy gamma-ray spectrum 


in this case, such correcti 
difficult to make 


other extraneous effects m 


would have been very 


Second, tl esence of scattering and 
detected by their ap- 
pearance in the spectrum. Their contribution can then 
be removed by graphical analysis taken in 
Several runs 
were taken at each angle, each run being taken for a 
predetermined time 
an experiment, the randon 
ured 
rate 


Data wer 
rh 180 


increments of 9°, from 90° throug 


mes during the course of 
yin ide nce 


This rate was it 1% of the 


rate was meas- 


gross < oin ide nce 


The 0.19-1.10 Mev Cascade 


A complication, dus scattering, arose in 
tion for the 0.19—-1.10 
1.10-Mev gamma 
he Compton end-point 
for the 1.29-Mev gamma ray 1s, in the 
measurement, one obtains 


the measurement of 
Mev cascade. The pho < of the 
ray essentially coincides w 
correlation 
ippreciable number of 
true but unwanted coin volving the Compton- 
1.29-Mev gam vy. For 180° scattering, 
the energy of this scattered photon is ~0.21 Mev. This 


thi kness of 


scattered 
effect was minimized bi 
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DECAY OF 

lead over the crystal of the fixed detector and by placing 
a graded scatter shield at 45° with respect to the fixed 
detector. With this configuration any Compton-scat- 
tered radiation had to traverse a considerable thickness 
of lead in order to reach the movable detector. This, 
plus the analysis of the spectrum of low-energy radia- 
tion, eliminated the effects of scattered radiation. 

The measured directional correlation function for 
this cascade is shown in Fig. 5. The measured value 
of Az [in the expansion W(@)=1+A2P:2(cos@)] is 
+ (0.024+0.005). The quoted error is the standard 
deviation of the mean, calculated in the usual manner.® 
For an assumed cascade of 3/2 (1) 5/2 (1) 7/2, the 
theoretical value of A», after correction for the finite 
solid angle of the detectors, is +0.043. 


The 0.14-1.29 Mev Cascade 


Two measurements of the directional correlation 
function of the 0.14-1.29 Mev cascade were made. One 
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Fic. 5. The measured directional correlation function for the 
0.19-1.10 Mev cascade in Co. Each point represents a total of 
~3000 counts, collected during three 30 minute runs. The quoted 
errors represent statistical errors only and were calculated as in 
reference 6. No statistically significant P,(cos#) term was found 
The solid curve gives the least squares fit assuming a function of 
the form W (@)=1+ A:zP;(cos6). 


of these measurements is shown in Fig. 6. These yielded 
an average value for Az of —(0.069+0.005). For a 
1/2 (1) 3/2 (2) 7/2 cascade, the theoretica! coefficient, 
corrected for solid angle, is —0.061. 

In neither of the two cascades was any significant 
P,(cos@) term detected. If the spin sequences are as 
stated (see also Sec. VI), then no P,(cos@) terms would 
be expected to occur. The measured coefficients are ob- 
served to differ somewhat from the values expected for 
pure transitions. While these measurements tend to 
support the level scheme proposed in Sec. VI, in view 
of the experimental difficulties involved, they are not 
believed to be sufficiently sensitive to prove definitely 

* M. F. Rose, Phys. Rev. 91, 610 (1953), Eq. (30). We are grate 
ful to Dr. F. K. McGowan of Oak Ridge Nationa! Laboratory for 
making available tc us an IBM-650 program used for the least 
squares analysis, and to Mr. E. B. Carter, Jr., for discussions con- 
ceraing its use. 
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Fic. 6. One of the measurements of the directional correlation 
function for the 0.14-1.29 Mev cascade in Co®. Each point repre- 
sents a total of ~2000 counts, collected during three 45-minute 
runs. No statistically significant P,(cos#@) term was found. The 
solid curve gives the least squares fit assuming a function of the 
form W (@)=1 + A Polk 088) 


the existence of quadrupole admixtures in the dipole 
transitions 


VI. DISCUSSION 


From the experimental evidence discussed above, the 
decay scheme shown in Fig. 7 is proposed for the decay 
of 45-day Fe. The beta-ray branching ratios are de- 
rived from gamma-ray intensities, assuming the exist- 
ence of the 1.56-Mev ground-state beta-ray transition 
reported by Metzger.’ 

Of the Co” levels reported by Mazuri et al.,’ only 
three appear to be populated to any extent in the decay 
of Fe®. Since Co® has 27 protons and 32 neutrons, the 
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Fic. 7. Proposed decay scheme for 45-day Fe®. 





1086 HEATH, REICH, 
levels should be characteristic of a single proton “hole”’. 
From single-particle considerations,’ the expected levels 
should be fz2, pao, foy2, and py, although not neces- 
sarily in that sequence. The ground state of Co™ has 
been reported to be } by Mack.* The assignment of 
spins §— and §— to the 1.10- and 1.29-Mev levels 
was proposed by Schiff and Metzger* on the basis of 
y-y directional correlation measurements on the 0.19- 
1.10 Mev cascade. The assignment of spin 4— to the 


1.43-Mev level is based largely on a comparison of 
radiation from this level with radiation from the 1.29- 
Mev level. The ratio of the energies of the 0.192- and 


™M. G. Mayer and J. D. Jensen, Elementary Theory of Nuclear 
Shell Structure (John Wiley & Sons, Inc., New York, 1955). 
* J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
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the 1.29-Mev gamma rays is about the same as that of 
the 0.145- and a 1.43-Mev gamma ray. If one assumes 
spin }— for the 1.43-Mev level, a strong ground-state 
transition would be expected. This is not observed. The 
relative intensities of the 0.145- and 0.337-Mev gamma 
rays are consistent with the assignment of 4— to the 
1.43-Mev level. The directional correlation measure- 
ments also confirm this assignment. 

After the publication of a preliminary report of this 
work,‘ J. M. Ferguson of the U. S. Naval Radiological 
Defense Laboratory kindly furnished us with a preprint 
of his work on this nuclide. The results of gamma-ray 
scintillation spectrometry and y-y coincidence measure- 
ments reported in this preprint are in agreement with 
our findings. 
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Search for an Electric Dipole Moment Structure of the Muon*t 
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A search was made for an electric dipole moment in the muon with a sensitivity 
Compton wavelength times the electronic charge. The motivation for this investigation 


of 0.1% of a muon 


is provided by the 


interest in finding some property of the muon which would indicate a structure different from that of the 
electron, even though such a structure would violate both parity conservation and time reversal invariance. 
The muons pass through the fringe field of the cyclotron and an additional system of magnets producing 
an electric field in their rest frame. Any electric dipole moment would precess about this field producing a 


vertical plane component of spin transverse to the momentum. This is detected | 
asymmetry in the plane perpendicular to the momentum. The absence of such a con 
sensitivity gives an upper limit to the electric dipole moment of the muon as 


the electron 


I. INTRODUCTION 


HE violation of parity and charge conjugation 

symmetry principles in weak interactions natu- 
rally leads one to experiments which test time reversal 
invariance. The existence of an electric dipole moment 
in an elementary particle would constitute proof'? 
that time reversal invariance is violated, provided there 
is no unknown symmetry to produce an additional 
degeneracy.** These questions are of particular interest 


* Supported by the Joint Program of the U. S. Atomic Energy 
Commission and the Office of Naval Research 

tA preliminary report of this research was presented at the 
Ninth Annual International Conference on High-Energy Physics, 
Kiev, 1959 (unpublished 

t Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the Faculty of Pure Science, 
Columbia University 

'T. D. Lee, Harvard lectures, Nevis Report No. 50 (unpub- 
lished). T. D. Lee and C. N. Yang, Brookhaven National Labora- 
tory Report BNL-443, T-91, 1957 (unpublished 

? L. Landau, Zhur. Eksp. i. Teoret. Fiz. 32, 405 (1957) [transia- 
tion: Soviet Phys. JETP 5, 336 (1957)]; Nuclear Phys. 3, 405 
(1957) 

3N. F. Ramsey, Phys. Rev. 109, 225 (1958) 

‘The effectiveness of the Pauli principle rules out such a 
degeneracy for electrons, neutrons and protons. However, no such 
experimental evidence exists for the muon. 


measuring the electron 
ponent within the stated 
2X 10-"* cm the charge of 


in the study of the ~ meson because of the present 
difficulty in explaining the muon-electron mass differ- 
ence. The present experiment is designed to detect a 
possible electric dipole moment in the muon with a 
sensitivity of 0.1% of a natural moment,® i.e., the 
electronic charge multiplied by the muon Compton 
wavelength (1.85 10-" cm). 

The lowest upper limit for the electric dipole moment 
(EDM) of a partic established for the 
neutron® as eX 5X 10-™ cm. The difficulty in producing 
an electric field at the position of a charged particle 
has limited the sensitivity with which an electric dipole 
moment in the electron or proton can be detected. In 
fact, the best upper limit to the EDM of the electron 
was found using the precession technique of the experi- 
ment reported here’:* (eX3X10 Other inde- 


has been 


cm 


5 In a previous communicat 
result giving an upper limit 
Rev. Letters 1, 144 (1958 

* J. H. Smith, E. M. Purcell 
108, 120 (1957 
TR. L 
(1959) 

*D. F. Nelson, A. A 


we have reported a preliminary 
of the natural moment. Phys. 


and N. | 


Ramsey, Phys. Rev. 


Garwin and L. M. Lederman, Nuovo cimento 11, 776 


Schupp, R. W. Pidd, and H. R. Crane, 
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Fic. 1. Schematic diagram of the meson trajectories. The Be target is located in the cyclotron vacuum chamber and can 
be considered as a source of longitudinally polarized muons. P» is the average initial muon momentum. 


pendent investigations of effects of an EDM in the 
electron come from Coulomb scattering of electrons’. 
Bull. Am. Phys. Soc. 4, 250 (1959); Phys. Rev. Letters 2, 492 
(1959). 


*B. Margolis, S. Rosendorff, and A. Sirlin, Phys. Rev. 114, 
1530 (1959). 

” H. W. Kendall and G. Burleson, Ninth Annual Internationa! 
Conference on High-Energy Physics, Kiev, 1959 (unpublished). 


and the energy levels in hydrogen."'-'* These imply elec- 
tric dipole moments <8 X 10-" Xecm and <i X10-"Xe 
cm, respectively. Similarly, the energy levels in hydro- 
gen lead to an EDM in the proton” which is <eX1.3 
x 10-8 cm. 


~ 1G, Feinberg, Phys. Rev. 112, 1637 (1958). 
2 E. E. Salpeter, Phys. Rev. 112, 1642 (1958). 
4 R, M. Sternheimer, Phys. Rev. 113, 828 (1959). 
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MESON BEAM 


Fic. 2. Apparatus to measure transverse polarization. The 
beam intensity was monitored with counters 1 and 2 and the 
muons are brought to rest in the Li target. The magnetic fields 
used to precess the muons were produced with three pairs of 
Helmholtz coils surrounding the apparatus. A 1235 count triggered 
the gate, and electrons were counted in either the 34 telescope or 
the 5—6 telescope. 


Il. DESCRIPTION OF EXPERIMENT 


A possible EDM in the muon can be detected by 
using a longitudinally polarized beam from the cyclo- 
tron and the asymmetry of the decay electrons.” 
A transverse electric field applied to an EDM would 
exert a torque proportional to @X E, and would cause 
the spin vector @ to precess away from the longitudinal 
direction. 

In this experiment the electric field was created in the 
rest frame of the muon by its motion in a magnetic 
field B. 

E= (y/c)vXB. (1) 
The an electric dipole moment feh/mc 
would cause a rotation of the spin vector out of the 
horizontal plane by an amount 


0= 2/087, 


presence of 


where 8 is the total angle through which the trajectory 
is deflected by the magnetic fields and y= 1/(1— 8?) 
(see Appendix). 

Should the above precession occur, another effect 
which causes a second order change in the precession 
is produced by the ionization loss mechanism."* Before 
the polarization is analyzed, the muons are brought to 
rest. The longitudinal electric field produced this way 


az R. L. Garwin, L. M. Lederman, and M. Weinrich, Phys. Rev. 
105, 1415 (1957) 


% T. D. Lee and G. Feinberg (private communication). 
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generates a precession of the transverse component of 
spin about the momentum vector p through an angle 


o=2( p/m 


Thus, a particle which was longitudinally polarized 
at production would have the following polarization at 
the target : the component of polarization perpendicular 
to the horizontal plane is P;= Pp» siné cos@; the com- 
ponent in the horizontal plane and perpendicular to the 
final momentum is P:= P» sin@ sing; finaily the com- 
ponent of polarization in the momentum direction is 
P;= P 5 cosé. 

Muons are produced near a beryllium target bom- 
barded by the proton beam and are nearly longitudinally 
polarized. The mesons are deflected by the cyclotron 
fringe field and then by an additional system of magnets. 
The presence of an EDM can be detected by comparing 
the vertical component of the beam polarization for 
two different total bending angles of the muon beam 
trajectory. In this way the geometry in the region 
where the muons are born remains fixed and the initial 
beam polarization does not influence the 
ted by the magnet system 
were deflected through 30 


magnet with 


result. 

Positive muons were defle: 
shown in Fig. 1. First they 
degrees by a dipole 
For the run at position B they were 


vertical focussing. 
then for ussed by 
a large wedge 


a quadrupole pair for injection into 


shaped magnet. The particle trajectories in this magnet 
had previously been determined by wire measurements 
and repre sented a 111 de grees. Upon 
emergence, 
target 71 inches from the exit of the 
run at position A, the target 


from the dipole bending 1 


deflection of 


the muons were stopped in a lithium metal 


For the 
was placed 108 inches 


magnet. 
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Fic. 3. Block diagram of the electronics. 





ELECTRIC DIPOLE 


The polarization direction of the beam was deter- 
mined by precessing the muons with a fixed magnetic 
field and measuring the electron asymmetry in two 
counter telescopes. A diagram of the apparatus is 
shown in Fig. 2. An incident muon (1235) initiated a 
1.6-microsecond gate delayed 0.7 microsecond and 
decay electrons (34 and 56) were counted during the 
time the gate was open. A block diagram of the elec- 
tronics is shown in Fig. 3. The precession field was 
provided by a set of Helmholtz coils and was uniform 
to 1% over the region of the target. 

The electron asymmetry is assumed to have the form 


R =1 +aPé- Snax; 


where af» is the asymmetry parameter and é@ and émax 
are unit vectors in the direction defined by the electron 
telescope and the direction of maximum counting rate, 
respectively. The direction of the polarization vector 
with respect to the rnomentum can then be determined 
from three measurements: The ratio of the electron 
counting rates after the muon spin has precessed 
(1) +90 degrees and —90 degrees about a magnetic 
field along the muon momentum p, (2) 0 degrees and 
180 degrees about a magnetic field along the mo- 
mentum p, and (3) +90 degrees and —90 degrees 
about an axis perpendicular to p in the vertical plane. 
If these ratios are x, x2, and x3 respectively, then 
(x;—1)/ (a, +1)=aP% sind cos¢, 
(%2—1)/(xe+1)=aP» sind sing, 
(x3—1)/(4%3+1)=aPpo cosé. 
To deduce the beam polarization from x;, the asym- 
metry parameter must be corrected for gate width and 
solid angle, and integrated over the electron energy 
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Fic. 4. Calibration curve for the coils which produced the 
magnetic field along the momentum direction. This provides the 
current settings required to precess the muons through a given 
angle. 
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Fic. 5. Vertical distri- 
butions of the beam at 
position A. The line of 
centers is taken as the 
beam direction. Z is 
measured from the exit 
of the bending magnet 
along the beam direc 
tion 
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spread accepted by the counters. In addition, the meas- 
ured asymmetry parameter contains a dilution due to 
background and accidental coincidences. Including these 
effects the measured x; is consistent with complete longi- 
tudinal polarization of the muons. Note that we need 
never use these corrections since we measured x3 at each 
running position. The muon energy was determined 
from a differential range curve to be 1124-6 Mev at 
position B and corresponds to Py= 1.83. 

The Helmholtz coils which provided the magnetic 
fields were calibrated by repeating the classical muon 
precession experiment.'* Figure 4 is the calibration 
curve for the coils which produced the magnetic field 
along the momentum direction, 3. 

Note that for a beam that is initially longitudinally 
polarized, the angle ¢ depends on a small electric dipole 
moment to second order and for this reason was not 
accurately measured. It was, however, checked that 
50.1 radian, thus taking @ equal to zero represents 
negligible error in @. 

Care was taken to eliminate two sources of a stray 
transverse component of magnetic field, which would 
simulate an electric dipole moment. First, the cyclotron 
fringe field was cancelled over the region of the target 
with a set of Helmholtz coils. This was done with a flip 
coil galvanometer arrangement. The vertical component 
of field, H,, was cancelled at the center of the target. 
This was possible since the gradient of the cyclotron 
field was uniform and the results of both pairs ofelectron 
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TABLE I. Summary of data. 





aP, 


0.18-+0.01 


x3 


1.4540.03 


*1 
A (88° run)  1,00440.003 — 


B (259° run) 1.55+0.04 


0.22+0.01 


0.995+0.005 


aP, 


0.002+0.0015 


6=aP,/aP, radians 


 0.011-40.008 0.00240.002 


—0,0025+0.0025 —0,011+0.011 — 0.0007 + 0.0008 





counters were averaged. A small residual vertical com- 
ponent 6H, would simulate 6=6H,/H,: 6H, was made 
less than 0.06 gauss and H,;=12 gauss for 90° pre- 
cession, so that the contribution to the error in @ from 
this source is <0.005 radian. The currents in those 
coils which nulled the transverse components of field 
were regulated by a transistor regulator recently de- 
scribed by Garwin.'® 

Secondly, the precessing field was aligned with the 
muon momentum with special attention to the vertical 
component. The direction of the momentum was de- 
termined by taking vertical distributions of the beam 
at three positions along the trajectory. These are shown 
in Figs. 5 and 6. The locus of the centers of these distri- 
butions is taken as the beam direction, and can be 
determined to +0.002 radian. The alignment was made 
by sighting along this direction with a line accurately 
perpendicular to the axis of a small solenoid connected 
to a galvanometer. The Helmholtz coil was then 
rotated in the vertical plane until reversing its magnetic 
field gave a zero deflection of the galvanometer. 
The error in this alignment is estimated at +0.004 
radian. Thus the total contribution to the error in the 
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RR. L. Garwin, Rev. Sci. Instr. 29, 223 (1958); Erratum Rev. 
Sci. Instr. 29, 900 (1958). 


measured angle @ from the precessing field alignment is 
69= +0.005 radian. 

Magnetic field effects on the counters were negligible 
since the phototubes were outside the region of pre- 
cessing field and were magnetically well shielded. As a 
check, * mesons were stopped in the target and no 
electron asymmetry was found. («= 1.004+0.009.) 


Ill. RESULTS 


The most significant data were taken with the beam 
deflected as shown in Fig. 1 and are summarized in 
Table I. In addition, data at two other positions have 
already been reported.‘ The angle the polarization 
made with the horizontal plane was found to be 
(including all sources of error) 


6=0.011+0.011 radian (position A, 88° run), 
6= —0.011+0.013 radian (position B, 259° run). 


The possible precession due to an EDM is then the 
difference between tl angles and leads to the result, 


these 
f=0,0020+-0.0015. 


Because of the complete up-down symmetry of the 
production process, it is unlikely that the muons have 
an initial component of polarization out of the hori- 
zontal plane. The use of the total bending angle is 
therefore justified’? and combining the results of posi- 
tions A and B, one obtains 


f= —0,0004+0.0007. 


This corresponds to an EDMSeX2X10-"* cm. We 
note that (f) is approximately an upper limit for the 
probability amplitude for both parity and time reversal 
mixing. 
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plausible) assumption as to the effective muon source size. 
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APPENDIX 


Following Foldy’s'* treatment of the magnetic mo- 
ments, the most general way to introduce an electric 
dipole moment into the covariant, gauge invariant 
Hamiltonian for a spin 4 particle interacting with a 
static electromagnetic field is by the addition of a term 
— (ief h/2mc bo" F wv. 

This term leaves the Hamiltonian invariant under 
charge conjugation but not under parity or time 
reversal. It can be written as + (feh/me)¥{o- E+ ia- Byy 
so that the Hamiltonian for a muon with an EDM ina 
constant external magnetic field, B, becomes 


H=ca- 2+ 8mc?+ (ifeh/mc)Ba:B 
= peo + pymc*— (feh/mc)pa: B. 


Performing a Foldy-Wouthuysen transformation” 
8 L. I. Foldy, Phys. Rev. 87, 688 (1952). 

1 L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950) 
»* H. Mendlowitz and K. M. Case, Phys. Rev. 97, 33 (1955) 
The transformation used here is identica! with that used in this 
paper for the anomalous magnetic moment. It is interesting that 
the result is similar, i.e., the EDM as well as the anomalous part 
of the magnetic moment precesses with a frequency 7 times that 
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OF MUON 
gives 
HH! = e~*?s9/2 Ff e'0,9/2, 


where tan@= —ce-x/mc*. Dropping terms which con- 
nect positive and negative energy states we find for the 
positive energy part 


feh 
H’=«~( )o-B+ o-(2XB), 
2e,/¢ 


Mes 


where ¢-=(m*ct+c*x")! and define pomeh/mc. Re- 
placing ¢, by its eigenvalue ymc*® and noting that 
v= 2/ym gives 


H'=¢,— (o/2y)e B+ fu: (v/cXB), 
da/dt= (i/h)(H’ |= (—uo/hy)eXB 


+ (2fuo/h)oeX (1/c)(vx< B), 
= 0 (d6/dt)f. 
But wo (uo/yh)B. So 
d0/dit=2f(v/c)ywo, 
and 
of the normal moment. The same result is obtained classically 
{see V. Bargmann, L. Michel, and V. L. Telegdi, Phys. Rev. 
Letters 2, 435 (1959) ]. Note that the anomalous magnetic moment 
term has been omitted from H since it gives rise to a precession 


orthogonal to the EDM precession and is unobservable within the 
precision of this experiment 
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Charge Independence in the Reactions p+ d— ="+ He’ and 
p+d—-*+H’ at 450 Mev* 
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Rey 
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An experiment has been performed to measure the branching ratio in the production of He* and H? in 
p-d collisions at 450 Mev at 140° in the c.m. system. The result is 2.13+0.15 which is in agreement with the 
prediction of a ratio 2 on the basis of charge independence alone. The production cross sections were found 
to be (do /dQ)ae*=5.4140.29 wb/sr and (do /d)y*= 11.55+0.49 pb/sr 


INTRODUCTION 


EVERAL workers'~ have tested the validity of the 
hypothesis of charge independence for reactions in- 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Also at Argonne National Laboratory, Lemont, Illinois, and 
the Department of Physics, The University of Chicago, Chicago, 
Illinois. 

t Now at the University of Sydney, Sydney, Australia. 

1C. S. Godfrey, Phys. Rev. 96, 1621 (1954); R. A. Schluter, 
Phys. Rev. 96, 734 (1954); V. B. Fliagin et al., J. Exptl. Theoret 
Phys. U. S. S. R. 35, 854 (1959) [translation: Seviet Phys.— 
JETP 35(8), 592 (1959)]; R. H. Hildebrand, Phys. Rev. 89, 
1090 (1953). 

2K. C. Bandtel, W. J. Frank, and B. J. Moyer, Phys. Rev 
106, 802 (1957). 

2A. V. Crewe et al., Phys. Rev. Letters 2, 269 (1959). 


volving pion production. Only one of these experiments‘ 
has been performed to an accuracy greater than 10%. 
Among suitable reactions for this test are 


p+d— H*+r-", 
and 
p+d— He'+-". 


The branching ratio for these two reactions is predicted 
to be 2. 


*D. Harting, J. C. Kluyver, A. Kusumegi, R. Rigopoulos, A. 


M. Sachs, G. Tibell, G. Vanderhaeghe, and G. Weber, 
Letters 3, 52 (1959). 

* A. M. L. Messiah, Phys. Rev. 86, 430 (1952). 

* J. M. Lattinger, Phys. Rev. 86, 571 (1952). 
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Fic. 1. Plan view of the experimental area. Secondary emission 
monitor SEM, collimator C, shielding S, target 7, spectrometer 
magnet M, counter telescope CT and beam catcher B 


The first attempt to measure this ratio was made with 
340-Mev protons.? Recent measurements have been 
made at 600 Mev‘ at CERN and at 450 Mev in this 
laboratory.* At CERN the ratio has been measured to 
about 5% accuracy at one angle and measurements at 
other angles are being made. In this laboratory the ratio 
was measured to about 12% over a range of 20° in the 
center-of-mass system. The present experiment consists 
of a measurement at one angle to 7% accuracy. 


METHOD 


The cross sections were obtained by detecting only 
the heavy particles. To reduce background the particles 
were analyzed by a high-resolution magnetic spectrom- 
eter’ and then detected by a counter telescope which 
employed both range and pulse-height descrimination. 


Fic. 2. Counter telescope. 


7A. V. Crewe, Rev. Sci. Instr. 29, 880 (1958). 
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The experimental area is shown in plan view in Fig. 1. 
The extracted protons from the Chicago synchrocyclo- 
tron® pass through a secondary emission monitor (SEM) 
and a collimator (C) and are focused on a CD, target or 
a matched carbon target (7). Except in the neighbor- 
hood of the secondary emission monitor, the protons 
travel in vacuum to the targets in order to reduce 
background radiation. A concrete shield S covers the 
region of the beam monitor and collimator and lead 
shielding encloses the counter telescope (CT). After 
passing through the target, the protons enter a shielded 
beam catcher (B). 

The H? and He’ travel in vacuum through the magnet 
to the quadruple counter telescope shown in Fig. 2. The 
first three counters are connected in coincidence and the 
fourth in anticoincidence. An absorber was placed be- 
tween counters 3 and 4 to h 


stop the H’, while allowing 
lighter particles of the sams 


momentum to enter counter 


Fic. 3. Pulse-height ints for H? 
production. The large the small peak H?. 
Only representative statistical err are shown 


4. This was not sufficient discrimination, however, to 
allow the straight-forward counting of H® particles. The 
number of counts at 
of magnitude greater than the number of triton counts 
due to the inefficiency of the anticoincidence counter 
and the general background, thus masking the counts 
of interest. Therefore pulse-height analysis of the pulses 
in counter 3 was also used. This enabled us to separate 
the real effect from the background. For the detection 
of He*, counter 2 was removed from the telescope be- 
cause the range of these particles is only a few mm of 
scintillator. Both He* and deuterons of the same p/Z 
will then stop in counter 3. Protons of the same p/Z 
will enter counter 4 and be discriminated against. Pulse- 
pulses from counter 3 separated 
deuterons. The triton counting rate 


ny given momentum was orders 


height analysis of the 
the He’* from the 


*A. V. Crewe and U. E. Kruse, Rev nstr. 27 1956) 
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p+d—+r++H* AT 450 MEV 








390 
MOMENTUM MEV/C 


b) 


Fic. 4. (a) Curve showing H? counts versus momentum. The width of the defining counter corresponds to 9.2 Mev/c. (b) Curve 
showing He* counts versus momentum. In this momentum range the width of the defining counter corresponds to 4.2 Mev/c. 


was remeasured with counter 2 removed to insure that 
counter 2 was 100% efficient. 

Each scintillator was viewed at both ends by photo- 
tubes whose output signals were balanced and added. 
The signal from counter 3 was split. One half was used 
for the coincidence circuit and one half was fed to a 
50-channel pulse-height analyzer through a fast gate,’ 
which is opened by a 1234 coincidence. 

After the usual electronic checks were made, the 
pulse-height spectra for carbon and CD, targets were 
recorded at several values of magnet current through 
the range appropriate to the p/Z of the H® (or He’). A 
plot at a suitable magnet current of CD,-C counts 
versus the channel number shows a peak in the channels 
corresponding to the H*, as shown in Fig. 3. These 
counts were then summed over a sufficient number of 
channels to insure that all the heavy particles were 
included, and a plot was made of counts versus mo- 
mentum as shown in Figs. 4({a) and 4(b) for H® and 
He’, respectively. 

There is an appreciable background for the tritons. In 
order to allow for this, measurements were made at a 
number of magnet currents off the momentum peak for 
both H* and He’ as shown, and a base line was estab- 
lished for calculating the area of the peak. 

The resolution of the magnet and the momentum 
spread of the H* and He’ are such that the width of the 
exit focal spot is greater than that of the defining counter 


* E. L. Garwin, Rev. Sci. Instr. #0, 373 (1959). 


(4-in.). The total flux of H’® or He® through the magnet 
is obtained by dividing the area of the curves in Fig. 4 
by the momentum range accepted by the defining 
counter. To find the proportionality factor between the 


width of the defining counter and the momentum range 


accepted we replaced the }-in., defining counter by two 


x10? 
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Fic. 5. Curves show the tops of peak from p-p elastic scattering. 
The two curves are obtained by substituting for the usual 4-in. 
wide defining counter two }-in. wide counters side by side. The 
distance between the centers gives the momentum width of the 
counter at this momentum. 
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C.M. ANGLE 
Fic. 6. Cross section versus c.m. angle. Filled circles and tri- 
angles refer to cross sections for the previous run for H® and He’, 
respectively. The crosses show the two measurements from this 
run. The curve is a least squares fit of a parabola to the previous 
H? data. 


}-in. counters, 14 and_1B, side by side and studied 
p-p elastic scattering from a CH, target using a suitable 
range of magnet currents. By plotting 1434 and 1B34 
coincidences versus momentum we obtained two curves, 
as shown in Fig. 5, displaced from one another on the 
momentum axis. This displacement together with an 
accurate measurement of the center-center separation 
of the }-in. counters and of the width of counter 1 gave 
us the momentum range accepted by this counter. 
Measurements of this were made at the two p-p scatter- 
ing angles which gave protons of the same p/Z as the 
H? and He’. 

The H?® and He’ results were normalized to give abso- 
lute cross sections by comparing p-p elastic scattering 
counting rates, using 134 coincidences, with published” 
p-p cross sections. An analysis of the CD, target showed 
an impurity of 2.2% He», which was corrected for in 
these cross sections. 

The cross sections obtained in this way are listed in 
Table I together with the results from a final analysis 
of the data of the previous run.’ This analysis allowed 
us to calculate the absolute cross sections from the data 
and had the effect of reducing the relative magnitudes 
of He*® data which were published previously. 


w W. N. Hess, Revs. Modern Phys. 30, 368 (1958) 
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The ratios from the previous run quoted in Table I 
were obtained by comparing the He* data with a para- 
bola fitted to the H® data (see Fig. 6). 

The errors on the ratios include statistical errors and 
2% inaccuracy in the measurement of the momentum 
widths of counter 1. For the absolute cross sections we 
also included a 3% error for the measured and published 
p-p cross sections. 

Combining the results at 140° c.m. for the two runs 
we arrive at a final ratio of 2.17+0.13. 


THEORETICAL CORRECTIONS AND CONCLUSIONS 


The theoretical ratio for these cross sections is two, 
but there are two corrections to apply : (1) the difference 
in the center-of-mass kinetic energies available in the 
two cases and (2) a Coulomb effect. 

The effect of the latter has not been calculated. 


rasie I. Summary of data 


®c.m article in la/dQ)em. ub de 


145.2 He’ 6.44+0.94 
140.9 He’ 5.23+0.52 
140.0 He’ +029 
135.5 He® 9+0.38 
156.4 H? 
152.8 H? 
148.8 H* 
140.0 H? 
139.9 H? 
134.4 H? 


10) n*: (de /dQ) ad 


2.34+0.37 
2.26+-0.26 
2.1340.15 
2.08+-0.22 
+2.2 
+2.0 
> +14 
10.6 +0.91 
11.55-+0.49 
8.47+0.74 


) 
) 
2 
l 


An estimate has been made in the case of the former 
correction, using a theory due to Ruderman" and Blud- 
man,'* who relate the cross sections for p+p— x++d 
and p+d— 2*+H!'. We assumed for this calculation 
that Vy_*= Vy,’ and that the cross section for the reaction 


p+p— xt+d, 
is not energy dependent at our energies. This calcualtion 
indicates that the ratio will be increased and the effect 
is less than 6%. 
We conclude that the hypothesis of charge inde- 
pendence is valid for these reactions within the accuracy 
of our experiment. 


ACKNOWLEDGMENTS 


We would like to thank D. C. Stewart and R. W. 
Bane of Argonne National Laboratory for analyzing 
the CD, target. 


1 M. Ruderman, Phys. Rev. 87, 383 
2S. A. Bludman, Phys. Rev. 94, 1722 





PHYSICAL REVIEW VOLUME 


118, NUMBER 4 MAY 15, 1960 


Binding Energy of a Neutron Gas 


K. A. BRveCKNER 
University of California, La Jolla, California 


Joun L 


GAMMEL 


Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


AND 


Josern T. Kunis 
Princeton University, Princeton, New Jersey 
(Received December 28, 1959) 


The energy of a neutron gas is determined as a function of density using the methods of Brueckner and 
Gammel. The system is unbound at all densities. The change in energy from a superconducting type of level 


inversion is estimated and shown to be negligible 


T has recently been shown’ that very large nuclei 
made up almost entirely of neutrons may exist 
metastably if the neutron-neutron attraction is suffi- 
ciently strong to bind the system. Such “hyper-nuclei”, 
if bound, would be almost completely stabilized against 
beta decay by the high Fermi energy of the electrons 
produced by the decay of roughly 10~ of the neutrons. 
To determine the possibility of such bound neutron 
systems, we have evaluated the energy of a pure 
neutron gas as a function of density, using the methods 
of Brueckner and Gammel.’ (We refer to this in the 
following as BG). These are particularly accurate for 
this case since the region of possible interest is at much 
lower density than is nuclear matter. 
In a pure neutron gas, the Fermi momentum is deter- 
mined by the relation 


2(4rkr*)Q/ (2x)? =N, 
kp=1.912/r0, 


(1) 
(2) 


with ro the radius of the mean volume per particle. 
The energy is determined as in BG by the equation 


e-5* 


(3) 


, ps (Ki5,45— Kij,4)- 
ii 


Inserting the angular momentum decomposition of the 


Taste I. Parameters of Gammel-Thaler potentials. These are of 
Yukawa form and have a repulsive core at 0.410" cm. 





Inverse range 
Strength (Mev) (10" cm™) 
Singlet — 434 
Triplet central odd — 4 
Triplet tensor odd — 22 
Triplet L-S edd —7317.5 


1 E. E. Salpeter, Bulli. Am. Phys. Soc. 4, 256 (1959). 

?K. W. Chun, Ph.D. thesis, University of Pennsylvania, 1959 
(unpublished). 

*K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 


K matrix and using the proper spin weights, we find 


_ pb? : 
E om +>" (kik;| K| kik; singlet even 
‘2M kikj 
> (kikym,| K | kk my) eripter odd. 


kiky mes 


(4) 


The explicit expression for the triplet K matrix is 
given in Eq. (63) of BG. 

We have evaluated the self-consistent single particle 
energies and total energy using the Gammel-Thaler 
potentials listed in Table I. The results for the total 
energy and potential energy per particle are given in 
Fig. i. 

The possible singularities of the K matrix very near 
the Fermi surface due to the attractive forces were not 
observed since they can affect only states of total 
momentum very close to zero and also with relative 
momentum very close to the Fermi momentum. These 
have zero weight in the computation of energy due to 
the finite spacing of momentum values chosen. It is, 
however, possible to estimate the extent to which the 
attractive singiet-s interaction near the Fermi surface 
causes level inversion and depression of the ground state 

















Fic. 1. Total energy per particle. 
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Fic. 2. Q(ke| K | ke)/4x in singlet s state as a function 
of momentum for several densities. 


energy. The relevant matrix elements of the K matrix 
are shown in Fig. 2 as a function of momentum and in 
Fig. 3 at the Fermi surface as a function of density. 
We take the formula for the ground-state energy 
shift per particle as given by Bardeen, Cooper, and 








Fic. 3. Q(ke| K| ke)/4 in singlet s state at the Fermi 
surface as a function of density. 
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Fic. 4. Ground-state energy shift per particle due to 
level inversion, as a function of density. 


Schrieffer.‘ 


AE V (0) (hw)? —2 
=—2 exp( ). 
’ \ V(O)V 


N (0) is the level density at the Fermi surface 


kp VU *) 


rh 


with M* the effective mass defined by the relation 


dh 
M* M ppl dp I, 


f 
Q the normalization volume, and —V» the average 
matrix element of the interaction at the Fermi surface, 
which we take from Fig. 3. The characteristic energy 
we take to be the kinetic energy at the Fermi sur- 
face, i.e., 

hieo= hth p?/2M*. (8) 
The resulting shift per particle is given in Fig. 4.5 This 
is as a typical value 1.2X10-* Mev at r=2.60X10-" 
cm; comparison with Fig. 1 shows that this is much 
too small to affect the total energy appreciably. 

We have also looked for a possible minimum in the 
energy at densities approciably lower than that corre- 
sponding to ro=3.0X10-" cm. As the density goes to 
zero, the energy is given exactly by Eq. (4), with the 
odd states giving no contribution as the momentum of 
the Fermi gas goes to zero, and only the singlet-S state 
remaining in the even state sum. To lowest order in the 


‘J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957) 

5 We have set M*=WM in I and 8) since evaluation 
of Eq. (7) shows that M® differs from M by at most 6% over the 
density range of interest 
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density, the K matrix is given by the scattering limit: 


(Rik;| K | Rikj) = —(4e/MQ)R,=So(k,,), (9) 
) 


e+ 


with k;; the relative momentum. The sum over &;, 2; 
in Eq. (6) now can be replaced by an integral over the 
relative momentum, with the result 


E 3p 8 te 38 if 
—=—__-— J dk bi) (1- + ) (10 
N 10M «M 2ke 2 ky* 

The s-state phase shift is given by the effective range 
formula 








Fic. 5. Energy at very low density as given by 
scattering phase shifts. 


k cotés= — (1/a)+4rok?*, (11) for densities as low as ro= 3X10" cm. This is readily 
with understood since the large singlet scattering phase 
a=—23.6 <X10-" cm. shifts are markedly reduced by the perturbation of the 
n= . 265X10- on. (12) interac tion arising through the effects of the exclusion 
principle. 
The energy determined by Eq. (10) is given in Fig. 5 We conclude that a neutron gas is not bound at any 
as a function of ro. Again we see that there is no mini- density and also that there is no relative minimum in 
mum and, as expected, that the low-density formula the energy as a function of density. A constrained 
gives considerably too much interaction energy even neutron gas would, however, show superfluidity. 
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The relations between R+N — x+-Y absorption amplitudes and pion-hyperon scattering amplitudes that 
are implied by the unitarity of the scattering matrix are considered. It has been shown by Kawarabayashi 
that if A production and the K°— K~ mass difference are neglected, the zero kinetic energy K~— p absorption 
data of the Berkeley hydrogen bubble chamber group imply that at least one of the angular momentum } 
pion-hyperon scattering amplitudes is much larger than are any of the j=4 pion-nucleon amplitudes at a 
corresponding energy. It is demonstrated that the conclusion of Kawarabayashi remains valid if one includes 
the effecis of A production and the K°—K~ mass difference. 


T is generally assumed that the interactions of + absorption data. We make the usual isotopic spin 
mesons with nucleons, 2 and A particles are assignments and follow Day, Snow, and Sucher' in 
primarily responsible for the binding of A’s in nuclear assuming that the K~’s stopped in liquid hydrogen are 
matter. If this assumption is correct the rZA interaction nearly all absorbed from S orbitals. For definiteness we 
is among the strongest of all particle interactions, so assume that the KNA and KNZ interactions have odd 
that an understanding of rY interactions is essential to intrinsic parity, so that the rA and x= states produced 
understanding the strange particles. Unfortunately, by stopped R particles are also S states. (The con- 
direct rY scattering experiments cannot be done. sequences of the opposite parity assumption are 
However, as has been noted by many people, some discussed later.) We assume that the branching ratios 
information concerning the #Y scattering amplitudes for the different final states produced by stopped 
may be obtainable from analyzing the results of K~’s in hydrogen are those given by the Berkeley 
K+N — r+Y absorption experiments. _ bubble chamber group,’ i.e., 2-+2*+ (45%), Z++r 
In this paper we are concerned with the phase (21%), 2°+2° (27%), and A°+2° (7%). These data 
difference between isotopic spin one and zero r—Z 
: P ao oe 'T. B. Day, G. A. Snow and J. Sucher, Phys. Rev. Letters 3, 
scattering amplitudes that may be indicated by the gy (4959). 
— *L. W. Alvarez, Proceedings of the 1959 International Con- 
*Supported by the joint program of the Office of Naval ference on physics of High-Energy Particles at Kiev, July, 1959 
Research and the U. S. Atomic Energy Commission. (to be published ). 
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implies that the production amplitudes for the different 
isotopic spin states satisfy the relations, 


| Toxz|*/|Tixz|*=6.7, | Tixa|?/|Tixz|?=0.58, 


\@:xz—Ooxz| =62°, (1) 


where the first subscript denotes the isotopic spin, and 
Oixz and Ooxz are the phases of the amplitudes 7i«z and 
Toxz. Unfortunately, there is considerable uncertainty 
in these values (especially in the value for 6:nz—@oxz) 
arising from the experimental difficulty in distinguish- 
ing between 2°+ 7" and A°+72° events. We neglect the 
infrequent A+ 2x production processes. 

Only the two channels KN and x2 are present for 
isotopic spin zero. In this case the unitarity of the 
scattering matrix implies that the phase Ooxz is the 
sum of the real parts of the S-wave elastic scattering 
phase shifts (Sox and der) for the J=0 KN and #2 
states.’ At the threshold for KN scattering, the phase 
shift 50x must be zero, so that 25o:= 20oxz. (The factors 
of two are included in this equation because the unitary 
condition relates the phase angles only to within an 
additive factor of x, i.e., Ooxz is equal to either doz or 
da+.) A similar conclusion holds for the J=1 phase 
shifts, provided that it is legitimate to neglect the wA 
channel. In this approximation, 


2|51z—Sex| = 2|O1nz—Ooxz| = 124°. (2) 


Since the pion-nucleon S-wave scattering phase shifts 
at a corresponding energy (130-Mev lab pion kinetic 
energy) are about 5,;~9°, and 56;~ —8°, it is seen from 
Eq. (2) that at least one of the 7=0 and J=1 4-2 
phase shifts must be much larger than either of the 
corresponding pi-nucleon phases. This conclusion has 
been made previously by Kawarabayashi,’ who points 
out that the large phase difference @:x2:—O@oxz is the 
principal reason that the experimental data does not 
satisfy the global symmetry inequaltity of Amati and 
Vitale.* If one assumes strict global symmetry (i.e., 
equality of corresponding pion-baryon scattering ampli- 
tudes as well as coupling constants), the difference 
between the /=1 and J=0 x scattering amplitudes is 
related to the rN amplitudes by the equation T:z— To 
=4(Tyw—Tyw). Hence, in this model 5::—dez is quite 
small (~—6°). 

The purpose of this paper is to show that the above 
result of a large phase difference 5;:— doz remains valid 
if one includes the effects of the rA J=1 channel. We 
apply the many channel unitarity condition previously 
presented by the author‘ to the case of three open 


*K. M. Watson, Phys. Rev. 95, 228 (1954). 

‘Richard H. Capps, Phys. Rev. Letters 2, 475 (1959). 

* Ken Kawarabayashi, Progr. Theoret. Phys. (Kyoto) 22, 451 
(1959) 

*D. Amati and B. Vitale, Nuovo cimento 19, 895 (1958). 
See also M. H. Ross and G. L. Shaw, Phys. Rev. 115, 1773 (1959). 
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channels. The unitarity condition on the phase @:xz is 


1—}(Re+Rx+ReaRea/ Rez) 


cos[2(6:2+46:n—4:Kz) | 
1— Rz)*(1i— Rx)! 


where Rz= Rez+Ra, Re=Rezt+Rea, and Rza, Rea, 
and Rxz are the transition rates between the isotopic 
spin one S-wave =x, Ar, and KN states. All rates are 
normalized so that R;;=1 is the maximum rate con- 
sistent with unitarity for an inelastic process (i.e., 
the S-wave cross section from state i to state j is 
given by oi;= 
threshold 
bix=0, 

becomes, 


mwh2R,,). Since we are considering the 
for KN scattering, may set 
and Rz=Rz,. The equation then 


energy 
Rx = 0, 


we 


i-— Rs, 1 +-x) 


, = 


Rra 


cos[_2(5::—4:«z) . 
Rrz 


(3 
(1— Reza)! 


The ratio x is equal simply to the production ratio 
| Tixal*/| Tixz|? of Eq. (1), since the proportionality 
between Rxy and |7,«y\* is independent of the mass 
of the xY state. On the other hand, Rs, is unknown. 
Hence we examine the expression in Eq. (3) as a function 
of Reza for fixed x. It is seen that if «<1, the phase angle 
yz is necessarily in the range, 


cos[ 2(5::—@:xz) |] (1—2*)!. (4) 
Furthermore for x< 1 the condition cos{_2(6:z—@:xz) |S1 
implies that Rza satisfies the inequality RraS42/ 
(x+1)*. If we take x=0.58, as given by Eq. (1), the 
condition on Rx, is not very restrictive, but Eq. (4) 
reduces to the significant relation 2|5:—@:xcz| <36°. 
Hence the inclusion of the zA channel leads to the 
following modification of Eq. (2): 

88° < 2] 8:s—dor| < 160°. (5) 
One may still conclude that at least one of the +z 
scattering phase shifts is large. 

The inequalities of Eqs. (4) and (5) were derived 
without making any assumption concerning the 
magnitude of Ry. However, if the global symmetry 
model is approximately correct, Rza is not extremely 
large, and the inequalities can be strengthened. In 
order to estimate a reasonable limit for Rza, we observe 
that for S-wave channels at low energy, Ry is propor- 
tional to p:p;, where p; denotes the momentum in the 
center-of-mass system of a particle in the state i. The 
product pzps at KN threshold is equal to the corre- 
sponding product pyx* for pion-nucleon scattering at a 
pion lab energy of about 170 Mev. At this energy the 
rates for isotopic spin 4 and } S-wave pion-nucleon 
scattering (defined in terms of the corresponding 
cross sections by o;=Ay’R;) are both approximately 
equal to 0.12. Hence we may safely say that either 
Rx,<0.2 or the A457 reaction is much stronger 
than xN scattering. However, if Rz,4<0.2 and «30.58, 





| 


it may be seen from Eq. (3) that 2|é2—@:xz| < 20°, 
so that the inequality of Eq. (5) may be strengthened. 

If the XNZ and KNA interactions have even parity, 
the relevant w= and 7A states are the P, states. The 
conclusions reached above concerning the possible 
values of the phase shifts [Eqs. (3) and (5) } are valid 
in this case too. Since the P, pion-nucleon scattering 
phase shifts at energies around 130 Mev are even 
smaller than the S phase shifts, the difference between 
the = and wN scattering would be even more striking 
in this even parity case. 

The mass difference between the K~p pair and the 
Rn pair is large enough (~5.3 Mev) to lead to appreci- 
able corrections in the charge independence mode! 
used here. Since the experimental ratio 

Toxz\* is small, we must worry particularly about 
corrections to the amplitude Tixz. We will estimate the 
possible effects of the mass difference on the phase 
difference 6;:—@,xz, again assuming odd KNZ and 
KNA intrinsic parities. We ignore the mass differences 
between the different +E states, since near the KN 
threshold energy, the relative differences in center-of- 
mass momenta of the rt, #°Z°, and 2-=* states are 
small. 

The K-p—Kn mass difference leads to transitions 
between the J=0 and 7=1 amplitudes, but does not 
lead to transitions between the KN and J=2 xz 
states.’ Hence, there are four relevant open S-wave 
channels of total charge zero at the K~p threshold, 
which we choose to be the K~, #°A, and the r= states 
of isotopic spin 1 and 0. These states are denoted with 
the respective subscripts, K, A, 12, and OZ. The four- 
channel form of the unitarity condition of reference 
4 may be used to write the following inequality for 
the phase shift 8:2: 


(1— Riz a— Riz,oz)! cosl_2(:2—9x,1z) ] 


= 1—430 Riv a(1+2)+Riz.2(i+y)] 
—(xyRiz sRizoz)', (6) 


Tixz “f 


where 


2=Rea/Reaz and y=Reoz/ Rx. 


Although we are now using the K~p state as a basic 
state, rather than the 7=0 and J=1 KN states used 
earlier, the different amplitudes defined in these two 
ways are proportional. Hence, the experimental data 
of Eq. (1) implies the same proportional relations as 
used earlier, i.e., 


x= 0.58, y=6.7, |Ox. 12—9x oz| = 62°. (7) 


7 For a di discussion and calculation of the mass difference effects 
in RN absorption and scattering, see R. H. Dalitz and S. F. Tuan 
(to be published). 


ABSORPTION AND 


s- 2 PHASE SHIFTS 1099 
If charge independence were strictly valid, the transi- 
tion rate Ry o¢ between the 7=0 and J=1 #¥ channels 
would be zero. In this case the equality sign of Eq. (6) 
would apply, and the equation would reduce to Eq. (3). 

The principal contribution to the isotopic spin 
mixing rate Riz or is expected to come from scattering 
of the r= pair through K~p and K°n intermediate states 
and results from the difference in phase space between 
these two states. This contribution to Riz. can be 
calculated approximately in terms of the threshold 
cross sections for the relevant K+N — 2+ processes.* 
If we take these cross sections to be given by the analysis 
made by Dalitz and Tuan’ of the KN data, the resulting 
rate is Rix o¢=0.028. This corresponds to an S-wave 
cross section of about 1.1 mb, and may not be small 
compared to the scattering in pure isotopic spin states. 
Nevertheless our central point concerning the phase 
difference 5;z—4oz remains valid. To see this we make 
the generous assumption that Ry oz is no greater than 
0.05 and again assume that Ry is less than 0.2. 
Equations (6) and (7) may then be used to show that 
2|d:z—Ox »z| <60°. It should be pointed out that the 
equality sign in Eq. (6) holds only if the phases of the 
quantities Ve aVizu* and Vx.orViz.e* (where V,; is 
defined in reference 4) are equal. Such an equality is 
unlikely, so that one expects the quantity 2|3:2:—@x 12! 
to be smaller than the maximum allowed by the 
unitarity condition. 

In a similar manner one may estimate the effect of 
the K-p—R mass difference on the J=0 phase 
difference 5o:—®oxz. In this case it is the inverse of the 
quantity y= Rx «/Rx«.z that enters into the relation 
for cost 2(Ber—6x. 2). Since y™ is small, the mass 
difference effect is much smaller than in the J=1 case. 

It is concluded that if the experimental KN absorp- 
tion phase difference is larger than ~45° (as is presently 
believed), at least one of the j=4 pion-hyperon 
scattering amplitudes is much larger at the RN 
threshold energy than are any of the j=4 pion-nucleon 
amplitudes at a corresponding energy. Such a large rY 
amplitude would imply either that the global symmetry 
assumption concerning the #NN, wAZ, and «ZZ 
coupling constants is wrong, or that the presence of 
the KN channel leads to large modifications in the 
rY amplitudes at the KN threshold energy. 


* The calculation may be done in the following manner. One 
first calculates the rate Riz oy at an energy slightly above the 
RK threshold, using only real intermediate K% and K~p states. 
One then analytically continues the result down in energy to the 
K~p threshold, assuming that the momenta in the K~ —_ Rs 
states are the ‘only factors that vary appreciably 7 this region. 
This method is equivalent to that used in reference 

*R. H. Dalitz and S. F. Tuan, Phys. Rev. oe 425 (1959). 
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The Hamiltonian for general relativity obtained in a previous paper furnishes a definition of energy whose 
physical interpretation is direct, and which fulfills the conditions required of the energy in other physical 
systems. The energy can be expressed as a surface integral at spacial infinity in terms of the spacial com 
ponents of the covariant metric tensor at any given time. Thus, the energy depends only on the minimal 
initial Cauchy data and may be evaluated in any coordinate system, provided this system can be made 
asymptotically rectangular. These statements remain valid when particles are coupled to the gravitational 
field. The criteria for existence of gravitational radiation are formulated in terms of the canonical variables 
and the stress-tensor. These criteria are identical to those used in electromagnetic theory. Some applications 


are discussed. 


I. INTRODUCTION or alternately 


N a previous paper,' a canonical form for general vi 2 0, 84,5=9. (1.4b) 
relativity in terms of explicit canonical variables The above coordinate conditions amount to using 
has been derive d. These « anonical variables were taken inde pende nt variables in place of « oordinate S the metric 
to be the two independent components of the transverse functionals? g;= x‘ and 1/2V*)r*=t. It is, perhaps, 
traceless parts of g,; and of important to realize, tl erefore, that this entire work 


, ; 4 . 
: ‘ : ; involves only the fu ynals 
nr to wn Lome a) ny ima in (1.1) she ' 


: ¢ (1.5a) 

i.e., giy?? and wr’7?, We have here made use of the 

. am 

general orthogonal breakup of a symmetric array , . i 
, 2 1/V*)x? j (1.5b) 


Such a situation is analogous the statement of an 
orbit in ordinary parti le mechani in the form r=r(@). 


Correspondingly our equations of motion for gi;77 and 
rTT are analogous to the orbit equations in terms of 

1/01 101/92) fx on] (1.3b) dr/ dé. 1 he same orbit, f course, can be described by 

uj 2 ik, jkis wo way of the pair of equations r=r(r) and 6=86(r) 

while 1/V? is the inverse of the flat space Laplacian terms of an arbitrary parameter r. While in particle 
operator (with Te boundary conditions) and mechanics there exist additional equations that allow 
feg7™ =O, faa™? This bre akup i is well defined on a_ one to determine the dependence of r on the time 4, in 
space like surface in terms of a given coordinate system. general relativity (due to the general covariance of the 
The specification employed here, as in IIT is theory) there are 1 quations to determine the de- 


eT=0, 3(¢;,+6;,)=8 (1.4a) pendence of g; and 2)? on the arbitrary coordinates 
n ; 2 iy ja idy “te . ° . » 
a“ that appear in t inal action /d‘x (—‘g)! 4R(x) 
. , 1 ' > 4 » 17 : i ¥ -@ . ° - . 
rhis research was supported in part by the U.S. Air Force Since these coordinat o not enter at any point in the 
under a contract monitored by The Aeronautical Research sé , o 3 
Laboratory, Wright Air Development Center canonical form of t theory, general covariance has 
t Supported in part by a National Science Foundation Research been manifestly maintaine we are merely using 
Grant ’ = wr = 1/1 /oO2)\.T 
. : the symbols x“ as abb lato! ( ’ and »(1/V*)9r 
t Alfred P. Sloan Research Fellow. On leave from Palmer . ; : , : c 
Physical Laboratory, Princeton University, Princeton, New It was shown 1 it t components, 7 yw, Ol the 
Jersey. stress tensor took 
! The previous papers in this series will be referred to as I, II, 
and III; they are: R. Arnowitt and S. Deser, Phys. Rev. 113, 745 7 ‘ oT 1.6a 
(1959); R. Arnowitt, S. Deser, and C. W. Misner, Phys. Rev 
116, 1322 (1959), and Phys. Rev. 117, 1595 (1960). Notations and 2 7 a. (1.6b 
units are as in III, namely, «=16ryc*=1, c=1 where y is the 
Newtonian gravitational constant. Latin indices run from 1 to 3, : was point I tl nvariant functionals of the 


Greek from 0 to 3 Y= {. All tensors and covariant operations metric ng ' . tes tal e form g; and —4(1/¥?)x? 
and three-dimensional! unless specified, e.g., g*’ or is the matrix only in the preferr ul fr n other frames 


inverse to gi; and ‘ indicates covariant differentiation with these functionals take ot! rms t uined by making the 
respect to gi; (nm , appropriate coordi 
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CRITERIA FOR RADIATION IN GENERAL RELATIVITY 


where 5 was the Hamiltonian density of theory. In 
these equations, g’ ,; and er’ ; were to be expressed as 
functions of the canonical variables by solving for them 
in the constraint equations G°,=R°,—4é°,R=0. A 
perturbation solution of these equations, at least, 
clearly exists. Further, the coordinate conditions (1.4 
ensure that 7°, does not depend explicitly on x* as was 
shown in III. Thus, the standard conservation laws 
hold. 

The energy-momentum of the field is just the volume 
integral of the components of 7°, when a solution of 
the field equations is substituted in for g’ and x‘. In 
this paper we will see how these expressions for energy 
and momentum may be evaluated without imposing 
the canonical coordinate conditions Eq. (1.4) or 
explicitly solving the constraint equations. With the 
aid of the expressions for energy and momentum we 
will be able to write down explicit criteria for the 
existence of gravitational radiation. In order to discuss 
radiation escaping to infinity we shall define a Poynting 
vector just as in electrodynamics. The condition for 
waves at a finite point is simply the nonvanishing of 
the canonical variables at this point. 

The derivations of the canonical form and the defini- 
tion of the energy-momentum of III were given only 
for the free gravitational field. In this paper we extend 
this analysis to include the problem of point particles 
coupled to the gravitational field. As will be seen, no 
essential changes are introduced by such a generali- 
zation. This extension allows us to examine the energy 
for some cases of interest. The possible relevance of 
these examples to the classical self-energy problem is 
discussed. 


II. DEFINITION AND PROPERTIES OF 
ENERGY AND MOMENTUM 


From Eq. (1.6) we see that the total energy may be 


written as 
pai f ” en f ef dSi, 


where dS,=dzx*dx*, etc., are the rectangular surface 
elements at spacial infinity. Using Eq. (1.3a), the energy 


then becomes 
E = f (uses dS; 


Similarly, the momentum P; is given by 


P; - f2 a 5 tr! )dS;= - f 2x%as, 


These equations have been derived in the canonical 
coordinate frame which by Eq. (1.4a) is asymptotically 
rectangular since g;; approaches 4,; at infinity. In fact, 
as was shown in III, g,, approaches the rectangular 
Lorentz metric n,, at infinity. In this frame g,;,; 
vanishes. The utility of Eq. (2.2) is limited by the 


(2.1 


2.2b) 
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requirement that the integral be evaluated in the 
canonical frame. This restriction can be removed by 
the following argument. At spacial infinity, where the 
metric approaches the Lorentz value, coordinate trans- 
formations which preserve this boundary condition can 
be treated in the linear approximation. For the in- 
finitesimal coordinate transformation, 2*=2x*+&, gi; 
and x“ transform according to 


(2.3a) 
— £9 65. (2.3b) 


As can be seen from Eqs. (1.3) or (1.2), g” and #* are 
invariant under this transformation. As a consequence, 
the energy and the momentum can actually be evalu- 
ated in any frame that is rectangular at infinity.’ The 
restriction to rectangular frames, conventionally used 
in all Lorentz covariant theories, can of course be 
removed by making use of standard flat space tensor 
analysis to calculate the energy in (asymptotically flat) 
spheric al coordinates, for example. 

Since the energy and momentum as given in Eqs. 
(2.2) are constant in time, they can be evaluated at 
in other dynamical systems. Thus, 
one should need, in order to calculate P,, only those 


any given time as 


initial Cauchy data necessary to specify the state of 
the system uniquely. In general relativity, in the 
absence of coordinate conditions, these are gi; and 
n,*® and not for example go,, which are needed only 
to describe how the coordinates are to be continued off 
the initial surface. As can be seen from Eq. (2.2), only 
gi; and x” enter into the formulas for P,. (In the 
canonical frame, only g,j7" and #7? are needed to 
specify the state of the system and these are, of course, 
sufficient for calculating the value of P,.) 

The value of the energy-momentum vector of Eqs. 
(2.2) can be shown to agree with those obtained from 
the surface integral forms derived from the Einstein 
pseudotensor, the Landau-Lifshitz pseudotensor, and 
Dirac’s recent definition.* This can be seen by linear- 
izing the integrands in the surface integrals and noting 
that they reduce to Eqs. (2.2). Since the surface inte- 
grals are at spatial infinity, the linearization is rigorous. 


III. COUPLING WITH PARTICLES 


In the preceding discussion we have examined the 
properties of the energy and momentum of the un- 
coupled gravitational field. Since we shall be interested 
in solutions and problems involving sources, we shall 

7A general test can be stated as to how fast the coordinate 
system must approach a rectanguiar one. One first calculates the 
functions £ according to f=; and & =4(1/V*)#7. Two require- 
ments must be imposed on £ in order that the statement that ¢” 
and r‘ are invariant be valid: First, the & must vanish sufficiently 
rapidly that the quadratic terms neglected in Eq. (2.3) be negli- 
gible. Second, the terms on the nght-hand side of Eq. (2.3) 
involving &* must vanish as rapidly as g;;—4,; and x. 

* Y. Foures-Bruhat, J. Rational Mech. Anal. 4, 951 (1956). 

* See also C. W. Misner and J. A. Wheeler, Ann. Phys. 2, 589 
595 (1957). 

*P. A. M. Dirac, Phys. Rev. Letters 2, 368 (1959). 
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here extend the analysis of the canonical formalism to 
the case of point particles coupled to the gravitational 
field. As will be seen, the coupling changes none of the 
formal results, and the expressions of Eq. (2.2) for 
energy and momentum now include the matter as well 
as the gravitational contributions. 
The total action of the system is now 


I fw R(T rag)atet f Lads 


where the matter Lagrangian density takes the form,’ 


(3.1) 


L,.(x)= fas { pls \dx*(s), ds ] 


— §d'(s)[pu(s)p.(s) *g"(x)+- me? ]}5"(x—x(s)). (3.2) 
We are considering here, for simplicity, the case of a 
single point particle with mass mo. The matter 
Lagrangian is given in first order form where p,(s) and 
«*(s) are to be varied independently. In this parametric 
form of the matter action, the parameter s is arbitrary 
(and not necessarily the proper time). The constraint 
equation, 


Pubs *g*"(x(s))-+-me?=0, (3.3) 


obtained by varying with respect to the Lagrange 
multiplier \’(s) is, of course, the relativistic energy- 
momentum relation for the particle.* 

Varying L,, with respect to p,(s), one obtains 


p,(s)=[(1/d’) (dx*/ds) ] *g,,, (3.4) 


which is the defining relation between the momentum 
and velocity. Note that only the combination \‘ds 
appears and there are no equations to determine }’: 
Inserting Eq. (3.4) into Eq. (3.3) shows that a choice 
of \’= 1/mpy corresponds to s becoming the proper time. 
Finally, varying with respect to x*(s) gives rise to the 
usual geodesic equations of motion. 

The arbitrary parameter s could have been elimi- 
nated initially by performing the indicated s integration 
in Eq. (3.2). The matter term in the action then becomes 


Se = fave { pidx'(t)/dt+ po 


— kL pup, *g*” (x) + me? ]}*(x'—x*(0)), 


(3.5) 
where 
A(0) 


EX’ (s)ds/dx°(s) }e% a) me. (3.6) 


The solution of the constraint equation (3.3) is 
po= pani— N(me+ gp.p;)', (3.7) 


where, as in III, N= (—g®)-*, 9;=‘go,. Upon insertion 
of Eq. (3.7) into Eq. (3.5), the total action then takes 


? The four-dimensional 8 function in Eq. (3.2) is defined ac- 
cording to / f(x)é*(x—a)d‘x= f(a) for any scalar function f(x). 
It thus transforms like a scalar density under coordinate trans- 
formations, but is not a functional of the metric. 

* Equation (3.3) may alternately be viewed as an example of 
Eq. (4.17) of Il, R= Pa: +H=0 in the discussion there of the 
parameter formalism 
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the form (to within a divergence) 


I= fas {x0.gis+ pi dx'(t)/dt \6*(x*— x*(t)) 
+N gg *R+- 42° — 2'x,;) 
— 8°(x*— x*(t))(pip'+-me)*] 
+n‘ 294+ pd*(x*—x*(t)))}}. (3.8) 


In Eq. (3.8), covariant notations are three-dimensional,' 
e.g., r= gir. Varying Eq. (3.8) with respect to N and 
n‘, one obtains the gravitational constraint equations, 

g*R+ 49? — xn, = (*g)'5*(x*— x*(t))(me+pip)', (3.9a) 
(3.9b) 


The total generator (obtained from variations at the 
endpoint, as in ITI) becomes 


— Qe iiy= pi*(x*—x*(t)). 


G= p,(bbx'(t + fas (w6g.;4+-T°,'5x*]}. (3.10) 


As in II, 7°,’ vanishes as a consequence of the con- 
straints. For example, 7° is the sum of the terms 
containing N and 7‘ in Eq. (3.8). If we now insert the 
constraint equations (3.9), the orthogonal decomposi- 
tion (1.2) for gi; and x’, and the coordinate conditions 
x'= £3, and {=— (1 V’)x? into the generator Eq. 
(3.10), one obtains 


G= p,(t)bx*(t)4 fe v [wT 75g ,,7T+T?,5x*], (3.11) 


where 


R= —T% = —g? 4, (3.12a) 


(3.12b) 


In Eq. (3.12), g’ and x‘ are to be expressed in terms of 
the canonical variables, g,;77, r77, x‘(t), pi(t), by 
solving the constraint equations (3.9). The generator 
(3.11) is now clearly in canonical form. Thus, 3 is the 
Hamiltonian density of the entire coupled system and 
T°, is the total momentum density. The source on the 
right-hand side of Eq. (3.9) does not disturb the proof 
in III that 7°, is independent of x*. Thus, the con- 
servation laws of the previous section still hold with the 
same coordinate conditions. 
The energy E of the coupled system becomes now 


E=-f¢ dx -f ed. 


It would appear at first sight that the particle variables 
have disappeared in the expression for the total energy. 
However, if the energy is expressed in terms of canonical] 
variables by solving Eq. (3.9) for g’«, it is obvious 
that x‘(t) and p;(t) appear. For example, to lowest order 
+ (me + pip*)*(x*¥—x*(t)), (3.14) 


where 3, is the linear theory Hamiltonian density, 


(xiTT)? (3.15) 


Oe oe - _ 4 
zr 2(x w ij 2x" 5. 


(3.13) 


—g™ ; Rr 





CRITERIA FOR RADIATION 


The fact established here that the total energy for the 
full theory is expressible in terms of the asymptotic 
form of the metric is, of course, reasonable on physical 
grounds since it is the total energy of an isolated system 
(including all interaction energies, gravitational and 
others) which determines its Newtonian gravitational 
field at large distances. Note that the energy expression 
(3.13) still satisfies the basic requirement that it involve’ 
only initial Cauchy data [which are g,;, x, x‘(t), and 
pi(t) at some fixed time in the absence of coordinate 
conditions, or g,77, #77, x‘(), and p,(t) in the ca- 
nonical frame }. It does not depend on such coordinate- 
sensitive quantities as go,. 
IV. APPLICATIONS 


As the simplest application of our energy formula 
Eq. (3.13) we examine the Schwarzschild solution. In 
isotropic coordinates (with the units we have been 
using'), the asymptotic form of the Schwarzschild 
solution becomes 


(4.1) 
We now use the fact that for a tensor of the form 
fy=byf, one has {7=2f. This result follows directly 
from Eq. (1.3a). Thus, at large distances 

g’=m/4ar. (4.2) 
The energy, therefore, evaluates to m, as expected. The 
same result is obtained, of course, if one uses the asymp- 


totic form of this metric in standard Schwarzschild 
coordinates: 


£u> bj +6:m/8ar. 


£65 = bij + (m/ Bar) (x‘x'/r*). (4.3) 
Equation (4.2) is, in fact, more general then the 
simple Schwarzschild case; in fact, for any bounded 
system, the formula 
g? = E/4ar+O0(1/r) (4.4) 
holds. The equation —g*’ ,=35C has for its solution a 
multipole expansion where the coefficient of the mono- 
pole term is independent of angles, but possibly a 
function of time, i.e., g7= f(t)/4rr+-O(1/r*). Equation 
(3.13) shows that {(t)= which is a constant in time. 
For the Schwarzschild solution, which represents a 
static situation, one expects that there be no waves, 
that is, the gravitational canonical variables g;;77 and 
xiTT (which can be initially specified independently 
of the particle variables) should vanish everywhere 
in the canonical frame. Indeed, g,;77 vanishes in any 
frame where g,; has spherical symmetry. This follows 
from the fact that there are no transverse vectors avail- 
able, i.e., in Fourier space gi can only depend on 4;; 
and k,k;. Also, x#7? vanishes due to spherical sym- 
metry. One can show this explicitly for the canonical 
frame without actually transforming to it.* We write 
* We have obtained the Schwarzschild solution in the canonical 
coordinate system and find that its metric components in this 
system involve quadratures that cannot be expressed in terms of 
standard functions. However, there exists another canonical frame 


in which the Schwarzschild metric takes on the usual isotropic 
form. 
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the general form for the spherically symmetric metric as 
gy bgt f(rbyth(r)x'xt/r, (4.5) 


and impose the coordinate conditions of Eq. (1.4b), 
i.e., gyg=0. The coordinate conditions lead to the 
equation 


f'+h'+ (2/nh=0, 
where f’=df/dr, etc. Since 
gy"* = £45 8y— 4 g755— (1/%*)g" 4], (4.7) 


in virtue of ovr coordinate conditions, one may compute 
easily that gi;77 vanishes if 

I" +h" —(f'—W)/1—4h/P'=0. (4.8) 
Equation (4.6) and its first derivative are indeed 
equivalent to Eq. (4.8). Since this is a static metric, 
x vanishes; and, hence, the other coordinate condition 
of Eq. (1.4), #7=0, is also satisfied. The conjugate 
momenta, x7’, are similarly zero. 

The fact that the canonical variables vanish in the 
canonical frame indicates that none of the energy 
resides in the independent modes of the gravitational 
field. This does not preclude the existence of static 
self-energies which are the nonlinear generalizations of 
the Coulomb type. For example, the quadratic terms 


(4.6) 


of *R from Eq. (3.9a) yields precisely the Newtonian 


self-interaction energy of a point particle, 


(4.9) 


_ (mat/2) fr &(r)/r. 


To see how the self-energy arises in the full theory, we 
examine the constraint equation (3.9a), which becomes, 
for the static case, 


g'*R= moi*(r). (4.10) 


Note mg is the unrenormalized mass. Writing the metric 
in isotropic coordinates as '-* g,;=[x(r) }%%y, Eq. (4.10) 
reduces to 
— 8x (V*x) = mol*(r), 
which has the solution 
x= 14+ [ mo/x (0) [1/327]. (4.12) 
Since there is no energy in the independent modes of 


the gravitational field, we can identify the total energy 
as the renormalized mass m of the particle 


E=m=mo/x(0). (4.13) 

The quantity x(0), which may be obtained by con- 
sidering Eq. (4.12) at r= (where e—+ 0), is infinite: 

x (0) = 41+ (1+-mo/8re)*]. (4.14) 

Thus, from Eq. (4.13), the total energy approaches 

zero as e— 0, corresponding to a fimile negative gravi- 


tational static self-energy AE = — mp. From the leading 
term of Eq. (4.13), 


(4.11) 


E= (32xmpye)!, 
© A. ‘Lichnerowk z, J. Math. pure appl. 23, 37 (1944). 


(4.15) 
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we see that the total energy vanishes as ¢! rather than 
diverging as —«~ (the Newtonian result). Of course, 
a full discussion of the self-energy must wait until 
dynamical effects are included. 


V. RADIATION CRITERIA 


Having put general relativity into canonical form, 
we have thus separated out those gravitational field 
variables of the theory which are independent of the 
source variables. Excitations in independent 
variables provide a primary definition of what one calls 
waves or radiation. This is, of course, the same definition 


such 


for radiation as that given in electrodynamics or any 
other field theory. This viewpoint is taken as a matter 
of course in those field theories where no redundant 
In electrodynamics, the gauge in- 
the fact that it is 
only transverse modes of the vector potential and 
electric field that need be examined to recognize 
radiation. These variables are just the canonical ones 


variables appear 
variance obscures to some extent 


of the Maxwell field. Correspondingly in general rela- 
the requirement for the 
radiation is to be formulated solely in terms of the 


canonical variables. Stated formally : The nonvanishing 
TT 


tivity, basic existence of 


of gij77 or rT? at a point in the canonical coordinate 
system represents the existence of a wave carrying 
energy and momentum. As in electrodynamics, radi- 
ation and induction effects can be meaningfully sepa- 
rated only in the “wave zone’, but also as in electro- 
dynamics the above criteria can in fact be employed 
consist¢ ntly nearer the sources. 

Aside from these requirements, which apply locally 
or for bounded systems, one can also formulate require- 
ments for the situation of radiation escaping to infinity. 
Again as in electrodynamics, one simply examines the 
Poynting vector 7° at infinity; i.e., 7dS,; represents 
the flux of energy through the two-dimensional surface 
elements dS; at infinity. There, T® takes on its linear- 
ized form, since at infinity this weak field form is rigor- 
ous. The symmetric 7” for the linearized theory was 
given in I. By direct calculation one finds that this 


where 


(T’ TT ] , 2 T - 
(I im) S(gu7? mt km. 


This is identical to the leading term of — 2x’; obtained 


by solving the constraint equation 


2x" — 29) = —2e'"T"*,,=0. 


(5.1) 


In the canonical frame then, the Poynting vector at 
infinity is 


] 2a) j= 2e'*TT(T%,,,)77. (5.2) 


If other systems are coupled to the gravitational field, 

2r“ ; now represents the total energy flux at infinity, 
of which the purely gravitational part is the last member 
of Eq. (5.2). The point to be stressed here is that once 
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general relativity has been put into canonical form, the 
physical interpretations to be given to radiation are 
identical to those of other field theories. Wichin this 
framework, one should be able to deal meaningfully 
also with idealized situations, such as cylindrical waves 
and plane waves. 


VI. DISCUSSION 


In this paper we have examined some of the physical 
quantities that arise when one has cast general relativity 
into canonical form. In particular, we have defined the 
energy and momentum of the field, which are still the 
basic integrals characterize the system 
independently of its internal structure. Both these 
quantities can be expressed in terms of the canonical 
variables of the theory and hence can be determined 
from minimal initial Cauchy data 


needed to 


It is a noteworthy physical property of general 
relativity that the total energy and momentum can 
[his finds its analogy 
that field, 


be expressed as surface integrals 
in electromagnetism where the 
namely, the total charge, be characterized in the 
same way. For the coupled sy seen that 
the excitations of the gravitational field contribute to 
the total energy of the system seen in the asymptotic 
Newtonian potential (along with the matter and inter- 
action energies). Further, the coupling of matter does 
not affect the definition of the canonical variables of 
the gravitational field 

The highly nonlinear fashion in which 


source of 
may 


stem we have 


the matter 
interacts with the gravitational field in even the simplest 
case was illustrated in the treatment of the static point 
particle. Here it was seen that the usual Schwarzschild 
mass parameter was really a renormalized mass. While 
a perturbation expansion in the 
gravitational coupling constant, the self-energy was 
seen to be the linearly divergent Newtonian term, the 
rigorous stati cancel the 
unrenormalized mass with the total energy vanishing 
as a square root.” 

The detailed properties of the gravitational field are 
determined by an examination of the excitation present 
in the canonical Thus, criteria for radiation 
can be stated in these terms. For example, to interpret 
the total energy of the Schwarzschild field as the re- 
normalized mass of particle, it 
to establish that none of the independent gravitational 
modes were excited. Alternately this fact is what permits 
one to say that the solution represents a ‘‘one-particle” 
state in the field-theoretical sensé 

The results of this paper have been derived using 
a particular set of coordinate conditions with associated 
canonical variables. Actually, all results are independent 
This will be demon- 


to lowest order in 


self-energy was found to 


mode S 


a single was necessary 


of the choice of canonical frame 
strated in a later paper. 


ergy problem for neutral 


s. Rev. Letters 4, 375 (1960). 


1! Further results on the classical self-er 


and charged particles are given in Phy 
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The existence of null electromagnetic fields, within the frame of the general relativity theory, has been 
subject to some doubt. We here construct and investigate two solutions of the Maxwell-Einstein equations, 
representing null electromagnetic fields, and corresponding to unidirectional radiation flow. One of these 
fields is coupled with transverse plane gravitational waves, and the other one with longitudinal (not neces- 
sarily plane) gravitational waves. It is shown that not only the two electromagnetic invariants, but also 
the fourteen invariants of the Riemann tensor vanish. During the course of this investigation, use is made 
of Pirani’s tetrad formalism in order to simplify Witten’s spinor approach to the problem of invariants. 


1. INTRODUCTION AND NOTATIONS 
N ULL electromagnetic fields are defined by 


F,,,f"*=0, 
ee =0. 


Here F,,, is the electromagnetic field tensor, and ”””" 
is defined by 9"""*= +1 if murs is an even permutation 
of 0123, 97”°=—1 if mnrs is an odd permutation of 
0123, and »”"*=0 if any two indices are equal. (Latin 
indices run from 0 to 3.) 

Many examples of null electromagnetic fields (e.g., 
plane waves) are known within the frame of the special 
relativity theory. However, their existence in the 
general relativity theory has been subject to some 
doubt.':? The source of these doubts was the fact that 
classical geometrodynamics? (i.e., the unified geometri- 
cal theory of gravitation and electrodynamics) can be 
conveniently formulated only for non-null electromag- 
netic fields, and breaks down in the case of null fields. 
It has thus even been suggested that nontrivial null 
fields should be ruled off by the combined Maxwell- 
Einstein equations.” 

We here intend to construct and investigate two 
solutions of the Maxwell-Einstein equations, repre- 
senting null electromagnetic fields, and corresponding 
to unidirectional radiation flow. One of these fields is 
coupled with transverse plane gravitational waves, and 
the other one with longitudinal (not necessarily plane) 
gravitational waves. It will be shown that not only the 
two electromagnetic invariants, but also the fourteen 
invariants of the Riemann tensor vanish. 

During the course of this investigation, use will be 
made of Pirani’s tetrad formalism‘ in order to simplify 
calculations. We shall define a tetrad of orthonormal 


* Partly supported by the U. S. Air Force, through the European 
Office of the Air Research and Development Command. 

1G. Y. Rainich, Trans. Am. Math. Soc. 27, 106 (1925). 

?L. Witten, Phys. Rev. 115, 206 (1959). 

*C. W. Misner and J. A. Wheeler, Ann. Phys. (N. Y.) 2, 525 
(1957). 

‘F. A. E. Pirani, Acta Phys. Polon. 15, 389 (1956); Bull. Acad. 
Polon. Sc. 5, 143 (1957). 


(1) 
(2) 


vectors Ayn)” such that 
(3) 
(4) 


where mn) is the Minkowski matrix, having signature 
(+ -—--). The indices between parenthesis are enumer- 
ators. They also take the values 0123, and repeated 
indices imply summation. Enumerators can be raised or 
lowered with the help of 9°"” or nema. 

The physical components‘ of a tensor are obtained by 
contraction with the tetrad, e.g., 


PF mn) = W ny} (ny F ve 


Lrelt” (my ht" (n) =TNimn)s 


9° ™ Ue omy Hon) _ g", 


(5) 


From these, one can reobtain the covariant or contra- 
variant components, e.g., 


Fan™ hm Oha™ F esp. (6) 
Note that the physical components are scalars, but 
are not invariants, because they are defined only up to 
an arbitrary Lorentz transformation of the tetrad.° 
Greek indices (dotted or undotted) will be reserved 
for spinor components and thus will take the values 1 
or 2 only. Throughout this paper we shall use natural 
units: 
c=1 8rG=1. (7) 


and 


2. CONSTRUCTION OF LONGITUDINAL 
GRAVITATIONAL WAVES 


It has recently been shown by Pirani® that the 
gravitational field of a rapidly moving mass bears a 
strong resemblance to gravitational radiation. In mathe- 
matical terms, the algebraic structure of the leading 
terms of the Riemann tensor asymptotically tends 
towards the second class of Petrov’s classification’* 
(radiation fields), although the complete exact Riemann 
tensor still belongs, of course, to the first class (non- 
radiative fields). 

We shall now show that one can obtain true radiation 
fields by making a source actually move with the 

*D. W. Sciama, Nuovo cimento 8, 417 (1958). 

*F. A. E. Pirani, Proc. Roy. Soc. (London) A252, 96 (1959). 

7A. Z. Petrov, Uchenye Zapiski Kazan. Gosudarst. Univ. im. 


V.L. Ul’yanova-Lenina 114, 55 (1954). 
*F. A. E. Pirani, Phys. Rev. 105, 1089 (1957). 
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velocity of light (and not only almost this velocity, as 
in Pirani’s work*), together with some additional 
manipulations. 

For the sake of simplicity, we start from Marder’s 
solution’ for a static infinite cylinder 


dst=x y2Cl (IO) gj? K 220") (1- Or dy2__ p22 2g? (8) 


Here, C~2M, where M is the linear density of the 
cylinder. 

Let us uniformly translate the cylinder in its own 
direction. This can be accomplished by the trans- 
formation 


(9a) 
(9b) 


Now, let K-—>1, C->0, a?-+ ~, but in such a 
way that 


t=t' cosha+<2’ sinha, 


z=2' sinha+/ cosha. 


Ce** = 2M’=const. (10) 


One gets 


ds*= dt?—dr*—rtdg*—ds*—8M Inr(di+dz)?, (11) 


where primes have been dropped. 

This metric may be considered as produced by a 
pencil of light,” if diffraction effects are neglected. M is 
proportional to the light intensity. It may easily be 
verified that the more general metric 


ds? = dt*—dx*—dy*—dsz* 


—4>°,M, In[ (x—2,)?+ (y—yn)* ](di+dz)?, 


(12) 


where the M,, x,, and y, are constants, also satisfies the 
Einstein gravitational equations in vacuo (except at 
the sources x=x,, y=yn). One can interpret (12) as 
caused by several parallel pencils of light. One thus gets 
a rigorous proof of a theorem first derived by Tolman,” 
according to which there is no gravitational interaction 
between parallel pencils of light. 

Although the metric (12) belongs to Petrov’s second 
class’'* it still does net look like waves. In order to get 
a true wave-like solution, one should perform the same 
operation on a metric that does not display cylindrical 
symmetry, e.g., one should start from the Schwarzschild 


line element. Unfortunately, it then turns out that the - 


computations do not give a clearcut result, as in the 
previous case. Nevertheless, one can guess that the 
solution should have the form" 


ds*= df*—dx*—dy*—ds*—2f(x, y, s+4)(ds+dé)?. (13) 


This guess now has to be checked. One readily sees 
that the only nonvanishing independent components of 
the Riemann tensor are 

Rasas™ faa, 


where m and m take the values 1 or 2 only, while r and s 


(14) 


®R. C. Tolman, Relativity, Thermodynamics and Cosmology 
(Oxford University Press, Oxford, England, 1934), pp. 274-277. 
A. Peres, Phys. Rev. Letters 3, 571 (1959). 
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take the values 3 or 0 only. It thus follows that 


Roo= Ros= Ru= feet fyy, (15) 


and other components vanish. The metric (13) will 
therefore satisfy the Einstein gravitational equations in 
vacuo if, and only if, f is chosen to be a harmonic 
function of x and y, whatever may be its dependence 
on (z+). One can thus write 


f=RelLF(x+ iy, 2+0)], (16) 


where F is an arbitrary function of both its arguments. 
The metric (13) thus displays a higher degree of 
arbitrariness than previously known wavelike solutions 
of the Einstein equations, which were always either 
plane'-* or cylindrical'* waves. 

This new kind of gravitational wave has many 
interesting peculiarities. First, we note that the only 
non-Euclidean components of the metric are those 
associated with the s and ¢ coordinates: these waves are 
therefore purely longitudinal ones. Of course, it is 
possible to give them a purely transverse character, by 
a suitable coordinate transformation. However, this 
would be a very awkward step, because the form (13) 
is extremely simple: one has both 

g= Detgan.= —1, (17) 
and 


g”", .=0, (18) 


so that it may be stated that the metric (13) is already 
written in privileged coordinates. 


3. A NULL ELECTROMAGNETIC FIELD 
If feet fyy¥9, one still has 


g""Rn=0, (19) 


and 


g™ Ras 0, (20) 


so that the source of f may be considered as a null 
electromagnetic field.* Let 
Suv a — P*, 

One can easily verify that the field 

F 10 Fi; 


Py Fo3° 


P cosd, 
P sina, 


where a is arbitrary, satisfies Eqs. (1), (2), and 


Ran= oF ark ns (23) 


Let us introduce the self-dual tensor density 


H™ 


2H. Takeno, Tensor 7, 97 (1957); 8, 59 

3H. Bondi, F. A. E. Pirani and I. Robinson, Proc 
(London) A251, 519 (1959 

4 N. Rosen, Bull. Research Co 


BP nF re. (24) 


-9 76 (1959). 
Roy. Soc. 


1958 


incil Israel 3, 328 (1954) 
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Taking g'=i, one gets 
H®'=—H"=iP cosa+P sina=iPe~*, 
H® = —H"=iP sina— P cosa= -- Pe. 


(25a) 
(25b) 
The Maxwell equations in vacuo can be written 


H™ ,=0. (26) 


It is easily found that they are satisfied if, and only if, 
a is function of x,y, and (z+-7), and, moreover 


(Pe-*) +i(Pe-*), =0. (27) 


This last relation means that Pe~* is a function of 
(x+ty). It follows that (InP) must be a harmonic 
function of x and y and that a is the conjugate harmonic 
function. 

For instance, one may take P=A cosk(s+/) and 
a=b, where A, &, and 6 are constants. One then gets a 
plane monochromatic polarized electromagnetic wave. 
The corresponding metric may be 


ds*= df?—dx*—dy*—dz*+4A*(x*+-y*) cos*k(z+/). (28) 


(Many other forms for ds* are possible.) It may seem 
that this is not a plane wave solution. However, it is 
readily seen from (14) that the Riemann tensor displays 
plane symmetry, so that the gravitational waves are 
really plane ones. 

Finally, let us note the following interesting relation? 


H™"=g'Pe-#(L"M*—L*M™), (29) 
where L* is the propagation null vector 


L*= (0,0, —1, 1) (30) 


and 
M*= (1, 4, 0,0), 


is another null vector, orthogonal to L". 


(31) 


4. ALGEBRAIC STRUCTURE OF THE 
RIEMANN TENSOR 


A convenient tetrad of orthonormal vectors is"! 
h™ 1) = (cosu, sinu, 0, 0), (32a) 
h” = (—sinu, cosu, 0, 0), (32b) 


h” (= (0, 0, i—f, f); 
h” = (0, 0, —J, i+f), 


(32c) 


(32d) 
where 
tan2u=2f2,/(fe2— fry)- 


The only nonvanishing independent physical com- 
ponents‘ of the Riemann tensor are now 


Rwrms) _ 4(feztSfyy) 


[4 (fest fey)? +Sevfys—Sezfyy}', (34) 


where r and s take the values 3 or 0 only, and m takes 
the value 1 or 2 only. The + or — sign in (34) has to 
be chosen according to whether m=1 or m= 2, respec- 


FIELDS IN 


(33) 


GENERAL RELATIVITY 


tively. For the sake of brevity, we shall write 
R irls) = M, Rar) = NV, 


Following Bel,'* we can define 


(35) 


"Rinasd = AnimapaR?” cre, (36a) 
and 

**Rimen)=4 *Rimn) PON pars)s (36b) 
so that 

*Rumon = N, *Riamin) = —M, (37a) 
and 
**Rumia) = N, 


**Ramtn) =M. (37b) 


Here, in Eqs. (37), m and m take the values 3 and 0 
only, and all other independent components vanish. 
It is readily found that 


Rimary lL = *RimarsyL™ = **Ri mary =0, 


where L™ is given by Eq. (30). 

One thus sees that Bel’s criterion" for pure radiation 
is satisfied. 

One further has 


(38) 


Leia En ae LT nn =0. (39) 


The trajectories of LZ, are therefore the geodetics 
of gma, in agreement with a general theorem of Mme. 
Blancheton.'* 

If feet+fyy=0, one has M+N=0, and the algebraic 
structure of the Riemann tensor is scen to belong to 
the second class of Petrov’s classification,’* with both 
invariants vanishing. 


5. ENERGY AND MOMENTUM 


We now turn to investigate whether these longi- 
tudinal gravitational waves carry energy. The oldest 
expression for the energy and momentum of the gravi- 
tational field is Einstein’s pseudotensor /*,. A straight- 
forward computation, making use of Tolman’s formulas"” 
gives 


i", =0. (40) 


Another possible expression is the symmetric (”* of 
Landau and Lifshitz.'* One readily finds that also 


mm =(), (41) 


The Einstein and Landau-Lifshitz pseudotensors 
have recently been generalized by Goldberg” who 
constructed a denumerable infinity of possible expres- 
sions. However, as in our case g=—1, all these ex- 
pressions coincide, and thus also vanish. 

A still larger infinity of conservation laws was then 
found by Koraar:*” following a suggestion of Berg- 


4 L. Bel, Compt. rend. 246, 3015 (1958). 

% E. Blancheton, Compt. rend. 248, 372 (1959). 

7 R. C. Tolman, reference 10, p. 224. 

*L. Landau and E. Lifshitz, The Classical Theory of Fidds 
(Addison-Wesley Press, Cambridge, Massachusetts, 1951), p. 317. 

# J. N. Goldberg, Phys. Rev. 111, 315 (1958). 

” A. Komar, Phys. Rev. 113, 934 (1958). 
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mann,?! Komar showed that to each generator of an 
infinitesimal transformation there corresponds a con- 
servation law. Unfortunately, the expression which is 
conserved is a current (vector) density, and thus has 
not the correct transformation properties to be con- 
sidered as energy and momentum density. Neverthe- 
less, Komar”® showed that if the coordinate transforma- 
tion is a rigid time-like translation, the corresponding 
current density is identical with the /%) proposed by 
Mdller.22, However, a straightforward computation 
shows that Mdller’s /”, also vanishes. 

It should be noted that the above results hold in 
quasi-Galilean coordinates, and therefore cannot be 
imputed to some coordinate effect, as that which caused 
the unwarranted claims on the vanishing of the energy 
of Rosen’s cylindrical gravitational waves.” 

Does this mean that longitudinal gravitational waves 
carry no energy? Such a conclusion seems unjustified, 
because energy can apparently be extracted from the 
wave by a method first devised by Weber and Wheeler,”™* 
and further developed by Marder.’ Let us consider two 
neighboring test particles, and let us suppose that one of 
them can slide on a rough rod rigidly tied to the other 
particle. As the curvature tensor does not vanish, the 
two particles will undergo some relative acceleration.‘ 
Heat will be generated in the friction rod, and will be 
available to drive some engine. It thus appears that 
energy can be extracted from the gravitational wave. 
This argument, however, is not fully convincing, be- 
cause the available energy is proportional to the mass 
of the particles, and thus vanishes as the latter is made 
vanishingly small. It may thus be that the energy is not 
contained in the gravitational wave itself, but rather 
effect the 
gravitational wave and the quasi-static field of the 


produced by some interference between 


particles. Further considerations about this problem 
will be the subject of another paper. 

Anyhow, one can also construct expressions for the 
energy density which do not vanish. For instance, 
Dirac’s energy density” is, in the linear approximation 


2(f2+f,”) 20, (42) 


where equality holds only for flat space. It should be 
noted, however, that the metric (13) does not satisfy 
Dirac’s coordinate conditions.** 

Finally, Bel’s fourth rank fully symmetric tensor?’ is 


’ 


in our case 


Te'=—2VL*"L"L'L, (43) 
2 P. G. Bergmann, Phys 
2C. Méiler, Ann. Phys 
*™N. Rosen, Helv. Phys 

Rev. 110, 291 (1958 
ay Weber and J 

(1957). 

* P. A. M. Dirac, Phys. Rev. Letters 2, 368 
* P. A. M. Dirac, Phys. Rev. 114, 924 (1959) 
7 L. Bel, Compt. rend. 247, 1094 (1958). 


Rev. 112, 287 (1958) 
N. Y.) 4, 347 (1958) 
Acta Suppl. IV, 171 (1956); Phys. 
\. Wheeler, Revs 


Modern Phys. 29, 509 


1959) 
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where 
V=M? 


is Bel’s energy density." 


6. CURVATURE INVARIANTS 


As well known, the Riemann curvature tensor has, 
in the general case, fourteen independent algebraic 
invariants. An elegant method of constructing them 
has recently been proposed by Witten*® who showed 
that the components of Rimars can be expressed as linear 
functions of two fourth rank spinors ¢#** and ys, 
the coefficients being known functions of the funda- 
mental spinor g”“*. 

Witten’s method greatly simplified if one 
takes the physical components‘ of Riemann’s tensor, 
instead of its covariant or contravariant components. 
In this case, one has also to take the physical com- 
ponents g‘”* of the fundamental spinor, which are 
simply the Pauli spin matrices. 

Let us first compute 


can be 


pire = bot Rims (45) 
As 
Rew P?L my Lin); 

and 

(46b) 
one gets 

(47) 

where 


ote Boy L(g (Bo+ (3B) (48) 


one gets 


so that 


Further one has, with Witten’s 28 


E (mars) = Rimn **R mare)» 


notations 


whence 
2D?, 
and 


2iD*, (54) 


where p and g take the values 0 or 3 only, and where 


D?=4(M—N) = (4P*+ fey fye— feel (55) 


It follows that 
(56) 
where 
(57a) 
(57b) 
and p takes the values 0 or 3 only. 


% L. Witten, Phys. Rev. 113, 357 


(1959 
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It then follows from Eq. (22) of Witten’s paper™ that 


yy thee =yryrr, (58) 
where 
(59) 


yr? he m 40g ™) .*O mn): 
A straightforward computation gives 


yer=4DU "lL, (60) 


whence 


[arpe 


¥ 16D2*U*LeU ev”. (61) 


As U*U,=0, it follows that all fourteen Witten’s 
invariants vanish. The metric (13) thus belongs to the 
third class of Witten’s classification.” [Incidentally, 
this shows that Witten’s assertion that there exists a 
one to one correspondence between his classification** 
of Einstein’s spaces and that of Petrov,’ * is not correct. 
Actually, class Iw corresponds to class Ip (the indices 
W and P stand for Witten and Petrov, respectively) 
because Iw has four invariants, and Ip has at most 
four, while IIp has at most two and IITp has none. 
Class Ilw has two independent invariants, like IIp and 
thus corresponds either to IIp or to Ip, because it may 
occasionally occur that two of the four invariants of Ip 
vanish. Finally, Il1lw has no invariant, and thus may 
correspond either to IIp or to IIIp. I1Iw cannot corre- 
spond to Ip, because if all the invariants of Ip vanish, 
space-time is Euclidean. | 

The physical interpretation of the vanishing of all 
the invariants is simple: let us perform on the metric 
(13) a uniform translation along the zg axis, i.e., a trans- 
formation such as (9). One gets 


ds? = di? — dx*—dy*?—dz* 


—2K* f(x, y, K(2+é) }(dz+-di)*, (62) 


where K is an arbitrary positive constant. By choosing 
K sufficiently small, the deviation from flatness can be 
made arbitrarily small. In physical terms, this means 
that an observer traveling with a high velocity in the 
negative z direction will feel almost no gravitational 
field. This may also be seen by computing the accelera- 
tion of a test particle having velocity v*=dx*/dt. From 


do* /di= — (T*an—Tanv*)v"v", (63) 


one gets 
dv*/di= f,(1+2*)? 
—v Lf’ (1+0*)?+ (f+ fv”) (1+92*) ], 
with a similar expression for (dv*/dé), and 
dv*/di= — f'(1+0*)*—2(f.0°+ f,e”) (1+2°)?, 


where f’=0//0(2+1). When v* — —1, all these expres- 
sions vanish, as expected. 


(64a) 


(64b) 


7. TRANSVERSE WAVES 
Let us now consider the metric 


ds*=df*— Adx*—2Bdxdy—Cdy*—dz*, (65) 
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where A, B, and C are functions of (+4) only. This 
metric is identical (up to coordinate transformations) 
to those investigated by Takeno'*? and by Bondi, 
Firani, and Robinson.'* However, the form (65) is 
simpler than those given by these authors. 

The only nonvanishing independent components of 
the Riemann tensor are 


Rarn 43? gmnn A(z + t)? + 12” "G nena, (66) 


where a dot denotes differentiation with respect to 
(s+), and where r and s take the values 0 or 3 only. 
It follows that 


Roo= Roa= Ras be” " 0? gan O(2+1)?+49" "gan. (67) 


If this expression vanishes, one has pure gravitational 
Otherwise, one has combined plane electro- 
magnetic and gravitational waves, as before. As the 
algebraic structure of the Riemann tensor is the same 
as in the previous case, many of our previous results 
also apply to these transverse waves, with at most 
minor corrections: for instance, Eqs. (23) and (25) still 
hold, but their form is unchanged only if they are 
written in physical components.‘ The only difference is 
that the Einstein and Landau-Lifshitz expressions for 
the energy density'’:'* do not vanish in this case: they 
are even different from each other, so that it is doubtful 
whether any meaning should be attached to them. On 
the other hand, Mdller’s expression” still vanishes. 


waves. 


8. JUMP CONDITIONS AT DISCONTINUITIES 


We have hitherto supposed that the metrics (13) 
and (65) are regular functions of the coordinates. This 
assumption will now be raised. We first note that the 
vector 


L,=(s+f), (68) 


is a null vector, so that the hypersurfaces (2+-1) = const 
are null hypersurfaces, and therefore allow discon- 
tinuities in the second derivatives**-” of ga. with 
respect to (z+/). It is indeed easily found that 


LaRaprt LaR pmret Lp Raarr=O9, (69) 


so that Licknerowicz’s conditions" are automatically 
satisfied. Further, one has 


LaF apt Lak pat Lek mn =0 (70) 
and 


L*F a.=0. (71) 


These discontinuities are thus compatible with those 
allowed for an electromagnetic wave front.* 

The possibility of discontinuities in the first de- 
rivatives of gn. has recently been investigated by 


” F.K. Stellmacher, Math. Ann. 115, 740 (1938). 


* S. O’Brien and J. L 
Studies A9 (1952) 

* A. Lichnerowicz, Compt. rend. 246, 893 (1958). 

"H. Treder, Ann. Physik (7) 2, 225 (1958). 

® J. Ehlers and R. K. Sachs, Z. Physik 155, 498 (1959). 


Synge, Communs. Dublin Inst. Advanced 
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Papapetrou and Treder,“ who found that they are 
allowed on null hypersurfaces if, and only if, the 
discontinuities of gma,, can be written as 


[gmn, +] =Dbanl., 


where the b,,, are subject to 


(72) 


(Omn— Agmng’*b,,) L* =0. (73) 


In the case of longitudinal waves, one has 


ban=—2Lf Lala; (74) 


* A. Papapetrou and H. Treder, Math. Nachr. 20, 53 (1959); 
Ann. Physik (7) 3, 360 (1959). 
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so that (73) is always satisfied. However, it follows 
from (29) and (74) that such discontinuities are not 
real, in the sense that they can be transformed away by 
a suitable choice of the coordinates.**.™ 

On the other hand, in the case of transverse waves, 
one has 


baal*=0, (75) 


so that (73) reduces to 
go" ban=9, (76) 


which means that the discontinuities of the first de- 
rivatives of g», have to be such that the first derivative 
of g= B?— AC remains continuous. 
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Wormhole Initial Conditions* 


CHARLES W. MIsNnert 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received December 21, 1959) 


Initial conditions for the source-free Einstein equations are exhibited which represent, in a singularity-free 
manner on a manifold with the topology of Wheeler’s ‘‘wormhole,” two neutral objects of equal positive 


masses instantaneously at rest. 


T the time Wheeler first showed! that classical 

objects (geons) behaving like massive particles 
could be constructed theoretically from gravitational 
and electromagnetic fields, he suggested that charged 
particles could also be constructed from these fields. 
The existence of charged particles in the Einstein- 
Maxwell theory, with the charge-current density every- 
where zero, requires a departure from Euclidean 
topology. One example of a suitable topology, the 
“wormhole,” is shown in Fig. 1. It has been shown? that 





Fic. 1. A coordinate plane (g=0, +) through the symmetry 
axis of the “wormhole” metric is sketched here imbedded in a 
fictitious 3-space to show the topology and curvature. At large 
distances all the coordinate lines, ~=const and @=const, are 
arcs of circles 


* This research was supported by the Office of Naval Research. 
t Alfred P. Sloan Research Fellow 

' J. A. Wheeler, Phys. Rev. 97, 511 (1955). 

*C. W. Misner and j. A. Wheeler, Ann. Phys. 2, 594 (1957). 


solutions of the Einstein-Maxwell equations actually 
exist which can be interpreted (in a classical ideali- 
zation) as spaces containing charged, massive, particles ; 
these examples have topologies somewhat different 
from the wormhole. In this note we shall show that a 
solution of the Einstein equations exists having the 
form shown in Fig. 1. The solution given here refers to 
the special case of a wormhole free of electromagnetic 
field, and therefore, the two ends or “mouths” of the 
wormhole behave as neuiral concentrations of mass 
energy. 

Rather than attempt to 
Einstein equations in the 
restrict ourselves to the 
R,°— 46,°R=0, on one fixed hypersurface ‘=0. These 
equations (analogous to V-E=0=V-H in electro- 
magnetism) and free of second time derivatives and, 
therefore, impose restrictions on the initial values to be 
specified for g,, and dg,,/dt. (The remaining Einstein 
equations serve to determine the second time deriva- 
tives.) Choosing for time symmetric 

0 and go, = —4,°, these 
equations reduce to the single condition 


solve the entire set of 
wormhole topology we 
value equations,’ 


| 
initial 


simplicity a 
problem’ where, initially, dg,,/0/ 


R=0, (1) 


*R is the tor 


dimensional metric g;; of 


4 


three- 
this initial surface. Corre- 


where curvature scalar the 


* Dieter R. Brill, Ann. Phys. 7, 466 (1959 
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sponding to any 3-metric g;; satisfying (1), there is‘ a 
solution of the Einstein equations for which the metric 
at ‘=0 reduces to® ds*= —df+-g,,dx‘dx‘ and satisfies 
then d¢,,/dt=0; this solution is free from singularities 
for at least some finite time. We will obtain a wormhole 
solution of Eq. (1) by modifying the metric 


ds p?= dy? + (dP +sin*d¢g*), —x<y<r, (2) 


which represents a 3-dimensional doughnut D= XS" 
whose cross section (u= const) is a sphere. Part of this 
doughnut, near p=xr=—-2, will become the tube 
connecting the wormhole mouths in Fig. 1. The anti- 
podal part, near y= 0= 27, must be ruptured and spread 
out to form the asymptotically flat space at infinity. 
The asymptotic form required here may be found from 
the metric of flat space in bispherical coordinates, 


dsy’= (coshu—cos@)~*ds p*. (3) 
We limit attention to those wormhole metrics which 
may be written in the form 
ds yw? = ¢'ds p*. (4) 
It is required of @ that it be periodic in ¢ with period 27, 
that as » and @ approach 0, 
¢'~ (coshy— cos9)?*~ 4 (2+)? (5) 
and that dsy’ satisfy Eq. (1), which in this case becomes? 
i sae 
Oy? ~=siné 00 00 


i ae 


+— —-.)e- 0. (6) 
sin@dg* 4 


Ano+tRno= — 


One solution of Eq. (6) immediately follows from the 
circumstance that ds,’ satisfies Eq. (1). From this 
solution the desired periodic solution is formed by 
addition : 


@= > [cosh(u+2mys)—cosd}. (7) 


Here a slight generalization has been made by assuming 
that w has period 2yo (instead of 2x). The constant jo 
allows for different ratios of mass to separation distance 
for the two “mouths.” The absolute mass may be 
changed by any (positive) factor by multiplying ¢# by 
this factor. The total energy or mass of the wormhole 
metric (4) using ¢ from Eq. (7) is found by comparison 
of its asymptotic form as (y+) — 0 with that of the 
Schwarzschild metric written in bispherical coordinates : 


ds?~[1+m(t+)V4/WP+F)*\dsp*. (8) 


* Y. Foures-Bruhat, Acta Math. 88, 141 (1952). 

* We use the convention that Latin indices refer to space, 
Greek to space-time, and take units so that y=c=1, where 7 is the 
Newtonian gravitational constant. 


INITIAL 


CONDITIONS 


In this way one finds 


ren 4 5 (sinha). (9) 


n=l 


As a measure of the separation of the two “mouths” 
we may take the length L of the shortest closed loop 
through the wormhole 


(10) 


wo 
L -{ ¢? (yu, O= 3) du. 


This integral may be evaluated by noticing that 
¢(u, 9= 2) is an elliptic function. The result is 


L= (4/")K((i—#)"JE(a), (11) 


where K, E are complete elliptic integrals of the first 
and second kind, respectively, and the modulus & is 
fixed by the requirement that 


po= wK (k)/K[(1—#)*). (12) 


The possibilities for obtaining information about the 
time development of this “wormhole” metric by using 
an electronic computer are being investigated by R. W. 
Lindquist. 

The present metric, plus its time development, 
describe a two-body problem in terms of the geometro- 
dynamics of curved empty space. Because of the 
symmetry of the metric under the transformation 
u— —y, these two bodies are identical in every respect. 
Although they are initially at rest, the solution of the 
Einstein equations will show at later times dg,,/dt0, 
corresponding to a motion of these bodies as well as 
the generation of gravitational waves due to their 
motion. From the work of Einstein, Infeld, and Hoffman 
we know that this motion is to lowest order just the 
Newtonian attraction of two equal masses. Because 
of the similarity of the wormhole tube (uO) to the 
“neck” in the Schwarzschild solution,’ we expect a 
singularity to develop here in a finite time 7’; in case the 
mouths are well separated (uo>1) we would have 
Tm... The gravitational field at time ‘=O may be 
considered as entirely due to the bodies and containing 
no gravitational waves in addition, just as we would 
say that an electric field E= —grad (¢;*+r37) con- 
tained no waves even though the charges were acceler- 
ated at ‘=0. For, with an appropriate choice of canoni- 
cal variables for the gravitational field, it can be shown’ 
that on a surface ‘=0 where dg;,/0t=0 and gq.= —5,° 
the condition that g,; be conformally flat is equivalent 
to the vanishing of all the gravitational canonical 
variables. (In the electromagnetic example above, the 
transverse parts of A and E, which are canonical 
variables in electromagnetism, both vanish.) 

* M. D. Kruskal, (to be published). 


7™R. Arnowitt, S. Deser, and C. W. Misner (to be published); 
see also, Phys. Rev. Letters 4, 375 (1960). 
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